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Abstract— Control of wheeled vehicles is a difficult problem  of the control scheme with a real robot system. The scheme
due to nonholonomic constraints. This problem is compounded in [6] required 3D information such as depth to the landmark.
by sensor limitations. A previously developed control scheme In an effort to make this an entirely vision-based algorithm

for a wheeled robot, which keeps a target in the view of a . . .
mounted camera, is one solution to the problem. In this paper, (for instance no distance sensors are used), some adaptions

we prove the controllability and stability of the control scheme. are made to the algorithm. In light of these adaptions, it
We present an implementation of the controller, as well as can be claimed that the implementation approximates the

present the results of simulations and physical experiments. controller. Nevertheless, simulated and experimentalli®s
are very promising.

|. INTRODUCTION In Section Il we provide background information on the
Many mobile robots fall into the category of nonholo—kmer.natic unicycle and the method d(.ayeloped. by [6].' In
nomic vehicles, which are typically underactuated and ha ect|on. lll we offer a proof of pontrollapﬂny, and in Seuti
constraints on derivatives of the configuration variable4 we give a proof 9f a;ymptotlc regulatlon to a goal POse. In
Typical feedback control methods offer poor results or maiecnon V we detail a implementation pf the controller using

camera as the only sensor, and simple feedback control

not work at all. laws. Finally, in Section VI ide results of simulatio
The field of nonholonomic motion planning has grownav.vs' inafly, in Section Vi we provide results ot simu
sing the newly introduced vision-based controller.

to address these issues [1]. Path planning is difficult undé
the best of circumstances, and becomes more difficult when Il. BACKGROUND
limitations of sensors are taken into account. In this papex  Keeping a landmark in the field of view.

we fi n the situation of a kinematic unicycle vehicl .
e focus on the situation of a kinematic unicycle vehicle Bhattacharya et al. introduced a novel scheme to move a

with an on board camera as the only sensor. kinematic unicycle while keeping a landmark within the field
Since the velocities available to a nonholonomic system Y ping

g o . . . —of view of a camera mounted on the robot [6]. This paper
are limited, one popular solution is to use piecewise cortin

ous control to move in a series of steps. Keeping a Iandmaﬂymar”y focused on th? proper_ties.of the paths generated
in the field of view effectively constrains direction andesiz °Y, € scheme, especially optimality of path length. We
of these steps. will focus on a vision-based implementation of this control

Pissard-Gibollet and Rives [2] detailed the problems (ﬁcheme and properties of reachability and stabiliy.

using vision-based control with nonholonomic vehicles and Con5|der a'moblle robot in thg plane. A landmark consist
. I Ing of a point is located at the origin. At time= 0 the robot
overcome these problems by adding additional degrees 0 o - :
liles within an annulus centered at the origin and defined by a

freedom to the camera. Ma et al. [3] established vision-"". . - .
minimum and maximum radii,;, andry.x, respectively.

f k | of icycl -lik L .
Sgﬁ\edasve:nbcaecd tggrr::iougs ii lrjlgfzglf)nﬁrrﬁccagﬂ: e|;22ic:1t'§0r simplicity, assume the camera is mounted such that the
9 q . . pain p 8ptica| center is above the origin of the robot body refeeenc
Fang et al. [4] controlled a mobile robot using Position abseframe and the optical axis is parallel to the robaixis. The

Visual Servoing techniques based on planar homography, le¢ measures the angle from the optical axis to the line
Kantor and Rizzi [5] independently designed a vision—base?/f-‘g - 9 ptica
rom the origin of the world frame to origin of the body

controller that produces oscillating velocites to followry frame. This is seen in Fig. 1

similar trajectories to those presented here using . To keep a landmark at the origin within the field of view,

. Bhattach_arya et aI.. [6] d_eveloped a Co.erI scheme o pr he robot must be pointed toward the landmark. This adds a
vide a continuous, piecewise smooth trajectory to a unecycl, o ciraint

robot while keeping a landmark in the field of view. That

paper focused on proving the least distance optimality of Y+ ¢=m-+tan"? LA +0. 1)

the control scheme. This paper proves controllability and ) ) z ) )

stability of the scheme, i.e. the robot can be regulated yo ar] '® Maximum viewable angle on the right side of the camera

point in the task space. Furthermore, this paper detailagae 'S defined as ¢, as measured from the robot x-axis, and
maximum viewable angle on the left @s If ¢ € [—¢, @]
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z-axis. This is illustrated in Fig. 1. The equations of state
can be written in matrix form as

T cos 0
y | =|siny |v+ |0 |w 3)
¥ 0 1
; wherev andw are linear and angular velocity, respectively,
0 . and are inputs to the system.

It will ease future calculation to use polar coordinates
in place of Cartesian coordinates. Under this change of

Tmax rﬁ coordinates, the system can be described by
T cos(0 — 1) 0
0 = Lsin(@—v) [v+ | 0 |w.
|- Y 0 1

IIl. PROOF OFCONTROLLABILITY

In this section, we will prove that the kinematic unicycle

Fig. 1. Coordinate assignments for a kinematic unicycle relitit camera  is controllable when constrained to drive along S-curvess. |
known that a driftless system is small-time controllablariti
only if the vector space spanned by the family of vector fields
available to the system, along with their Lie brackets, is of
| full rank everywhere. This is also known as the Lie Algebra
& Rank Condition (LARC) or Chow's Theorem [7], [1], [8].
! It can be shown that the kinematic unicycle is small-time
controllable given the equation of motion (3)[1]. We now
explore the case when the kinematic unicycle is constrained
to the available T-curves.

The two T-curves available at each point provide two
R vector fields, f; and f,. Combining equations (4) and (1)
gives

Fig. 2. An S-curve forp = 7
cos( — ) = — cos(¢) 4)

case, a single point at the origin) was on the edge of the sin(y) — 6) = sin(¢). (5)
image ( = +¢), and driving the robot forward or backward Keeping the landmark at the edge of the image gets

while keeping the image point on the edge of the imagg._— 4. Taking the derivative of (1) along a T-curve then
This gives rise to a curved path, which was labeled-a yje|ds

curve From any point there are two available T-curves = 6. (6)
depending on i) = +¢ and the robot can drive forward or _ _
backwards upon either. The T-curve through a ppintd,|”  Equations (4),(5) and (6) are used to define the two vector

is described by the equation [6] fields
(60— 6) ; ; o
T = 1rgexp {0} . @) fi = {— cos(¢)v, = sin(¢)v, — sin(P)v @)
tan ¢ r r
By introducing the maximum and minimum value for the fo = [ —cos(—¢)v, Lsin(—@)v, Lsin(—@)v |  .(8)

radiusr, and alternating between the available T-curves eaQIt}1 0 tor fields d ibe th lociti ilable b
time the robot reaches,;, andry.y, it is possible to move ese two vector Tields describe the velocities avaiiable by

about an annulus centered on the landmark. This coIIecti(;R”OV\"ng T-curyes. , . .
of T-curves was named aB-curve and is illustrated in We add a third vector field described by equation (3)
figure II-A. As will be shown in Section Ill, an S-curve is f3=10, 0, W]T_ (9)

available to move between any two points in the annulus ] ) ]
while maintaining the landmark in the field of view. Vector field f5 rotates the robot to obtain a desired value of

).
B. The Kinematic Unicycle We consider the admissible configuration space to be the
We adopt the familiar kinematic unicycle model [1] for ourcollection of points satisfyindr, 6, ¥|r € [Fmin, Tmax), 0 €
nonholonomic vehicle. The local coordinates of the unieycl(—n, 7],4» € S'}, which can be viewed as a manifold with
are [z,y,%]T, wherex andy are the position of the robot boundary and an embedded submanifoldR3f x SO(2).
in plane andy is the angle from the world-axis and robot The configuration space is the Cartesian product of an



annulus andSO(2), and we will refer to this space as y
A C R? x SO(2). In an abuse of terminology, we will refer e
to a stateX = [r,0,4]" € A as beingin the annulusif rd
7 € [Pmin, "max]- s

The span of the vector field§f;, fo} loses rank when \\\52
¢ = nx/2 for n € Z. A typical video camera has a cone of / \
view much less tha®0°, so the family will not lose rank : { ] |
due to this condition (we do not consider the case of fish \ )
eye lenses or catadioptric cameras, and in any event they are S
not subject to the same problems of field of view). Due to % i /
the mapping from Cartesian to polar coordinates, the fields s
f1, fo experience a singularity at = 0. However, since S
the annulus has a minimum radiug;, bounded away from
zero, so this too can be discounted.

Thus, using the span of the vector field§, f2, f3} is full
rank, and satisfies the LARC for all points jA. Therefor

the system using T-curves is small time controllable frong1, the controller switches to follow the vector field
any point in A. For any goal value of the bearing such T

that¢ ¢ [—¢, ¢], (1) (i.e. the landmark is not visible for the ¢ — |_ co5(—g)g, lsin(_é)f}7 lsin(_g))f} (11)
goal ), the robot can be brought to the desired values of r r
andd, then rotated to the desired orientation. However if thgyhich decreases(t) and 6(t). If the state contacts surface
landmark leaves the field of view, feedback control cannags the controller switches to follow the vector field
be used and final angular error is likely.

fs2 = fo. (12)

] } ] _If the state contacts the surfa&3, the controller switches
In this section we prove that a controller which drivesy follow the vector field

a system along a series of T-curves is bounded and able T
to regulate the position of a vehicle to a goal pose fro 3 {COS(O))\(T(” — ), —lsin(())ﬁ, —lsin(O)f)
anywhere in the annulus. To this end we show that the error r r

in the position variabld is strictly decreasing and the system = \(r(t)—1r),0, Q]T (13)
will reach the goal valu@* in finite time and switch to a . . ) . )
controller that moves to the goal value of; ¥(t) = " where )\ is a positive scalar gain. While not technically a

can then be obtained by a rotation after the goal position {§CUIVe @ is not saturated), we will refer to the trajectory
obtained. This is a weaker condition than asymptotic stgbil resulting from f,; as a third available curve. Additionally,
in the sense of Lyapunov. note thatf,s is in the span off,; and f..

The controller will be based on switched system control A Sét of control laws forf(0) < ¢~ fcillows a similir
theory. The task space i& 2 {r, 6, ¥ € [Fmin, Fmax], 0 € development. The sets of laws f6¢0) > 6* and9(0) < @
(w7, € S'} ¢ SE(2). Given a goal poseX* = together provide a switched system controller to regulate
[r*,0%,4*]T € A, there are three switching surfaces giveril® state.
in polar coordinates:

Fig. 3. Switching Surfaces for the Kinematic Unicycle Cofi&o

IV. STABILITY ANALYSIS

Theorem: Given initial poseX(0) and goal poseX*, the

ST 2 {r,0,9}st.r=rnpax switched system controller is bounded and regulates the
S2 2 {r0,¢} str=rum position such that
S§3 & {r0,¢}sto=0". lim X(t) = X* (14)

Without loss of generality, we can assurtte = 0. These proof; First we prove that the state is bounded. The variable
surfaces are illustrated in F|g 3. The SyStem has |n|t|@ remains in(—’ﬂ',ﬂ'] since the Switching laws allow the

poseX(0) = [r(0),0(0),%(0)]" € A. We present a set of yopot to move CCW or CW to the goal. From equation (1),
switching control laws for that the case thtd0) > 0%, i.e. ¢ pounded = v bounded. Thus, to prove that the state is

the robot must move clockwise about the annulus. bounded, it suffices to prove that is always in the annulus.
The controller begins following the flow of the vector field Hespanha showed that a region is invariant to a hybrid
described by switched system control if at each poiXton the switching
R } 1 T surfaces, the vector fielX at that point points toward the
fo = |cos(¢)7, - sin(¢)7, - sin(¢)v (10) interior of the set [9].

For X € 81, X = f,;. From any point onS1, the vector
where® > 0 is a constant velocity input. The state variabledield points to the interior of the annulus|if| < rmax —Tmax
r(t) increases anf(t) decreases. If the state contacts surfacend if the T-curve is anything less than tangent to the circle



This is true if¢ < 90°, which is not feasible for a standard By definition, a T-curve is being followed if the viewed
camera. A similar analysis holds f&#2. For the surface landmark is kept on the edge of the field of view while
S3C A, X = [A(r(t)—r*),0,0]” points toward the interior the robot drives, i.ep € {—¢, ¢}. An additional curve is
of the annulus. Therefor, i is sufficiently small the state available for driving on a radial line i = 0. A real robot
never leaves the annulus, and the state is bounded. cannot switch instantaneously between the vector figlds

Define the error signals fs2, and fs3 since it cannot instantly obtain arbitrary values

. of ¢. We must introduce modes of control that rotate the
eo(t) = 0(t) -0 (15)  robot between the key values f € {—¢, 0, ¢}. Noting

er(t) = r(t)—r" (16) that ¢ = ¢, a control signal of the form (9) will rotate the
robot to obtain the desired value of

We define a Lyapunov-like function Assume, without loss of generality, that a visible landmark

Vy = }63_ 17) is located at the origin of the task spaS&(2). Given the
2 goal poseX* and current pos&X(t), it is necessary to define
It is easy to see thdty > 0, Vey # 0. an annulusA C SE(2) such thatX* X(t) € A. We use
When following vector fieldf,;, combining (11) and (17) the goal radius* for ry,;,. Choosingry,i, = r* insures that
gives X* is in front of the robot when the robot is on the radial
- p line 9(¢t) = 6*. The choice ofry.x IS Somewhat arbitrary,
6 = €¢

but a multiple ofr,;, is effective. In the results that follow
= 603 sin(—q?) < 0. (18) Wwe have used . = 2r".
r For the case thaf(0) € [0*, 7] the robot should move
where r(t) is bounded from below and above. Similarly,clockwise around the annulus. A sequence of motions that

when following vector fieldf,s, will approximate T-curves to move clockwise from an initial
. : pose in the annuluX(0) to the goal pos&* is are outlined
Vo = 699_~ as follows:
= 6071] sin(¢) < 0. (29) 1) Increasey until the landmark is on the extreme left

. . . _ i edge of the image.
Thus isVj is strictly decreasing along both vector fielfls 2) When¢ — &, drive backward and steer such that the

and fy5, andé — 6 in finite time. image of the point remains on the left edge.
When thef(t) = 6%, the state is on the surfacs and the 3) Whenr = 7., at the outside edge of the annulus,

system switches to followf,s3. Define a new Lyapunov-like decrease) to place the landmark on the right edge of
function 1 the image.

V= 5(6’5 +e). (20) 4) Wheng¢ = —, drive forward and steer such the point
remains on the right edge of the image.

While following the flow of f,3 we have 5) When robot is on the radial line described by 0*,

§ = 0 (21) rotate such that = 0 and drive toward* .
. v ~ 9 A similar sequence is used for the case #@) € (-, 6*],
Po= _sin(=¢). (22) " to move counterclockwise around the annulus.
Equations (20)- (22) give We yvill henceforth refer to these as the five ques of
R operation. Modes 1 and 3 rotate the robot, allowing the
V= eT;sin(—(i) <0 (23) choice of T-curves defined by = —¢ or ¢ = ¢, and the

third curve wherey = 0. Modes 2 and 4 drive the robot along

Thus6(t) = #* andr(t) — r* along the vector field,3, and a T-curve by applying linear velocity while maintaining the
the system is regulated to the goal position. At this paint, constraint on saturating. Mode 5 first rotates unti$ = 0
can be regulated by following the vector fiefg given in and regulates the remaining radial error.
(9) to the desired orientation. The minimum and maximum radii of the annulus describe
two switching surfaces. When the robot is in mode 2 and
Ccrosses,.x the system switches to mode 3. When the robot

The controller discussed in Sections II-IV assumes & in mode 4 and crosses,;, the system switches to mode
landmark of a single point, that the distance to the origin i¢. The radial lined = 6* defines a third switching surface.
known at all time, and the ability to instantly switch betwee When this line is contacted under modes 2 or 4, we switch
T-curves. In this Section we detail a controller for kineimat to mode 5. Withr,,;,, = 7*, X* is in front of the robot when
unicycle robots that uses a camera as the only input sensibre robot is on the radial lin€(t) = 6*.
This controller will approximate the T-curves of the of the It typically is not feasible to consider a point for a land-
ideal controller while. While we do not prove the stabilitymark, since vision-based control methods require three or
of this implemented controller, simulation and experinaént more points [10], [11], [12]. If we now consider a collection
results indicate it is capable of regulating the vehicle to af points centered at the origin, to approximate a T-curee th
goal pose in the annulus. system must keep the rightmost point on the right edge of

V. VISION-BASED IMPLEMENTATION



State 2:
Drive back and steer
v=Av(2r* — r(t))
o =Ao(al —ul)

State 1:
Rotate cew
v=0
© =2Ao(al —ul)

r¥ =r(t)

State 4:
Drive forward and steer
v=hv(r* = r(t))
@ = Ao(—al — u2)

Rotate cw
v=0
o = Ao(-al - u2)

State 5:
Local Feedback
IBVS

R MR,

Fig. 4. Example Image
Fig. 5. Finite State Diagram for Moving Counter ClockwiseoAnd the
Annulus

the image or the leftmost point on the left edge of the image.
This effectively reduces) and makes it dependent anas
the image of the landmark will be larger whenis small v = A (r* — (1)) + &,
and less rotation will be feasible without points leaving th w = Aol — ug)
:Emalge. Trlle \éehm:f t[)a_lje(itorlez will sl,Jtlray from true T-cesv 5) Whend = 6*, rotate s.té = 0
or large landmark objects and smaj},;,. _ _ _

We define several feedback control laws to accomplish :;(;]Adwri(\gz —f;;\r,\)/ard%(t)) 8gnd 4+ m = g(t))e
the five modes of operation described at the beginning of v = M\(20F — (1))
this section. Defining the robot state space as in equation
(4), with inputsv andw, we use vision data and the current
depthr(¢) in feedback loops. Given a collection of image
points, define the rightmost point as = [u1, v;]7 and the e e
leftmost point asuy = [ug, vo]” in pixel coordinates. It is switching surfaces in finite time.

desired to keep the points near the edge of the image, thudt IS Necessary to determine in which state the system
define widthsa, —a near the edges. This is illustrated inP€9iNS- After that, switches occur when crossing a switghin
Fig. 4 surface. Ifr(0) < rmax, begin at step 1 to move backwards.

If 7(0) > rmax begin at step 3. Note that this also allows
for cases wher&(0) is not in the annulus. These steps are
w o= A(—a—w) (24) illustrated in a finite state diagram Fig. 5.

w = A(a—uy), (25) A final limitation of the vision-based implementation

] » ) ] concerns the ability to estimate the pose given the visible
where and\,, is a positive scalar gain, will rotate the robot|angmark. It is likely that the points on the landmark are

such that the landmark is regulated to the right or left thgisiple only within a subset of the annulus. A nonplanar
edge of the image, respectively. Control laws landmark can occlude parts of itself. Even given a planar
vo= A(2rF — (1)) (26) landmark, thg points are likely visible only from half the
v o= A — () @27) annulus. While most any pose reconstruction method could
v ’ be used to get the sta¥(¢) (e.g. [12], [13], [14]), we use the
where), is a positive scalar gain will drive the robot towardwell known Euclidean Homography matrix between images
the outer and inner radius of the annulus, respectively.  of planar points [14], [15].
Given these basic feedback control laws, a series of There are numerous issues that can influence performance.
proportional control laws to perform the modes of operatiolVe will discuss them briefly but leave them to future work.
are presented. A similar set of controls is defined for movingignal noise, robustness of the robot model and camera

4) When¢ = —¢, drive forward and steer:

w=0
In these feedback control laws, asd and e, are small,
positive constant scalars to insure the state reaches the

Feedback control laws

counterclockwise about the annulus. and robot calibration clearly can have adverse affectso,Als
1) Increasey: outside of an ideal environment, it is possible for the rabot
v=20 leave the lingd = 6* when in mode 5. This would necessitate
w=Ao(—a—u) +e, a return to modes 1 or 3, which could result in chattering
2) Wheng = ¢, drive back and steer: effects. A better solution would entail using a more advance
v = A (27F — (1)) — & controller for mode 5 to reject disturbancestof

w=A(—a—uq)

3) Whenr = ryax, decreasep:
v=20 Simulations were performed using the implementation of
w=A,(a0—u2) —e, Section V. The landmark is a square of coplanar points.

VI. EXPERIMENTAL RESULTS
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Fig. 6. Simulation Results

300 400

s Future work will focus on establishing the stability and

controllability of the vision-based implementation of the

motion scheme. Additionally, alternative implementasion

could be devised, including ones that do not require a priori
knowledge of the goal pose, but rely only on data directly
available from image data.

VIIl. ACKNOWLEDGMENTS

We would like to thank Mark Spong and Dan Block
of the University of lllinois Control Systems Instructidna
Laboratory [16] for the use of the Segbot. This material

is based in part upon work supported by the National
Science Foundation under Award Nos. CCR-0085917 and

We assume an image of the landmark takenX#dt and
knowledge of the feature point at the goal are known. With
this information we use the homography between images
of planar points to estimate the robot's coordina®eg). [y
See the Appendix for details on this pose reconstruction
technique. 2

The robot starts from position [r,, )7
[2.75,7/3,57/6]T, and the goal position i$—1.2,0,0]7.
Fig. 6(a) shows the path taken by the robot along with
the switching surfaces; Fig. 6(a) shows the values ofy
eg = 0(t) — 0* ande, = r(t) — r* over time. The distance
error, e,. is bounded and periodic, while values @f tends
to zero as time increases. The robot eventually reaches the
radial line wherezyp = 0. Then the remaining error in(t) is
regulated to zero. These results agree with what is expect(%g]
from the proof of stability for the ideal system in Section
V.

We have implemented the control scheme with a robot”]
for real experiments. At the time of publication, the true [g]
robot position values were unavailable, and position esti-
mates from encoder values was too noisy to be insightr9
ful. Video of the system is informative, and an example
can be found in the video proceedings and at http://www-
cvr.ai.uiuc.edu/"ngans/segbaileo.wmv. The robot uses a 10
Texas Instruments TMS320 DSP for all signal processingi]
and motor control. An OmniVision OV6620 Color CMOS
camera provides vision data. No other environmental S8NSqy 5
were used. The landmark is a square of four LED’s. The
controller works well, especially considering the coarse
camera resolution and the low processor bandwidth.

(3]

VII. CONCLUSION [14]

Control of nonholonomic systems, such as wheeled veHhit5]
cles, is a difficult problem, especially when sensor linnitas [16]
are taken into account. Bhattacharya et al. [6] developed
control scheme for a wheeled robot which can keep an
landmark in the field of a mounted camera. We have also
demonstrated the controllability and stability of the coht
scheme in that the robot can move to any point in an annulus
surrounding a visible landmark. We have further developed
the scheme for a vision-based implementation of this cbntro
scheme using a system of feedback controllers. Simulations
of the implemented controller are provided, along with wide
of experiments using a mobile robot.
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