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Abstract—Over the past few decades, a large number of
algorithms have been developed for dimensionality reduction.
Despite the different motivations of these algorithms, they can
be interpreted by a common framework known as graph em-
bedding. In order to explore the significant features of data,
some sparse regression algorithms have been proposed based
on graph embedding. But the problem is that these algorithms
include two separate steps: i.e. embedding learning and sparse
regression, thus their performance is largely determined by the
effectiveness of the constructed graph. In this paper, we present
a framework by combining the objective functions of graph
embedding and sparse regression so that embedding learning
and sparse regression can be jointly implemented and optimized,
instead of simply using the graph spectral for sparse regression.
By the proposed framework, supervised, semi-supervised and
unsupervised learning algorithms could be unified. Furthermore,
we analyze two situations of the optimization problem for the
proposed framework. By adopting an L2,1-norm regularization
for the proposed framework, it can perform feature selection
and subspace learning simultaneously. Experiments on seven
standard databases demonstrate that joint graph embedding
and sparse regression method can significantly improve the
recognition performance and consistently outperform the sparse
regression method.

Index Terms—Graph embedding, sparse regression, feature
selection, subspace learning, L2,1-norm

I. INTRODUCTION

D IMENSIONALITY reduction is a key research topic
in many fields of information processing, such as da-

ta mining, machine learning and pattern recognition. Many
techniques have been proposed in the past years. Among
these techniques, the linear algorithms including Principal
Component Analysis (PCA) [1], Linear Discriminant Analysis
(LDA) [2], [3], the nonlinear algorithms such as the kernel
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trick [4], ISOMAP [5] , Locally Linear Embedding (LLE)
[6], Laplacian Eigenmap (LE) [7], and the local geometric
structure based algorithms like Locality Preserving Projection
(LPP) [8] and Marginal Fisher Analysis (MFA) [9] have been
very popular due to their relative simplicity and effectiveness.
Besides, the tensorization algorithms [10], [11] have also been
proposed to conduct dimensionality reduction on tensor data.
Despite the different motivations of these algorithms, they can
be unified into a graph embedding framework [9], [12].

One of the major disadvantages of all above algorithms is
that the learned projective functions are linear combinations
of all the original features, so it is hard to interpret the
significance of the features [13]. To deal with this problem,
many sparse subspace learning methods have been developed.
For example, Sparse PCA (SPCA) [14] has been proposed
based on elastic net [15] made up by an L1-norm [16] and an
L2-norm regularization. A unified sparse subspace learning
framework [13] has also been proposed based on elastic net.
Furthermore, feature selection methods have been utilized to
explore the significant features, typical algorithms include:
PCA Score (PCAS) [17], Laplacian Score (LS) [18], Spectral
Feature Selection (SFS) [19], Multi-Cluster Feature Selection
(MCFS) [20] and Minimum Redundancy Spectral Feature
Selection (MRSFS) [21]. Recently, joint feature selection and
subspace learning algorithms [22], [23] have also been de-
veloped based on an L2,1-norm regularization for performing
feature selection and subspace learning simultaneously.

The algorithms mentioned above [17]-[23] can utilize both
the manifold structure and learning mechanism, thus they are
able to obtain better performance than traditional algorithms
in many cases. But all of these algorithms first define the
characterized manifold structure and then implement regres-
sion steps, as a result, the performance of regression steps is
largely determined by the constructed graph. The reason is that
once the graph spectral is obtained, it is fixed in the following
regression steps. If the graph spectral vectors and the optimal
regression vectors can be jointly learned at the same time,
the graph defined on the manifold data can be affected by the
regression vectors, therefore, the performance of the algorithm
might be improved [24], [25].

Based on the above motivations, in this paper, we propose a
framework of joint graph embedding and sparse regression for
dimensionality reduction, in which the graph spectral vectors
can adaptively change with the optimal sparse regression
vectors, and the framework can unify most of popular di-
mensionality reduction algorithms. To achieve this goal, we
integrate the models of graph embedding and sparse regres-
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sion simultaneously. For solving the new integrated model,
two reformulation situations are adopted and analyzed. Since
adaptive changed graph spectral approach has been applied to
unsupervised learning [24], [25], in this paper, our experiments
focus on supervised and semi-supervised learning.

Three main contributions of this paper are listed as follows:
1. We propose a unified framework of joint graph embedding

and sparse regression, so most of popular dimension-
ality reduction algorithms including supervised, semi-
supervised and unsupervised learning can be unified into
this framework.

2. We analyze the optimization problem of the proposed
framework and illustrate two transformation situations to
solve this optimization problem.

3. Extensive experiments demonstrate that joint graph em-
bedding and sparse regression method can significantly
improve the recognition performance of the previous clas-
sical algorithms, and outperform the state of the art sparse
regression method.

The rest of the paper is structured as follows. Section II
introduces the notations and definitions used in this paper, and
briefly reviews the graph embedding models and the sparse
regression types. Section III presents the proposed framework
of joint graph embedding and sparse regression, unifies the
approaches in graph embedding [9] and the semi-supervised
learning algorithms into the proposed framework, illustrates
the relations between our study and other related work,
and analyzes the computation complexity of the optimization
problem in the proposed framework. Section IV reports and
analyzes experimental results on benchmark databases. Finally,
Section V gives the conclusion and discusses the future
research work.

II. A BRIEF REVIEW OF RELATED WORK

A. Notations and Definitions

For a matrix M = (mij) ∈ Rn×d, its i-th row and j-
th column are denoted by mi and mj , respectively. The Lp-
norm of a vector v ∈ Rn is defined as ‖v‖p = (

∑n
i=1 |vi|

p
)

1
p

(p ∈ Z+). The Frobenius norm of the matrix M is defined as

‖M‖F =

√√√√ n∑
i=1

d∑
j=1

m2
ij =

√√√√ n∑
i=1

‖mi‖22 (1)

The L1-norm of the matrix M is defined as

‖M‖1 =

n∑
i=1

d∑
j=1

|mij | =
n∑
i=1

∥∥mi
∥∥
1

(2)

The L2,1-norm of a matrix was introduced in [26] and [27],
it is defined as

‖M‖2,1 =

n∑
i=1

√√√√ d∑
j=1

m2
ij =

n∑
i=1

∥∥mi
∥∥
2

(3)

An adaptive loss function for M is defined as

‖M‖σ =

n∑
i=1

(1 + σ)
∥∥mi

∥∥2
2

‖mi‖2 + σ
(4)

which is a nonnegative convex. When σ → 0, ‖M‖σ =

‖M‖2,1; when σ →∞, ‖M‖σ = ‖M‖2F [28], [29].

B. Graph Embedding

Many approaches have been proposed for the task of dimen-
sionality reduction. Although they have different motivations,
they can be interpreted by a graph embedding framework [9],
[12]. Given data X = {x1, x2, · · · , xn} ∈ Rd×n, where n
represents the number of observations and d is the number
of predictors. In graph embedding [12], each vertex of a
constructed graph G = {X,W} corresponds to a data point
xi ∈ X . Let W ∈ Rn×n be a symmetric matrix with Wij

having the weight of the edge joining vertices i and j, and
using Wij to characterize the favorite similarity relationship
between xi and xj . The purpose of graph embedding is to find
an optimal low dimensional matrix A ∈ Rd×c, which can best
preserve the similarity relationship between the data points,
the optimization problem for A is

argmin
A

Tr(ATXLXTA)

s.t.ATXDXTA = Ic
(5)

where L = D − W , D is a diagonal matrix and Dii =∑n
j=1Wij , Ic ∈ Rc×c is a unit matrix.
In graph embedding [9], there are two constructed graphs

in each algorithm: intrinsic graph G = {X,W} and penalty
graph Gp = {X,W p}. For each algorithm, the intrinsic graph
in [9] is the same as the graph in [12]. The optimal A in
graph embedding [9] is given by the following optimization
problem:

argmin
A

Tr(ATXLXTA)

s.t.ATXBXTA = Ic
(6)

where B = Lp = Dp−W p, Dp is also a diagonal matrix and
Dp
ii =

∑n
j=1W

p
ij .

It is worth noting that the different dimensionality reduction
algorithms, including PCA, LDA, ISOMAP, LPP, LLE, have
various intrinsic graphs G = {X,W} and penalty graphs
Gp = {X,W p}, which lead to different L and B. The
kernelization [4] and tensorization [10], [11] dimensionality
reduction approaches can also be interpreted by Eq. (6).

Since the optimization model Eq. (6) is more flexible and
more general than that of Eq. (5) [9], in this paper, we develop
the proposed framework based on Eq. (6).

C. Sparse Regression

Given data X = {x1, x2, · · · , xn} ∈ Rd×n, and
Y = {y1, y2, · · · , yn}T ∈ Rn×c is the corresponding low-
dimensional matrix, the least square regression aims to find
the projective matrix A = (aij) ∈ Rd×c by the following
optimization model

min
A,b

n∑
i=1

∥∥ATxi + b− yi
∥∥2
2

(7)
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For simplicity, the bias b can be absorbed into A when the
constant 1 is added as an additional dimension for each data
point xi. Thus Eq. (7) can be rewritten as

min
A

n∑
i=1

∥∥ATxi − yi∥∥22 (8)

On the basis of Eq. (8), other regression models have also
been proposed, for example:

min
A

n∑
i=1

∥∥ATxi − yi∥∥2 (9)

which is named as robust loss function and is insensitive to
data outliers [27].
And

min
A

n∑
i=1

∥∥ATxi − yi∥∥σ (10)

which can approximate Eq. (8) and Eq. (9) with the change
of σ [28], [29].

We use the following regression model to represent these
different regression models:

min
A

n∑
i=1

∥∥ATxi − yi∥∥δ∗ (11)

After adding a regularization term R(A) with parameter γ on
Eq. (11), it becomes

min
A

n∑
i=1

∥∥ATxi − yi∥∥δ∗ + γR(A) (12)

There are several regularization terms stated as follows:

R1 (A) =
∑c
j=1 ‖aj‖

2
2 , R2 (A) =

∑c
j=1 ‖aj‖1

R3 (A) =
∑d
i=1

∥∥ai∥∥
2
, R4 (A) = ‖A‖σ =

∑d
i=1

(1+σ)‖ai‖2
2

‖ai‖2+σ

R1 (A) is the ridge regularization; R2 (A) is the lasso reg-
ularization, combining R1 (A) and R2 (A) is the elastic net
regularization. R3 (A) penalizes all regression coefficients
corresponding to a single feature as a whole. It can encourage
row-sparsity and rank the significance of features [22], [24];
R4 (A) smoothly interpolates between L2,1-norm and L2-
norm [28]. All of these regularizations have been added on
regression type and applied to graph embedding approaches
[13], [22], [29]. For simplicity, we represent different regres-
sion models and varied regularizations by the following model:

min
A

∥∥XTA− Y
∥∥
δ∗

+ γ ‖A‖ρ∗ (13)

Different δ∗ and ρ∗ can be selected according to different
cases.

III. A FRAMEWORK OF JOINT GRAPH EMBEDDING AND
SPARSE REGRESSION

When graph embedding and sparse regression are jointly
performed, the graph can be affected by the sparse regression
vectors. In other words, the graph cannot only characterize
the manifold structure, but also indicate the requirements of
regression [24]. We formulate the optimization problem by
combining the objective function Eq. (6) with Eq. (13) as

arg min
Y,A

αTr(Y TLY ) + β(
∥∥XTA− Y

∥∥
δ∗

+ γ ‖A‖ρ∗)

s.t.Y TBY = Ic
(14)

which is our proposed framework of joint graph embedding
and sparse regression for dimensionality reduction. If Y is
known, α = 0, Eq. (14) will become the sparse regression
model, which is easy to be solved. Otherwise, Eq. (14) is the
joint graph embedding and sparse regression model, there are
many choices for α, but they are equivalent to α = 1. As
B = In, where In ∈ Rn×n is a unit matrix, Eq. (14) can be
directly solved, but as B 6= In, it is difficult to directly solve
this optimization problem because the constraint is not convex
[22]. Thus we will reformulate this problem to make it easy to
be solved. The detailed transformation process will be shown
in the following section.

Although there are many cases with different norms δ∗ and
ρ∗, in this paper, we select δ∗ = ‖·‖2F and ρ∗ = ‖·‖2,1, respec-
tively. The reason for this is that the L2-norm regularization
is common and simple, and the L2,1-norm regularization can
perform feature selection and subspace learning simultane-
ously, which usually has better performance than performing
feature selection and subspace learning independently [22].
Also, ‖A‖2,1 is convex and could be easily optimized [27].

A. Transformation

In order to solve the optimization problem Eq. (14) with
B 6= In, we need accomplish the following two tasks:

1. Transform Eq. (6) into the following optimization model

arg min
Ỹ

Tr(Ỹ TLỸ )

s.t.Ỹ T Ỹ = Ic
(15)

where Ỹ ∈ Rn×c.
2. Find the relationship between Ỹ and A.

In order to transform Eq. (6) into Eq. (15), we adopt
Singular Value Decomposition (SVD) [30]. There are two
matrices in Eq. (6) that can be decomposed by SVD, 1)
the symmetric matrix B, which will place emphasis on the
relationship between L and B, motivated by [13] and [22]
that obtain the relationship between W and D through eigen-
decomposition; 2) the symmetric matrix XBXT , which stud-
ies the relationship between XLXT and XBXT , motivated
by fisherface [23], [31]. According to the different matrices
decomposed by SVD, we name the method that solves Eq.
(14) via the SVD on B as Graph Joint Graph embedding and
Sparse regression (GJGS), because B is the penalty graph in
graph embedding [9]; the method solving Eq. (14) via the
SVD of XBXT is called Matrix Joint Graph embedding and
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Sparse regression (MJGS), because the XBXT is similar to
the between-class scatter matrix in fisherface [31].

1) SVD of Penalty Graph B: In Eq. (6), we do SVD of B,
due to the fact that B is a symmetric matrix, thus

B = US1U
T (16)

Then

ATXUS1U
TXTA = Ic (17)

Let
Y1 = S

1
2
1 U

TXTA (18)

Thus Y T1 Y1 = Ic, and

XTA = US
− 1

2
1 Y1 (19)

The transformation from Eq. (18) to Eq. (19) suggests that B
must be a positive-definite matrix to make sure that the matrix
U ∈ Rn×n is full rank. However, sometimes the matrix W p

is a singular matrix that leads to the singular matrix B. In that
case, we set B = B + εIn, where ε→ 0.

Substituting Eq. (19) into Eq. (6), it can get

Y ∗1 = arg min
Y1

Tr(Y T1 S
− 1

2
1 UTLUS

− 1
2

1 Y1)

s.t.Y T1 Y1 = Ic
(20)

This is an eigen-analysis problem, whose solution is eigenvec-
tors of S−

1
2

1 UTLUS
− 1

2
1 .

According to Y1 = S
1
2
1 U

TXTA, adding sparse regression
into Eq. (20) and selecting δ∗ = ‖·‖2F and ρ∗ = ‖·‖2,1, we
can get

L(A,G, Y1) = arg min
A,G,Y1

Y T
1

Y1=Ic

αTr(Y T1 S
− 1

2
1 UTLUS

− 1
2

1 Y1)

+β(
∥∥∥S 1

2
1 U

TXTA− Y1
∥∥∥2
F
+ γTr(ATGA))

(21)
where the derivative of Tr(ATGA) with respect to A is equiv-
alent to the derivative of ‖A‖2,1, Tr(ATGA) = ‖A‖2,1 /2
[24], G is a diagonal matrix with the i-th diagonal element
equal to

gii =
1

2 ‖ai‖2
(22)

where ai is the i-th row vector of A, and when ai = 0, we
can define gii = 1

2
√
‖ai‖22+ε

(ε→ 0) as stated in [32].

If α = 0, Eq. (21) is a special case of our proposed
framework and becomes a sparse regression via L2,1-norm
regularization and its solution can be easily obtained. Here, we
set α = 1, it is joint graph embedding and sparse regression
via L2,1-norm regularization.

Taking the derivative of Eq. (21) with respect to A and
setting the derivative to zero, we can get

∂L(A,G, Y1)

∂A
= XUS1U

TXTA−XUS
1
2
1 Y1 + γGA = 0

(23)

Due to B = US1U
T , thus

A = (XBXT + γG)−1XUS
1
2
1 Y1 (24)

Substituting Eq. (24) into Eq. (21), we will get

L(A,G, Y1)

= Tr(Y T1 S
− 1

2
1 UTLUS

− 1
2

1 Y1) + β(Tr(ATXUS1U
TXTA)

−2Tr(ATXUS
1
2
1 Y1) + Tr(Y T1 Y1) + γTr(ATGA))

= Tr(Y T1 S
− 1

2
1 UTLUS

− 1
2

1 Y1) + β(−Tr(AT (XBXT+
γG)A) + Tr(Y T1 Y1))

= Tr(Y T1 S
− 1

2
1 UTLUS

− 1
2

1 Y1) + β(−Tr(Y T1 S
1
2
1 U

TXT

(XBXT + γG)−1XUS
1
2
1 Y1) + Tr(Y T1 Y1))

= Tr(Y T1 (S
− 1

2
1 UTLUS

− 1
2

1 − βS
1
2
1 U

TXT (XBXT+

γG)−1XUS
1
2
1 + βIn)Y1)

(25)
Considering the objective function in Eq. (25) and the con-
straint Y T1 Y1 = Ic, we can get the following optimization
problem

Y ∗1 = arg min
Y1

Tr(Y T1 (S
− 1

2
1 UTLUS

− 1
2

1

−βS
1
2
1 U

TXT (XBXT + γG)−1XUS
1
2
1 + βIn)Y1)

s.t.Y T1 Y1 = Ic

(26)

The solution of Eq. (26) is the eigenvectors of
S
− 1

2
1 UTLUS

− 1
2

1 − βS
1
2
1 U

TXT (XBXT + γG)−1XUS
1
2
1 +

βIn. Compared with Eq. (20), Eq. (26) shows the change
of the graph after considering the sparse regression vectors,
which leads to the different graph spectral vectors.

In summary, since the optimization process of the case α =
0 can be regarded as one particular case ( Y1 is known) and
can be easily obtained, we present the algorithm for optimizing
Eq. (21) as α = 1 in Algorithm 1.

Algorithm 1: Graph Joint Graph embedding and Sparse regression (GJGS)
Input: X ∈ Rd×n, B ∈ Rn×n, L ∈ Rn×n, β, γ.
Output: A ∈ Rd×c.
Initialize: G(0) = Id, t = 0;
Do SVD of B = US1UT (If B is a singular matrix, B = B + εIn);
repeat

Calculate Y1(t+1) by the eigen-decomposition of

S
− 1

2
1 UTLUS

− 1
2

1 − βS
1
2
1 U

TXT (XBXT + γG(t))
−1XUS

1
2
1 + βIn;

Calculate A(t+1) = (XBXT + γG(t))
−1XUS

1
2
1 Y1(t+1);

Calculate G(t+1) based on A(t+1),
where the i-th element is calculated by G(t+1)(i, i) =

1

2
∥∥ai

(t+1)

∥∥
2

;

t = t+ 1;
until convergences

2) SVD of Matrix XBXT : As we focus on doing SVD of
XBXT , the transformation is presented as follows.

Do SVD of XBXT , thus

SB = XBXT = V S2V
T (27)

when XBXT is a singular value matrix, we set SB =
XBXT + εId, where Id ∈ Rd×d represents a unit matrix.

Then
ATV S2V

TA = Ic (28)



5

Define

Y2 = S
1
2
2 V

TA (29)

Thus Y T2 Y2 = Ic, Y2 ∈ Rd×c, and

A = V S
− 1

2
2 Y2 (30)

Substituting Eq. (30) into Eq. (6), it can get

Y ∗2 = arg min
Y2

Tr(Y T2 S
− 1

2
2 V TXLXTV S

− 1
2

2 Y2)

s.t.Y T2 Y2 = Ic
(31)

Therefore, Y ∗2 is the eigenvector of S−
1
2

2 V TXLXTV S
− 1

2
2 .

Based on Y2 = S
1
2
2 V

TA, adding sparse regression into Eq.
(31) and selecting δ∗ = ‖·‖2F and ρ∗ = ‖·‖2,1, we will get

L(A,G, Y2) = arg min
A,G,Y2

Y T
2

Y2=Ic

αTr(Y T2 S
− 1

2
2 V TXLXTV S

− 1
2

2 Y2)

+β

(∥∥∥S 1
2
2 V

TA− Y2
∥∥∥2
F
+ γTr(ATGA)

)
(32)

Similar to Algorithm 1, with fixed G and Y2, it can get the
solution of Eq. (32)

A = (SB + γG)
−1
V S

1
2
2 Y2 (33)

Substituting Eq. (33) into Eq. (32) and setting α = 1, we
can get

Y ∗2 = arg min
Y2

Tr
(
Y T2

(
S
− 1

2
2 V TXLXTV S

− 1
2

2

−βS
1
2
2 V

T (SB + γG)−1V S
1
2
2 + βId

)
Y2

)
s.t.Y T2 Y2 = Ic

(34)

Thus, Y ∗2 is the eigenvectors of S
− 1

2
2 V TXLXTV S

− 1
2

2 −
βS

1
2
2 V

T (SB + γG)−1V S
1
2
2 + βId

In summary, we present the algorithm for optimizing Eq.
(32) as α = 1 in Algorithm 2.

Algorithm 2: Matrix Joint Graph embedding and Sparse regression (MJGS)
Input: X ∈ Rd×n, B ∈ Rn×n, L ∈ Rn×n, β, γ.
Output: A ∈ Rd×c.
Initialize: G(0) = Id, t = 0;
Do SVD of SB = XBXT = V S2V T (If XBXT is a singular matrix,
SB = XBXT + εId);
repeat

Calculate Y2(t+1) by the eigen-decomposition of

S
− 1

2
2 V TXLXTV S

− 1
2

2 − βS
1
2
2 V

T (SB + γG(t))
−1V S

1
2
2 + βId;

Calculate A(t+1) = (SB + γG(t))
−1V S

1
2
2 Y2(t+1);

Calculate G(t+1) based on A(t+1),
where the i-th element is calculated by G(t+1)(i, i) =

1

2

∥∥ai
(t+1)

∥∥
2

;

t = t+ 1;
until convergences

Since Eq. (21) and Eq. (32) are the same regression type as
the optimization problem in [24] and [25], whose convergence
has been proved, therefore methods GJGS and MJGS are
converged as well.

B. Semi-supervised learning for dimensionality reduction

Above section suggests that the proposed framework can
cover the algorithms in graph embedding [9] including the
supervised and unsupervised learning. In fact, the semi-
supervised learning algorithms can also be unified into the
proposed framework.

For supervised learning algorithms such as LDA, MFA
and LPP, overfitting might happen when there are insufficient
training samples [33]. A typical way to prevent overfitting is
to impose a regularizer as the following optimization problem

arg max
A

Tr

(
ATXlBlX

T
l A

ATXlLlXT
l A+ µJ(A)

)
(35)

where J(A) controls the learning complexity of the hypothesis
family, and the coefficient µ controls the balance between the
model complexity and empirical loss. Xl ∈ Rd×m represents
the labeled data points, Ll ∈ Rm×m and Bl ∈ Rm×m

constructed by the labeled data points corresponding to L and
B in Eq. (6) respectively, where m is the number of labeled
data points.

The regularizer J(A) provides us with the flexibility for
incorporating our prior knowledge to improve the performance
according to the particular applications. Researchers can use
the unlabeled data points to construct a J(A) with incorporat-
ing manifold structure, such as Semi-supervised Discriminant
Analysis (SDA) [33]. The direct graph of these manifold
algorithms can be utilized to construct J(A) as follows

J(A) = ATXLXTA (36)

where X ∈ Rd×n contains labeled and unlabeled data points,
L = D−W is the direct graph constructed by the labeled and
unlabeled data points together, W is a weight matrix, D is a
diagonal matrix and Dii =

∑n
j=1Wij .

Thus Eq. (35) can be rewritten as

arg max
A

Tr

(
ATXlBlX

T
l A

ATXlLlXT
l A+ µATXLXTA

)
(37)

If we let ATXlBlX
T
l A = Ic, then Eq. (37) becomes

arg min
A

Tr
(
AT (XlLlX

T
l + µXLXT )A

)
s.t.ATXlBlX

T
l A = Ic

(38)

The matrix XlLlX
T
l +µXLXT is a symmetric matrix, which

can be written as the type of XLXT in Eq. (6), and XlBlX
T
l

can be written as the type of XBXT . Therefore, we can unify
Eq. (38) into the proposed framework Eq. (14). Then we use
the method similar to Algorithm 2 to solve this optimization
problem.

In summary, we present the case α = 1 of the whole opti-
mization process of semi-supervised learning with δ∗ = ‖·‖2F
and ρ∗ = ‖·‖2,1 in Algorithm 3.

C. Relations to other approaches

In recent sparse regression research, one algorithm with
adaptively changed graph spectral has been proposed in [24].
It uses LLE to select features for unsupervised learning. But
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Algorithm 3: Semi-supervised learning by Joint Graph embedding
and Sparse regression (SJGS)
Input: X ∈ Rd×n, Bl ∈ Rn×n, Ll ∈ Rn×n, B ∈ Rn×n, L ∈ Rn×n,
µ, β, γ.
Output: A ∈ Rd×c.
Initialize: G(0) = Id, t = 0;
Do SVD of SB = XlBlX

T
l = V S2V T ;

repeat

Calculate Y2(t+1) by the eigen-decomposition of S
− 1

2
2 V T (XlLlX

T
l

+µXLXT )V S
− 1

2
2 − βS

1
2
2 V

T (SB + γG(t))
−1V S

1
2
2 + βId;

Calculate A(t+1) = (SB + γGt)−1V S
1
2
2 Y2(t+1);

Calculate G(t+1) based on A(t+1),
where the i-th element is calculated by G(t+1)(i, i) =

1

2
∥∥ai

(t+1)

∥∥
2

;

t = t+ 1;
until convergences

LLE is simply one particular case of graph embedding, in
which B = In. Although the extended version of unsupervised
joint embedding learning and sparse regression framework
[25] also mentioned the sparse regression case as B 6= In,
it just considered the relationship between B and L, and did
not consider the relationship between XBXT and XLXT .
In addition, compared with the optimization model in [25],
the optimization model of Eq. (14) is a totally different
optimization problem, because the constraint in Eq. (14) is
not convex [22]. And Eq. (14) can also be transformed into
the same regression type as the optimization model in [25]
when B 6= In, which suggests that the optimization model
Eq. (14) is more general than the optimization model in
[25]. Moreover, [24] and [25] focus on the unsupervised
learning only, but we aim to unify all the algorithms including
supervised and unsupervised learning in graph embedding [9]
into our proposed framework, and we also want to unify the
semi-supervised learning algorithms into our framework. Thus
this paper has a completely different goal from [25].

Although [13] and [22] also unified the algorithms in graph
embedding into one framework, they unified the algorithms
into sparse regression framework based on the optimization
model Eq. (5). Besides, [23] that transformed LDA into sparse
regression type via L2,1-norm minimization, and [34] that was
developed based on LPP, are sparse regression methods as
well. In this paper, we mainly unify the algorithms into joint
graph embedding and sparse regression framework based on
Eq. (6) that is more flexible and more general than Eq. (5).

In order to better illustrate the relationship to other ap-
proaches and our main contributions, we present the derivative
cases of the proposed framework in Fig. 1. From it, we can see
that our main contributions (circled by red line) include the
proposed framework Eq. (14), and three proposed algorithms:
GJGS, MJGS and SJGS. GJGS and MJGS are joint graph
embedding and sparse regression methods via an L2-norm loss
function and an L2,1-norm regularization as B 6= In, while
SJGS unifies the semi-supervised learning algorithm into the
proposed framework.

Recently, Sparse Representation based Classifier (SRC)

†The source codes of the proposed algorithm can be downloaded from
https://drive.google.com/file/d/0BwRQCMfgq102VGRXVWZuNmFxbTQ
/view?usp=sharing

Fig. 1. The derivative cases from the proposed framework Eq. (14) (The main
contributions are circled by red line) †

[35], [36], has been proposed. It assumes that each test data
point could be linear combined by the training set, and it
explores classification information through these combined
coefficients. Many related techniques including [37], [38], [39]
have been developed. By contrast, the algorithms covered in
the proposed framework do not explore the information of
test data points, so they require much less test time than SRC
and its variants. Only with much higher dimensions, could
SRC and its variants obtain better classification than most of
algorithms covered in the proposed framework.

D. Computation Complexity

In this subsection, we mainly analyze the time complexity
of our proposed methods, and make a comparison with the
sparse regression methods like MCFS, MRSFS and [23].

In the proposed method GJGS, the SVD of the penalty
graph B is of order O(n3). Computing the matrix XBXT

requires max
{
O(nd2), O(n2d)

}
operations and the inversion

of XBXT + γG costs at most O(d3) operations. So, compu-
tation of the matrix S−

1
2

1 UTLUS
− 1

2
1 −βS

1
2
1 U

TXT (XBXT +

γG)−1XUS
1
2
1 + βIn requires max

{
O(n3), O(nd2)

}
opera-

tions, and its eigen-decomposition needs O(n3) operations.
Next, computing the matrix (XBXT +γG)−1XUS

1
2
1 Y1 costs

max
{
O(n2d), O(nd2)

}
. Lastly, the operations for computing

G are O(d2). Therefore, as d >> n, the time complexity
of the method GJGS is O(kd3), where k is the number of
iterations. Similar to GJGS, as d >> n, the time complexity
of both MJGS and SJGS is O(kd3). However, as d >> n, the
dimension d is usually reduced to n−c before performing our
methods, where c is the number of classes, as a result, the time
complexity of our methods becomes O(kn3), which suggests
that the proposed methods are suitable for high-dimensional
data.

In contrast with the sparse regression methods focusing
the relationship between B and L, like MCFS and MRS-
FS, the method GJGS mainly contains two more steps: 1)
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computing SVD of the penalty graph B, which requires
O(n3) operations; 2) computing the matrix S−

1
2

1 UTLUS
− 1

2
1 −

βS
1
2
1 U

TXT (XBXT + γG)−1XUS
1
2
1 + βIn. But those s-

parse methods usually need to obtain the inversion of B,
whose cost is O(n3), thus the additional computation cost for
GJGS is the step 2), which costs max

{
O(kn3), O(knd2)

}
.

Similarly, in comparison with the method [23] containing
the SVD of XBXT , the additional cost for MJGS is
max

{
O(kd3), O(kdn2)

}
.

IV. EXPERIMENTS

In [24] and [25], joint graph embedding and sparse re-
gression method has been applied to unsupervised learning
algorithms. Therefore, we focus on supervised and semi-
supervised learning algorithms, and apply the joint graph
embedding and sparse regression method to two representative
linear discriminant analysis algorithms LDA [31] and MFA [9]
in our experiments.

In the following parts, we use seven standard databases for
experiments:
COIL20 object database [40], [41]: this database contains
1440 images of 20 objects, and each object is captured from
varying angles with a 5-degree interval. Here, we resize each
image to 32× 32 pixels. Ten images of one object are shown
in Fig. 2a.
UMIST face database [42]: this database contains 575
multi-view images of 20 human subjects under a wide range
of poses from profile to frontal views. Here, all images are
selected and each face image is resized to 28 × 23 pixels.
Ten images of one human are presented in Fig. 2b.
ORL face database [43]: this database contains 400 face
images of 40 human subjects under a dark homogenous
ground with the subjects in an upright, frontal position. Here,
all images are chosen and each face image is resized to
32 × 32 pixels. Ten images of one subject are displayed in
Fig. 2c.
USPS handwritten digits database [44]: contains 8-bit
gray-scale images of “0” through “9”, the size of each image
is 16 × 16 pixels. Thus each digit image is represented as a
256-dimensional vector. Here, 9298 handwritten digit images
are selected, which were used in [45]. Ten sample images
from USPS database are shown in Fig. 2d.
AR face database [46]: this database contains over 4000
color images of 126 human subjects (70 men and 56 women),
the images contain frontal view faces with different facial
expressions, illumination conditions and occlusions. Here, we
choose 2600 face images of 100 individuals (50 men and
50 women) under different facial expressions, illumination
conditions and occlusions. All the face images are manually
cropped and resized to 33 × 30 pixels. Ten face images of
one human subject are shown in Fig. 2e.
Extended Yale-B face database [47]: this database contains
16128 face images of 38 human subjects under 9 poses and
64 illumination conditions. We choose the frontal pose with
different illuminations. There are 2414 face images in total.
All the face images are manually aligned and cropped, and
they are also resized to 32 × 32 pixels. Ten face images of

one human subject are presented in Fig. 2f.
CMU PIE face database [48]: this database contains
41368 face images of 68 human subjects under 13 different
poses and 43 illumination conditions, and with 4 different
expressions. For the current study, we select the images from
the frontal pose (C27) and each subject has around 49 images
from varying illuminations and facial expressions, and they
are manually cropped and resized to 32 × 32 pixels. Ten
images of one human subject are displayed in Fig. 2g.

A. Supervised learning experiments

In supervised learning experiments, as α = 0 , Eq. (14)
becomes sparse regression, we name the method that solves
Eq. (14) via the SVD of B as Graph Sparse Regression (GSR);
the method solving Eq. (14) via the SVD of XBXT as Matrix
Sparse Regression (MSR). Then we apply GSR, GJGS, MSR
and MJGS to LDA and MFA, the derivative methods are
divided into two groups based on LDA and MFA. As a side
note, the GSR (LDA) and MSR (LDA) are FSSL (LDA) and
L21FLDA, which are presented in [22] and [23], respectively.
In addition, we present a sparse regression method Unified
Sparse Subspace Learning (USSL) [13] with LDA, which
adopts an L1-norm regularization. Moreover, in order to better
show the performance of our proposed methods, we also
present the classical methods: PCA and LPP, and the methods
Collaborative Representation based Classification (CRC) [37]
and Two-phase Sparse Representation (TSR) [38], which are
derivative from the popular method SRC with less test time.

1) Parameter settings: The sets of training images are
randomly selected from each database, and the remained
images are used for testing. On COIL20 and ORL database,
p=[4, 5, 6]; p=[6, 8, 10] in UMSIT database; p=[10, 20, 30]
in USPS database; p=[4, 6, 8] in AR database; p=[5, 10, 20]
in Extended Yable-B database and PIE database, where p is
the number of training images of each class. We repeat this
process 20 times and calculate the mean recognition accuracy.

Different preprocessing methods can result in different
recognition accuracy for each dataset, there are two common
preprocessing ways: 1) scaling features to [0, 1]; 2) normal-
izing each face image vector to be a unit vector. In order
to get better recognition accuracy, empirically, we preprocess
the data on COIL20, UMIST and ORL image databases using
the former way, and the data sets in USPS, AR, Extended
Yale-B and PIE are preprocessed by the latter way to explore
the algorithms’ performance. Then we use PCA to reduce the
dimensionality of the data to n−c before performing our meth-
ods to reduce the dimensionality to c-1, where n is the number
of observations and c is the number of classes. It is a popular
scheme for fisherface [31] and MFA [9]. While PCA, LPP and
CRC usually obtain the best results on higher dimension than
c-1, we respectively set their dimension to min(n− 1, 200) ,
min(n−1, 200) and n/2 in our experiments, respectively. TSR
selects some representative data points for obtaining better
results, thus the selected number of representative data points
is min(n, 300) in experiments. Here, the method PCA adopts
the nearest neighbor classifier [49], CRC and TSR utilize the
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Fig. 2. Ten image samples in each image database. (a) COIL20, (b) UMIST, (c) ORL, (d) USPS, (e) AR, (f) Extended Yale-B, (g) PIE.

nearest subspace classifier [50], and other methods use the
nearest centroid classifier [51] for classification.

Because the parameters in sparse regression and joint graph
embedding have different ranges, in order to get their best
recognition accuracy, we tune the parameter γ in sparse
regression by searching the grid [0.01, 0.02, 0.05, 0.1, 0.2,
1, 2, 10] for the algorithms GSR and MSR, and searching
the grid [10, 20, · · ·, 100] for USSL according to [13]; for
the algorithms GJGS and MJGS, the parameters β and γ
are searched on the grid [10−3, 10−2, 10−1, 1, 5, 10, 102].
Then we report the top-2 recognition accuracy from the best
parameter configuration.

2) Results and discussions: Table 1 shows the recognition
accuracy of LDA, MFA and their variants on COIL20, UMIST,
ORL, AR, Extended Yale-B and PIE databases. The algorithms
are divided into two groups according to LDA and MFA, the
results shown in boldface are the best accuracy in each group.
The dimension of LDA, MFA and their variants is c − 1 in
Table 1. In order to better present the algorithms’ recognition
performance, we also present Fig. 3 to show recognition
accuracy with different dimensions for LDA and its variants,
and Fig. 4 to illustrate relationship between accuracy and
feature dimensions of MFA and its variants. Moreover, the
comparison of test time among GJGS, PCA, CRC and TSR is
shown in Table 2, the time is obtained by Matlab running on
a 2.8 GHz Intel Core. Since all the methods in LDA and MFA

groups adopt the nearest centroid classifier, and LPP also uses
this classifier, they have the same test time when they have
the same reduced dimension. For brief, we just present the
test time of GJGS. The performance of all algorithms shown
in Fig. 3, Fig. 4 and Table 2 is on COIL20, UMIST, ORL,
USPS, AR, Extended Yale-B and PIE databases with p=6, p=8,
p=5, p=10, p=4, p=5 and p=5 respectively. From Tables 1-2,
Fig. 3 and Fig. 4, we could have the following observations:
1. In most cases, sparse regression method can significantly

improve the classification performance of LDA, especially
for the large number of training data, while it cannot
improve the classification accuracy of MFA. The reason
may be that sparse regression method has upper limit of
classification accuracy with a certain number of training
data, which can be inferred from the comparison of the
classification accuracy of the sparse method on LDA and
MFA.

2. For LDA, sparse regression via L2,1-norm regularization
can get better recognition performance than sparse re-
gression via L1-norm regularization in most cases, the
main reason is that L2,1-norm regularization can perform
feature selection and subspace learning simultaneously,
which encourages row-sparsity, but the selected features
by L1-norm regularization are independent and generally
different for each dimension of the subspace .

3. For both LDA and MFA, joint graph embedding and s-
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(a) (b)

Fig. 5. The convergence results of two methods on Extended Yale-B database
(p=5). (a) GJGS, (b) MJGS.

parse regression method outperforms the sparse regression
method, which demonstrates that the adaptively changed
graph spectral method, which learns graph spectral vectors
and the optimal sparse regression vectors simultaneously,
outperforms fixed graph spectral method. The reason is
that the sparse regression vectors can affect the graph
defined on the manifold data in joint graph embedding
and sparse regression method [24].

4. For the sparse regression method GSR and MSR, there is
no consistent winner on all seven databases. However, for
the joint graph embedding and sparse regression method
on both LDA and MFA, GJGS has better classification
performance than MJGS, which suggests that GJGS is
the superior choice for joint graph embedding and sparse
regression method. Probably because MJGS is slightly
overtraining as the training data are included for obtaining
the graph spectral.

5. Our proposed methods GJGS (LDA), MJGS (LDA), GJGS
(MFA) and MJGS (MFA) always have better classifica-
tion accuracy than LPP on seven databases. Moreover,
the proposed methods could obtain better classification
results than PCA, CRC and TSR in most cases, especially
for low-dimension. Furthermore, Table 2 illustrates that
GJGS requires less test time than PCA, CRC and TSR,
which further demonstrates the superior performance of
the proposed methods.

3) Convergence results: When we run the experiments,
we record the objective value for each iteration. Since the
convergence process on different databases is similar, for brief,
we just show the convergence process on Extended Yale-B
database in Fig 5, which shows the convergence results of
GJGS and MJGS on LDA as p=5. Fig. 5 shows that GJGS and
MJGS can converge fast, usually within 10 iterations, which
is mainly because the algorithm has the closed form solution
in each iteration. For MFA, similar iteration process could be
found. Generally, we set the number of iterations to 20 for
obtaining better and stable classification results.

B. Semi-supervised learning experiments

As shown in Table 1, the joint graph embedding and
sparse method is effective for both preprocessing methods,
and consistently outperforms the sparse regression method.
To demonstrate the effectiveness of joint graph embedding
and sparse regression method for semi-supervised learning

algorithms, we just present the recognition performance of
applying SJGS to LDA and MFA on COIL20, UMIST and
ORL databases. Here, we scale features to [0, 1]. In addition,
we compare SJGS(LDA) and SJGS(MFA) with LDA, MFA
and SDA [33] to illustrate recognition performance better.
More precisely, the weight matrix W in the regularizer J(A)
adopted for SJGS(LDA) and SJGS(MFA) is defined as

W =

{
e
‖xi−xj‖22

2 ifxj ∈ Nk(xi) or xi ∈ Nk(xj)
0 otherwise

(39)

where Nk(xi) denotes the set of k nearest neighbors of xi.
1) Parameter setting: We randomly select 50% data as

training data and the remained 50% data are used for testing.
Among the training data, we randomly label p samples per
class and the other samples are treated as unlabeled samples.
We run the algorithms 20 times and calculate the mean
accuracy.

In all the algorithms, three data sets are preprocessed
by scaling features to [0, 1], and perform PCA to re-
duce the dimensionality of the data to n − c before per-
forming classification. For MFA, SDA, SJGS(LDA) and
SJGS(MFA), we fix k = 5. For fair comparison, the pa-
rameters µ and β of SDA and the parameters µ, β and γ
in SJGS(LDA) and SJGS(MFA) are tuned by searching the
grid [10−9, 10−6, 10−3, 10−2, 10−1, 1, 10, 102, 103, 106, 109],
and then we report the best recognition accuracy and their
corresponding parameters. Besides, all methods adopt the
nearest centroid classifier for classification.

2) Results and observations: In Table 3, the results shown
in boldface are better than the others. Our observations are
listed as follows:
1. From Table 3, we can see that MFA cannot be applied to

the case in which p = 1 due to L = 0.
2. SJGS(LDA) and SDA, and SJGS(MFA) outperforms LDA

and MFA in all the cases in term of mean recognition
accuracy, respectively, because the unlabeled data can be
used to improve the recognition performance.

3. In most cases, SJGS(LDA) has better recognition accu-
racy than SDA and LDA, and SJGS(MFA) has superior
recognition performance than MFA, which demonstrates
the effectiveness of joint graph embedding and sparse
regression method for semi-supervised learning.

V. CONCLUSION

In this paper, we propose a framework of joint graph embed-
ding and sparse regression for dimensionality reduction, which
can unify most of popular dimensionality reduction algorithms
including supervised, semi-supervised and unsupervised learn-
ing. Experiments on seven standard databases demonstrate the
effectiveness of joint graph embedding and sparse regression
method. The supervised learning experiments illustrate that
joint graph embedding and sparse regression method with
varied graph spectral outperforms sparse regression method
with fixed graph spectral, and it can significantly improve the
recognition performance; the experiments on semi-supervised
learning also indicate that joint graph embedding and s-
parse regression method can obtain superior performance in
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TABLE I
RECOGNITION ACCURACY (MEAN ACCURACY±STANDARD DERIVATION) OF LDA, MFA AND THEIR VARIANTS FOR SUPERVISED LEARNING ON SEVEN

STANDARD DATABASES. (A) COIL20, (B) UMIST, (C) ORL, (D) USPS, (E) AR, (F) EXTENDED YALE-B, (G) PIE.

(a)

Group Method p = 4 p = 5 p = 6
Accuracy (%) Parameters Accuracy (%) Parameters Accuracy (%) Parameters

PCA[1] 81.07±1.84 - 83.62±1.25 - 85.91±1.20 -
LPP[8] 76.35±2.81 - 77.63±1.95 - 79.85±2.36 -

CRC[37] 77.37±1.84 - 80.46±1.82 - 83.33±1.29 -
TSR[38] 76.30±1.76 - 80.02±2.08 - 82.51±1.76 -

LDA

fisherface[31] 76.87±2.59 - 78.45±1.90 - 81.58±1.47 -
USSL[13] 78.03±2.96 30 80.90±2.37 30 83.10±1.88 40
GSR[22] 79.13±3.10 1 81.39±2.19 1 83.26±1.94 1

GJGS 83.49±2.82 1, 10−1 85.56±1.92 1, 10−1 87.95±1.60 1, 10−1

MSR[23] 77.59±2.04 1 81.67±2.40 1 84.58±2.02 1
MJGS 78.59±1.95 1, 1 82.34±2.73 1, 1 85.42±1.82 5, 10−1

MFA

MFA[9] 83.33±2.96 - 84.87±1.94 - 86.96±1.81 -
GSR 81.09±2.79 10 83.43±2.19 10 85.48±1.91 10
GJGS 83.71±2.66 10−1, 1 85.68±2.02 10−1, 1 88.11±1.57 10−1, 1
MSR 77.98±1.99 10 82.15±2.29 10 84.65±1.71 10
MJGS 78.10±1.88 10−2, 10 82.19±2.40 10−2, 10 85.06±1.70 10−2, 10

(b)

Group Method p = 6 p = 8 p = 10
Accuracy (%) Parameters Accuracy (%) Parameters Accuracy (%) Parameters

PCA[1] 88.70±2.21 - 92.48±1.61 - 95.77±1.75 -
LPP[8] 89.42±2.21 - 92.53±2.15 - 94.77±1.92 -

CRC[37] 88.64±2.52 - 92.78±1.75 - 95.52±1.84 -
TSR[38] 89.26±2.25 - 92.37±1.96 - 95.24±2.18 -

LDA

fisherface[31] 88.02±3.25 - 92.59±2.06 - 92.21±1.19 -
USSL[13] 88.63±3.45 60 93.80±2.09 70 95.23±1.72 70
GSR[22] 89.82±3.05 0.2 94.22±1.79 0.2 95.85±1.18 0.1

GJGS 95.14±2.31 5, 10−2 97.87±0.86 5, 10−2 98.31±1.02 5, 10−2

MSR[23] 91.10±2.75 0.2 95.64±1.70 0.2 97.55±1.06 0.2
MJGS 91.60±2.36 1, 10−1 96.02±1.47 1, 10−1 97.76±1.20 1, 10−1

MFA

MFA[9] 95.14±2.24 - 97.83±0.98 - 98.15±1.08 -
GSR 91.73±3.04 2 95.49±1.74 2 96.77±1.23 2
GJGS 95.15±2.21 5, 10−2 97.89±1.00 5, 10−2 98.40±0.89 5, 10−2

MSR 90.88±2.73 2 95.64±1.81 2 97.51±1.14 2
MJGS 91.38±2.48 102, 10−3 95.75±1.78 102, 10−3 97.71±1.02 102, 10−3

(c)

Group Method p = 4 p = 5 p = 6
Accuracy (%) Parameters Accuracy (%) Parameters Accuracy (%) Parameters

PCA[1] 84.67±2.15 - 87.78±2.02 - 89.50±3.05 -
LPP[8] 89.23±2.55 - 92.93±1.29 - 94.87±1.28 -

CRC[37] 91.48±1.28 - 93.08±1.93 - 93.38±1.65 -
TSR[38] 92.85±1.66 - 94.30±1.87 - 95.16±1.85 -

LDA

fisherface[31] 90.65±1.87 - 93.05±1.83 - 94.59±1.81 -
USSL[13] 89.46±2.75 70 94.48±1.80 80 94.72±1.60 90
GSR[22] 89.77±3.01 0.2 92.55±1.66 0.2 95.19±2.07 0.2

GJGS 93.90±2.20 102, 10−3 96.07±1.05 102, 10−3 97.31±1.73 102, 10−3

MSR[23] 90.58±2.17 0.2 93.04±1.85 0.2 95.94±1.46 0.2
MJGS 90.69±2.31 5, 10−1 93.55±1.90 5, 10−1 96.22±1.75 5, 10−1

MFA

MFA[9] 93.98±2.24 - 96.33±1.14 - 97.22±1.50 -
GSR 91.12±2.79 10 94.40±1.68 10 96.34±1.29 10
GJGS 93.98±2.56 102, 10−3 96.60±1.00 102, 10−3 97.78±1.29 102, 10−3

MSR 90.90±2.25 10 93.73±1.96 10 96.19±1.67 10
MJGS 90.94±1.36 10−2, 5 93.80±2.00 10−2, 5 96.31±1.36 10−2, 5
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(d)

Group Method p = 10 p = 20 p = 30
Accuracy (%) Parameters Accuracy (%) Parameters Accuracy (%) Parameters

PCA[1] 82.18±1.33 - 87.06±0.80 - 89.24±0.62 -
LPP[8] 64.15±2.97 - 49.04±3.33 - 47.75±3.64 -

CRC[37] 83.44±1.22 - 85.55±0.97 - 87.02±0.52 -
TSR[38] 81.19±1.20 - 85.66±0.74 - 87.84±0.62 -

LDA

fisherface[31] 65.53±2.38 - 51.29±2.77 - 49.19±1.81 -
USSL[13] 82.68±1.88 20 85.90±1.62 30 86.91±1.58 40
GSR[22] 82.89±1.61 0.1 85.99±1.36 0.05 87.62±0.83 0.1

GJGS 84.00±1.65 5, 102, 10−3 87.37±0.84 5, 102, 10−3 88.48±0.72 10−1, 10−1

MSR[23] 82.83±1.79 0.2 86.15±1.33 0.1 87.86±0.70 0.05
MJGS 83.97±1.67 1, 10−1 87.35±0.85 10, 10−2 88.45±1.42 5, 10−2

MFA

MFA[9] 79.95±1.55 - 83.28±0.93 - 85.55±0.67 -
GSR 83.79±1.48 1 87.24±0.94 1 88.36±0.76 1
GJGS 84.44±1.60 1, 10−1 87.81±0.88 10−2, 1 88.86±0.73 10−1, 1
MSR 83.71±1.65 2 87.15±0.97 2 88.46±0.69 1
MJGS 84.28±1.64 10−1, 1 87.62±0.88 10−1, 1 88.85±0.73 10−1, 1

(e)

Group Method p = 4 p = 6 p = 8
Accuracy (%) Parameters Accuracy (%) Parameters Accuracy (%) Parameters

PCA[1] 25.83±1.05 - 32.30±0.87 - 38.05±1.06 -
LPP[8] 82.53±0.92 - 87.74±0.86 - 88.17±0.63 -

CRC[37] 82.23±0.81 - 90.19±0.96 - 93.85±0.69 -
TSR[38] 86.00±0.83 - 92.41±0.74 - 95.32±0.75 -

LDA

fisherface[31] 80.17±1.00 - 82.50±0.98 - 76.36±1.10 -
USSL[13] 78.30±1.56 102 87.95±1.03 102 91.52±1.01 102

GSR[22] 83.90±1.41 0.02 91.62±0.92 0.02 94.67±0.71 0.02
GJGS 87.15±1.25 10,10−3 93.43±1.18 10,10−3 95.98±1.52 1,10−2

MSR[23] 85.03±1.44 0.02 92.50±0.79 0.02 95.48±0.60 0.02
MJGS 85.81±1.29 1,10−2 93.09±1.84 1,10−2 95.89±2.01 1, 10−2

MFA

MFA[9] 82.90±1.40 - 91.37±0.97 - 95.03±0.73 -
GSR 84.07±1.39 1 91.62±0.70 1 94.57±0.62 1
GJGS 87.07±1.24 5,10−3 93.45±1.22 10−1, 10−2 96.51±1.07 5,10−3

MSR 84.58±1.31 1 91.51±0.94 1 94.78±0.72 10
MJGS 85.71±2.06 5, 10−3 93.09±1.23 10−1, 10−1 95.81±0.92 5, 10−3

(f)

Group Method p = 5 p = 10 p = 20
Accuracy (%) Parameters Accuracy (%) Parameters Accuracy (%) Parameters

PCA[1] 37.46±1.22 - 53.08±1.17 - 69.62±1.13 -
LPP[8] 75.13±1.61 - 86.68±1.24 - 90.94±0.67 -

CRC[37] 78.08±1.72 - 90.08±0.82 - 96.41±0.47 -
TSR[38] 76.50±2.06 - 89.20±0.89 - 95.69±0.51 -

LDA

fisherface[31] 76.70±1.16 - 86.72±1.03 - 86.69±0.88 -
USSL[13] 71.74±2.35 102 84.66±1.47 102 92.58±0.86 102

GSR[22] 75.34±1.37 0.01 88.02±1.17 0.02 95.63±0.69 0.02
GJGS 77.65±0.51 5,10−3 89.70±0.74 10,10−3 96.28±5.04 1,10−2

MSR[23] 74.63±2.23 0.02 82.98±0.99 0.02 94.37±0.60 0.02
MJGS 76.17±0.88 1,10−2 84.45±1.72 1,10−2 95.39±3.57 1, 10−2

MFA

MFA[9] 74.98±1.88 - 89.10±1.20 - 96.12±0.59 -
GSR 75.96±1.38 0.1 88.60±1.19 0.2 95.90±0.66 0.2
GJGS 77.81±1.55 10−1, 10−2 89.89±0.98 5, 10−3 96.51±0.70 1,10−2

MSR 72.15±1.96 0.2 82.51±1.50 1 94.19±0.76 1
MJGS 76.72±2.38 10, 10−3 84.19±1.20 10−1, 10−1 95.44±0.55 10−2, 1
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(g)

Group Method p = 5 p = 10 p = 20
Accuracy (%) Parameters Accuracy (%) Parameters Accuracy (%) Parameters

PCA[1] 59.11±1.21 - 77.04±1.21 - 90.97±0.91 -
LPP[8] 92.98±0.81 - 95.05±0.43 - 95.95±0.46 -

CRC[37] 94.36±0.80 - 96.38±0.32 - 97.33±0.37 -
TSR[38] 94.42±0.73 - 97.05±0.29 - 98.24±0.31 -

LDA

fisherface[31] 92.84±0.86 - 94.55±0.38 - 95.86±0.47 -
USSL[13] 91.43±1.56 102 95.34±1.03 102 96.95±0.36 102

GSR[22] 93.09±0.70 0.01 96.08±0.44 0.02 97.49±0.47 0.02
GJGS 94.59±1.43 10,10−3 96.80±2.37 1,10−2 97.98±1.84 1,10−2

MSR[23] 92.77±0.82 0.02 96.42±0.34 0.02 97.78±0.29 0.02
MJGS 93.45±1.29 1,10−2 96.72±1.82 1,10−2 97.91±2.46 5, 10−2

MFA

MFA[9] 94.07±0.80 - 96.81±0.32 - 97.83±0.28 -
GSR 93.28±0.76 0.2 96.12±0.39 1 97.62±0.32 1
GJGS 94.64±1.70 5, 10−3 96.89±0.34 10−1, 10−1 98.08±0.27 10−2, 1
MSR 92.35±0.84 0.2 96.32±0.37 1 97.71±0.30 1
MJGS 93.31±0.86 1, 10−2 96.79±0.26 10−1, 10−1 98.04±0.27 10−2, 1

TABLE II
TEST TIME (MS) FOR A SINGLE IMAGE ON SEVEN TYPICAL DATABASES.

Method COIL20 UMIST ORL USPS AR Yale-B PIE
PCA[1] 0.24 0.28 0.51 0.14 2.97 0.40 1.82

CRC [37] 0.27 0.27 0.67 0.14 1.98 0.63 1.05
TSR [38] 9.42 10.47 20.08 7.18 47.33 20.98 33.96

GJGS 0.037 0.038 0.079 0.020 0.20 0.075 0.14

(a) (b) (c) (d)

(e) (f) (g)

Fig. 3. Recognition accuracy vs. dimension for LDA and its variants on six standard databases: (a) COIL20 (p=6), (b) UMIST (p=8), (c) ORL (p=5), (d)
USPS (p=10), (e) AR (p=4), (f) Extended Yale-B (p=5), (g) PIE (p=5).

recognition tasks. Due to the space limitation, in this paper,
we just apply joint graph embedding and sparse regression
method with the L2-norm and L2,1-norm regularization to
two classic linear algorithms LDA and MFA. Many other
algorithms such as PCA, ISOMAP, LPP or kernel methods,
and the regularization with different norms are also worth
studying based on the proposed framework. Therefore, in the
future work, we will study the framework with different norms
and apply this framework to other dimensionality reduction
algorithms.
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