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Time-Encoding Scheduling
Li-yen Chen and Petar Momčilović

Abstract—This paper develops a novel scheduling mechanism
for packet switches based on a minimal set of hardware com-
ponents. The standard model of computation implemented by
digital logic is replaced by a model based on time encoding. This
new model allows for distributed computation with low hardware
complexity. A distributed switch scheduling algorithm utilizing
time encoding is shown to deliver performance comparable
to centralized algorithms under uniform traffic. Exploitin g a
connection between switch scheduling and interval packing,
we argue that the distributed nature of the algorithm limits
the maximum relative load to 1 − e−2 under diagonal traffic.
The stability of the algorithm can be improved by enabling
reversibility in distributed decision making.

I. I NTRODUCTION

High performance routers and switches, being the core
of various existing and proposed architectures, are likelyto
remain indispensable parts of future networks. This paper
develops a novel model of computation that enables efficient
operation of packet switches with distributed scheduling;the
model yields a new architecture and scheduling algorithms.
Scalability of packet switches has been considered in the
literature. In short, there exists a tradeoff between the switch
performance and hardware complexity, as well as between the
complexity of data-plane hardware (crossbars, memory banks,
etc.) and control plane hardware (control unit). However, the
studies in this domain are dominated by architectures with
either a significant number of switching components and/or a
centralized controller. The assumption of system coordination
is typically implied in those models. Our paper is not based
on this assumption. Namely, we design a fully distributed
scheduling scheme for packet switches. Distributed operation
is enabled by introducing a novel model of computation, and
thus eliminating the standard model based on bits, registers,
machine cycles and all related hardware. The new model of
computation utilizing time encoding is capable of drastically
reducing the complexity of the control plane, since inter-port
communication on a single piece of switching fabric is not
required. While a number of alternative models of computation
have been proposed (molecular, quantum, membrane, etc.),
at present devices based on these models do not outperform
those using the standard model. In contrast, the architecture we
propose provides performance that is comparable with known
centralized architectures.

Our model of computation is inspired by neurons. In partic-
ular, the relevant quantities for determining a feasible schedule
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are represented by the length of time intervals instead of
conventional bits in registers; hence, the term time encoding.
Computation required to determine a state of the switching
fabric can be performed efficiently under such representation.
We point out that the model is potentially extendable to other
inherently decentralized systems such as wireless networks.
Our focus on the switch design problem is dictated by two fac-
tors: (i) switch scheduling problem is well-defined, structured
and important in practice, and (ii) the resulting architecture
can be implemented physically.

The remaining of this paper is organized as follows. In the
next section, we outline the basic switch model and briefly
review relevant literature. Section III describes a novel model
of computation based on time encoding, where time intervals
are used to perform computations. In Section IV we discuss
a distributed scheduling algorithm utilizing this model and
its implementation. A reversible version of our algorithm is
presented in Section V. Finally, concluding remarks can be
found in Section VI.

II. M ODEL

A. Virtual-Output-Queued switch

The Virtual-Output-Queued (VOQ) switch architecture has
the following desirable properties: (i) it is based on a switching
fabric operating at line speeds, while output-queued switches
require hardware speedup; (ii) it does not suffer from perfor-
mance degradation due to the head-of-line (HOL) blocking
as in the case of input-queued switches; (iii) it can be
implemented on a single switching fabric (crossbar); (iv)
no reordering of packets is required. The reduced hardware
requirements and improved performance come at the cost
of increased control complexity. Hence, the key performance
metrics (throughput, delay, etc.) crucially depend on the em-
ployed scheduling algorithm. In particular, it has been shown
that a greedy algorithm performs poorly under certain traffic
scenarios [22].

The structure of anN ×N VOQ switch is shown in Fig. 1.
Packets arriving to inputi with destinationj are enqueued in
the virtual output buffer(i, j). We assume that the buffer is
of infinite size, that time is slotted, and that every packet is of
fixed size such that it takes exactly one time slot to transmit
a packet. The number of packets in queue(i, j) at time slott
is denoted byQi,j(t). Let Ai,j(t) be the number of packets
arriving to queue(i, j) at timet. The queue occupancies evolve
in time according to

Qi,j(t+ 1) = Qi,j(t)− Si,j(t) +Ai,j(t), (1)

whereSi,j(t) = 1 if queue(i, j) is non-empty and is served
at time t, i.e., a packet is switched from inputi to outputj;
otherwiseSi,j(t) = 0. Event{Si,j(t) = 1} indicates that the
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Fig. 1. The structure of a Virtual-Output-Queued switch. Packets are
enqueued at inputs based on their destinations. Each input/output can be
connected to at most one output/input in every time slot.

switching fabric is configured to a state such that one packet
in queue(i, j) is switched, and, thus,Si,j(t) depends on the
scheduling algorithm. The switching fabric is physically con-
strained to transmit at most one packet for each input/output
port in a time slot, i.e.,

N
∑

i=1

Si,j(t) ≤ 1 and
N
∑

j=1

Si,j(t) ≤ 1. (2)

A scheduling algorithm determines the value of{Si,j(t)}
subject to (2). Hence, in view of (1), the impact of scheduling
algorithm on the evolution of queue occupancy processes is
only through the values of{Si,j}.

In the rest of this paper, we assume that the arrival processes
satisfy a strong law of large numbers, i.e., with probability 1,

lim
T→∞

1

T

T
∑

t=0

Ai,j(t) = λi,j , i, j = 1, . . . , N, (3)

whereλi,j is the traffic intensity at virtual queue(i, j). We say
that a scheduling algorithm israte stableif, with probability 1,

lim
T→∞

1

T

T
∑

t=0

Si,j(t) = λi,j , i, j = 1, . . . , N,

for any arrival process satisfying (3). The input traffic is called
admissibleif

λ.,j =

N
∑

i=1

λi,j(t) < 1 and λi,. =

N
∑

j=1

λi,j(t) < 1. (4)

It is straightforward to show that no scheduling algorithm is
rate stable under non-admissible traffic (λ.j > 1 or λi. > 1 for
somei, j). In that case,Qi,j(t) increases over time without a
bound regardless of the scheduling algorithm for somei andj.

B. Maximum-Weight-Matching scheduling

Maximum-Weight-Matching (MWM) algorithm is rate sta-
ble under any admissible traffic pattern and is known to
provide high throughput and low delay [8], [11], [18], [15],
[29]. We sketch the operation of MWM below. The state of
the switch can be described by a bipartite graph, with vertices
representing input and output ports, and edges representing the

corresponding virtual buffers. In each time slott, edge(i, j)
is assigned a weightWi,j(t) that measures the congestion
level of the corresponding queue, e.g.,Wi,j(t) = Qβ

i,j(t),
β > 0 [2], [26]. The MWM algorithm selects a matching
(set of independent input-output pairs) with the highest sum of
weight and schedules transmissions according to the matching.
When Wi,j(t) = 1{Qi,j(t)>0}, the algorithm reduces to the
Maximum-Size-Matching (MSM) algorithm. In [42], [26] it
was shown that the MWM algorithm is rate stable with
Bernoulli arrival processes when no input or output port is
overloaded (admissible traffic); the result was extended for
more general arrival processes in [8]. MWM-like algorithms
were also argued to perform well when applied in the networks
of constrained queues [40] and switches [24]. Furthermore,the
MWM algorithm with appropriately chosen weight functions
performs optimally under the heavy load scenario not only in
switches [35], [38] (the cross-bar switch considered here is a
special case of the generalized switch examined in [38]), but
also in stochastic processing networks [7], [3] (optimality is
considered with respect to holding cost).

Nonetheless, computing the maximum weight matching at
line speeds is a challenge. Existing algorithms [11], [18],
[15] are either of significant complexity or poor scalability,
i.e., requiring a large number of arithmetic operations for
a large number of input/output ports. Hence, a number of
practical algorithms were developed, including iSLIP [25],
MUCS [12] and RPA [23]. These algorithms do not attempt to
approximate the MWM algorithm explicitly and are inferior
to the MWM when the input traffic is not uniform [17] (the
definition of uniform traffic can be found in Section IV-C). On
the other hand, algorithms based on MWM approximations
were also considered, see e.g. [41], [16], [9]. They utilized
the observation that queue occupancies exhibit correlation in
time, and hence, the weight of a matching does not change
significantly over a small time interval. Recently, an algorithm
based on an auction is proposed in [4].

Distributed switch scheduling on a single crossbar poses
additional challenges. Iterative algorithms such as iSLIP[25]
and the bidding algorithm [4] can be considered distributed
but they require multiple rounds of “information exchange”.
Namely, input and output ports communicate between each
other in order to establish a feasible schedule. Note that the
problem of switch scheduling can be viewed as an instance
of a general problem of scheduling on interference graphs.
Interference graphs were also considered in the context of
scheduling in wireless networks. In such networks information
exchange (message passing) is even costlier since control
packets utilize the same resource (bandwidth) that needs tobe
allocated (scheduled). Algorithms that require a large number
of rounds of message exchanges are capable of supporting
switch operation at limited speeds only since a non-negligible
amount of time is needed for rounds to take place. On the other
hand, schemes with simple implementations such as maximal
scheduling (single round of scheduling) deliver only a fraction
of the possible throughput [5], [34]. Distributed algorithms
with low-complexity considered in the literature include local
back-pressure policy [40] and the Longest-Queue-First (LQF)
policy [10]. For further studies of distributed schedulingin
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wireless networks see [29], [14], [37] and references therein.
The extension of our basic algorithm, the reversible algorithm
described in Sect. V, is conceptually closest to the distributed
CSMA algorithm proposed in [19]; in particular, even though
the algorithms are different, the structures of underlying
Markov chains bear resemblance.

C. Algorithm comparisons

Although it is desirable to have a scheduling algorithm
with a higher relative throughput, this oftentimes comes at
the cost of larger time complexity. When comparing the
performance of scheduling policies for the single crossbar
switch, both the quality and running time of decision making
need to be taken into account. In particular, if an algorithm
achieves relative throughputρ ∈ [0, 1] and takesτ seconds to
determine a schedule, then the maximum theoretic throughput
is at mostρτ cells/s. For example, consider two scheduling
algorithmsC andD, achieving100% and85% of the relative
throughput, respectively. If it takes10−8 s for C and10−10 s
for D to compute a schedule, then the maximum theoretic
throughput is at most108 cells/s for C and 85 · 108 cells/s
for D. ThereforeD significantly outperformsC due to a faster
decision making. We note that when a pipeline architecture is
considered, scheduling time may not be the only performance
bottleneck [36]. However, such an architecture not only re-
quires higher hardware complexity, but also implies longer
delays which can result in throughput loss from the mismatch
of the current state and delayed decision, especially undera
fast-varying traffic.

III. T IME-ENCODING COMPUTATION

In this section, we discuss a model of computation based
on time encoding. The standard model of computation is
based on bits and elementary operations (e.g., summation
comparison and multiplication) and is implemented in digital
logic. Although some early computing machines were based
on analog components, today digital circuits dominate the
implementation of specialized and general-purpose processors.
Nonetheless, alternative models of computation have received
considerable attention (e.g., see [1], [30], [33]), most ofwhich
are yet to be physically implemented. On the other hand, the
model of computation we propose can be integrated into the
existing solid-state technology.

A. Time-encoding operations

In our model of computation, variables are represented
with time intervals of possibly random lengths rather than
deterministic bits. A time interval (and hence its length) can be
defined by two impulses. LetX andY be two variables. The
following two basic operations can be utilized to implement
time-encoding algorithms:

• Minimum (min{X,Y }). VariablesX and Y are repre-
sented by two constant time intervals with lengthsX and
Y , respectively. Define the new starting impulse as the
beginning of the two aligned time intervals, and the new
ending impulse as the earlier of the two ending impulses.
Clearly, the length of the new time interval ismin{X,Y }.

1 111

2 222

t0 X1,2X2,2 X1,1 X2,1

W1,1 → X1,1

W2,2 → X2,2

W1,2 → X1,2

W2,1 → X2,1

X1,2 = min{Xi,j}

Fig. 2. Illustration for the motivating example. The switching fabric has
only 2 possible states shown on the top. On the bottom is the time line that
indicates the expiration of the timers. In this example, thetimers are set at
t = 0. At t = X1,2, the first timer to expire is the one associated with
input-output pair(1, 2). Thus, in this instance the switch is configured to the
matching with weightM2.

• Inverse sum(1/(X + Y )). VariablesX andY are repre-
sented by two random-length time intervals. In particular,
the length of the intervals are given by exponential
random variables with means1/X and 1/Y ; denote
the lengths of these intervals byTX and TY , respec-
tively. The minimum of the two,min{TX , TY }, can be
obtained by applying the minimum operator. Random
variablemin{TX , TY } is exponentially distributed with
mean 1/(X + Y ). Hence, the output of the operator,
min{TX , TY }, is only an approximation of the inverse
sum,1/(X+Y ), but can be implemented in a distributed
fashion.

B. A motivating example

Next, we illustrate how the basic time-encoding opera-
tions can be used with a motivating example. For sim-
plicity, consider a2 × 2 switch with input-output weights
given by [Wi,j ]i,j=1,2. In this case there exist two matchings
(switch configurations) with weightsM1 = W1,1 +W2,2 and
M2 =W1,2 +W2,1 (with corresponding connectivity patterns
{(1, 1), (2, 2)} and {(1, 2), (2, 1)} as shown in Fig. 2). The
MWM algorithm schedules a matching with the maximum
weight. Given the standard model of computation based on
digital logic (i.e., bits, registers, summations, comparisons,
etc.), effectively a single entity is required in order to de-
termine which matching has a higher weight. In particular,
the entity needs to be aware of the values of[Wi,j ]i,j=1,2 so
thatM1 andM2 can be computed and compared.

Our distributed scheme using information encoded in tim-
ing is described next. The scheme is randomized with the
following intuition: the heavier the matching the more likely
it is scheduled. In the first step each input-output weight is
randomized. In particular,Wi,j is replaced withXi,j where
Xi,j is exponentially distributed withEXi,j = 1/Wi,j . This
is the step that enables distributed summation. Observe that
the randomization can be implemented in a distributed fashion
since eachXi,j depends only on the corresponding value of
Wi,j . In the second step, at some fixed time, sayt = 0,
each input-output pair(i, j) (virtual buffer) sets a timer with
an expiration timeXi,j . Upon the expiration of timer(i, j),
an attempt is made to connect inputi and outputj. Such a
connection is feasible only if both inputi and outputj have
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not yet been connected to some other ports. The algorithm
terminates when all finite timers expire. We call the algorithm
distributed since each virtual queue attempts a transmission
based on local information only. Note that in the2 × 2 case
the matching is scheduled whenever one of its two input-
output pairs is scheduled first (equivalently, a timer expires
first). For example, matching with weightM1 is scheduled
if and only if min{X11, X22} < min{X12, X21}. The key
fact is thatmin{X11, X22} andmin{X12, X21} are exponen-
tially distributed with means1/M1 and 1/M2, respectively.
Effectively, we use the comparison ofmin{X11, X22} and
min{X12, X21} (fully distributed based on timers) as a proxy
for the comparison betweenM1 andM2. A straightforward
computation shows that the two matchings are chosen with
probabilitiesM1/(M1 +M2) andM2/(M1 +M2).

IV. D ISTRIBUTED SCHEDULING

The centralized implementation of the MWM algorithm
requires the presence of a control unit in the switch ar-
chitecture. Previous approaches to eliminate the control unit
come at cost of increasing the complexity of the switching
hardware. Informally, the idea is to shape the input processes
(make the input traffic uniform) so that a simple scheduling
algorithm can be employed, e.g. see the load-balanced router
architecture [21], [20]. The increased complexity stems from
the additional hardware required to reorder the packets (in
order to restore the original sequencing) prior to their trans-
mission to output ports. In contrast, our approach aims at
developing a distributed scheduling algorithm (i.e. no control
unit is required) that maintains the original order of packets
within the switch. The key idea behind our architecture is to
enable distributed summations so that matching weights can
be computed without explicit information exchange between
ports.

A. Basic algorithm

In this subsection, we describe a randomized algorithm
A(W ). The argumentW refers to a function that is used to
assign weights to input-output pairs. For example, ifW =
Q(β) = [Qβ

i,j ] (as proposed originally in [2]), then at time slott
the weight of the edge(i, j) in the corresponding input-output
bipartite graph is given byQ(β)

i,j (t). We use[Ti,j(t)] to denote
anN ×N matrix that is independent of the arrival processes.
Elements of each matrix are independent and exponentially
distributed random variables with unit mean; the matrices for
different values oft are independent. The algorithm operates
as follows.

ALGORITHM A(W ) [27]
For each time slott:

1. DefineX as anN ×N matrix with elements

Xi,j := Ti,j(t)/Wi,j . (5)

2. Match inputi to outputj such that

(i, j) = argminXk,l; (6)

delete theith row andjth column fromX .
3. Repeat the preceding step untilX is empty or

Xi,j = ∞ for all i, j.

It is clear that A(W ) implements LQF scheduling with
“randomized queue length” given byX−1

i,j = Wi,j/Ti,j . The
reason for not definingA(W ) as simply a randomized LQF
algorithm is that the above description of the algorithm allows
for a distributed implementation (see the next subsection).
Such an implementation is feasible due to theargmin operator
in (6) – the LQF algorithm requires theargmax operator. The
algorithmA(W ) with an appropriately chosen weight function
has the following desired characteristics [25]:

• High throughput: in the following subsections we argue
that the algorithm remains stable under relatively high
traffic loads.

• Starvation free:A(W ) eventually serves all virtual output
queues as long as the total backlog is not infinite and
W is proportional to the queue lengths; there exists a
positive probability for any of the non-empty queues to
be scheduled.

• Simple implementation: aside from the source of ran-
domness, the algorithm is straightforward to implement.
Conceptually, operation of each input-output pair (virtual
queue) remains the same, regardless of the size of the
switch.

B. Distributed implementation

Suppose that the source of randomness is available at each
input port; that is, for each time slot, unit mean exponential
random variables[Ti,j ] are available at the input ports. By
adjusting the intensities of these random variables based on
Wi,j (e.g., based onQi,j(t)), one obtains[Xi,j ]. At a fixed
time, each input-output pair(i, j) sets a timer that expires in
Xi,j time units; note that these units donot correspond to
time slots needed to switch a packet (cell) from an input to an
output. Upon the expiration of timer(i, j), input i is matched
to output j unless either of them is already matched. This
process continues until all timers withXi,j < ∞ expire. An
example of how the algorithm operates for a3 × 3 switch is
shown in Fig. 3. The timers are set at timet = 0; as they
expire, attempts are made to connect the corresponding input
and output ports. Upon the completion of the scheduling phase
(in this case the input ports1, 2 and 3 are connected to the
output ports2, 1 and 3, respectively), the cell transfer phase
begins.

Note that the implementation is distributed wheneverWi,j

is only a function of the state of the virtual queue(i, j),
i.e., the timers are set with local parameters only. However,
the complexity of implementing the required source of ran-
domness needs to be considered. There exists at least two
possible approaches to obtain randomness: (i) external – a
physical device (e.g. photon-based) auxiliary to the switching
fabric can serve as a source of randomness (Poisson process);
these devices can potentially operate at very high speeds;
and (ii) internal – randomness can be extracted from packet
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Fig. 4. Conceptual operation of a2×2 switch underA(W ). Poisson processes are generated at each virtual buffer (input-output pair) with rates proportional
to the occupancy continuously over time; these processes serve as the required timers during scheduling phases. At the beginning of each scheduling phase,
all input-output ports are disconnected. As impulses arrive (timers expire), the corresponding feasible connectionsare established. The configuration of the
switching fabric after each arrival of the Poisson processes is shown on the bottom of the graph. Once the fabric is configured, a cell transfer phase starts.
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t0 = 0 t1 = X1,2 t2 = X3,2

t3 = X3,3 t4 = X1,1 t5 = X2,1

Fig. 3. An example of how a matching is built in the caseX1,2 < X3,2 <
X3,3 < X1,1 < X2,1 < ∞ and all otherXi,j ’s are equal to∞. The first
timer expires att1 = X1,2, the second att2 = X3,2 and so on. When a
timer expires, the input is connected to the output only if such a connection
is feasible. Non-feasible connections are shown with dashed lines.

payloads, e.g., see [13]. We note that lasers and photon-
counting semiconductor detectors can be used to implement
Poisson timers [43]. Intensities of external Poisson processes
(sequences of impulses) at virtual buffers are modulated ac-
cording to buffer occupancies. By the memoryless property of
Poisson processes, an exponentially-distributed time interval
can be defined by a single impulse, namely, the ending
impulse. Then, theargmin of a set of variables is determined
by the first impulse from the corresponding set of Poisson
processes. Thus, the algorithm can be implemented through
the two operations described in Sect. III-A. Moreover, in
order to simplify the source of randomness, such impulses are
generated continuously as shown in Fig. 4. The switch operates
in two alternating phases: scheduling and cell transfer; the
length of the cell transfer phase is relatively longer. Notethat
in practice, each scheduling phase is of fixed length, and there
is a positive probability that the some impulses do not arrive
before the scheduling phase ends. We adjust the arrival rate
to be large compared to the length of the scheduling phase,

hence approximating algorithmA. In Fig. 4 we illustrated the
conceptual operation of the2 × 2 switch. At the beginning
of a scheduling phase, a sequence of impulses is generated
at each virtual buffer. As impulses are generated (equivalently
timers expire) from the Poisson processes, the switching fabric
is configured accordingly. The resulting configurations are
shown on the bottom of the figure. Once the configuration
is determined, the cell transfer phase starts. Upon completion
of a cell transfer phase, the switching fabric is reset, i.e., all
input and output ports are disconnected, and the scheduling
phase for the next time slot begins.

Finally, we point out that one can potentially implement the
LQF algorithm by settingTi,j ’s in the definition ofA(W ) to
constants rather than of unit-rate random variables. However,
in that case one will need to implement timers that allow for
synchronization of initial impulses. In addition, producing time
intervals of precise lengths poses technical challenges.

C. Performance

The distributed nature of the proposed architecture and the
scheduling algorithm results in a low complexity of the control
plane. In this subsection, we evaluate the performance ofA.
Inefficiencies ofA are due to the fact that inverse summation
is performed only approximately (see Sect. III-A), and, thus,
the maximum weight matching is evaluated approximately as
well. First, we consider the uniform traffic pattern defined by
arrival ratesλi,j = ρ/N , 1 ≤ i, j ≤ N , whereρ ∈ [0, 1) is
the relative traffic load. A preliminary version of the following
result appeared in [27].

Theorem 1:AlgorithmA(Q(β)), β > 0, is rate stable under
any admissible traffic in a2 × 2 switch. Moreover,A(Q(β)),
β > 0, is rate stable under uniform admissible input traffic in
a switch of an arbitrary size.

Proof: See Appendix A.
Simulation results indicate that, inN ×N switch,A is rate

stable under a broad class of admissible traffic patterns that
includes uniform traffic. The difficulty of characterizing such a
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class is due to the high dimensionality of input traffic patterns.
In order to explore performance limits ofA, we consider an
extreme case (worst-case), i.e. the diagonal traffic pattern. It
is parameterized byα ∈ [0, 1], and defined by

λi,j =











αρ, j = i,

(1 − α)ρ, j = (i mod N) + 1,

0, otherwise;

(7)

parameterρ ∈ [0, 1) is the relative load for each input and
output. Under this traffic pattern, the queue occupancy process
is unstable underA(Q(β)) when ρ > ρ∗, whereρ∗ denotes
the value of the critical relative load. The inefficiency arises
due to the distributed nature of the algorithm. Note thatρ∗ <
1 when empty queues are served with positive probabilities
in the long run. We illustrate this point with the following
example. Consider a3× 3 switch under diagonal traffic with
α = 1/2 and ρ = 1. In the long run, the switch should be
configured into one of the two following service matrices:

m1 =





1 0 0
0 1 0
0 0 1



 and m2 =





0 1 0
0 0 1
1 0 0



 (8)

with probability 1. Any other configuration inevitably “wastes”
one unit of service. For example, if connection(1, 1) is made,
it must follow that queues(2, 2) and(3, 3) will also be served
in the same time slot. However, sinceA(Q(β)) is distributed,
the configuration for the remaining input/output ports (2 and
3) are not constrained by the established connection that
corresponds to(1, 1). Hence, when all queues with positive
arrival rates are large, the scheduling algorithm selects a
service matrix other thanm1 andm2, such as

m3 =





1 0 0
0 0 1
0 0 0



 , (9)

with a positive probability, where only two units of service
occur. Note that when the switching fabric is configured
according to the above service matrix, no other input-output
pair with positive arrival rate can be scheduled concurrently.
Although the input-output pair(3, 2) can be scheduled in
addition to the scheduled pair(1, 1) and (2, 3), it has zero
arrival rate and hence corresponds to an empty queue for
the given traffic pattern – service of queue(3, 2) does not
contribute to an actual departure of a packet.

The following proposition establishes a performance limit
of A(Q(β)) under the diagonal traffic pattern.

Proposition 1: Consider algorithmA(Q(β)), β > 0, under
diagonal traffic withα = 1/2. The algorithm is not rate stable
for

ρ > 1−

(

2N−1
∑

r=0

(−2)r

r!
+

1

2

(−2)2N

(2N)!

)

→ 1− e−2, (10)

as the number of input/output portsN → ∞.
Proof: See Appendix B.

Results of numerical comparisons ofA(Q), MWM, LQF,
and APSARA [16] (a heuristic algorithm based on MWM with
a smaller complexity; ASPARA selects between the matching

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
10

−3

10
−2

10
−1

10
0

10
1

10
2

10
3

ρ

Q
〈
〉
≤

Q
↑

Fig. 5. For a switch withN = 32, the expected average virtual
output queue lengthQ〈〉 and expected maximum virtual output queue
lengthQ↑ for the MWM (+), APSARA (2), LQF (×), andA(Q)
(◦) algorithms under uniform traffic.

in the previous time slot and a matching from a random walk
on the graph of all matchings) under uniform and diagonal
traffic are shown in Fig. 5 and Fig. 6, respectively. The arrivals
form independent Bernoulli processes, and the number of
input/output ports isN = 32. For a range of values ofρ,
two quantities,

Q〈〉 =
1

N2

N
∑

i,j=1

EQi,j(t) (11)

and

Q↑ = E

[

max
i,j

Qi,j(t)

]

,

are estimated under the four algorithms. It is clear that
Q〈〉 ≤ Q↑, and, thus, we do not label data points in the figures.
Note that for the diagonal traffic pattern one can alternately
normalizeQ〈〉 by 2N instead ofN2 as in (11), since only2N
virtual queues receive packets. Given that we consider only
relative performance of algorithms, the normalization does not
effect our comparison.

As seen in Fig. 5, the algorithmA(Q) performs compet-
itively under uniform traffic for a wide range ofρ, when
compared tocentralizedswitch scheduling algorithms. Nu-
merical results for diagonal traffic withα = 1/2 andα = 2/3
are shown in Fig. 6. As observed, the algorithm fails to
stabilize the switch for high values of relative loadρ as
indicated in Proposition 1. The LQF algorithm also fails to
stabilize the switch under diagonal traffic as argued in [10]
(the sufficient local pooling condition is not satisfied in this
case). Forα = 1/2 an estimate of the criticalρ∗ is given
in Proposition 1. An upper bound of the critical relative load
for α = 2/3 can be evaluated numerically as described in
Appendix C. In particular,ρ∗ < 0.8744 . . . for α = 2/3 and
A(Q). The following section describes a scheduling algorithm
that addresses the instability.
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Fig. 6. For a switch withN = 32, the expected average virtual
output queue lengthQ〈〉 and expected maximum virtual output queue
lengthQ↑ for the MWM (+), APSARA (2), LQF (×), andA(Q) (◦)
algorithms under diagonal traffic withα = 1/2 (top) andα = 2/3
(bottom). The corresponding maximumρ’s for A(Q) are also shown.

V. REVERSIBLE ALGORITHM

Algorithm A makes irreversible scheduling decisions; once
a connection between two ports is established, these ports
remain connected until the next scheduling phase, regardless
of consequent scheduling decisions. In this section, we demon-
strate that enabling reversibility in decision making potentially
improves the scheduling performance.

A scheduling algorithmB(λ,µ,τ)(W ), whereW is the set
of weights, operates during a fixed length (τ time units)
scheduling phase. Similar to algorithmA(W ), B(λ,µ,τ)(W )
attempts to connect eligible input-output pairs upon arrivals in
the corresponding Poisson processes. However, all connected
pairs are subject to disconnections based on arrivals in rate-µ
Poisson processes. In particular, for an unmatched pair(i, j),
a connection is attempted according to a Poisson process
with rate λWi,j ; a matched pair(k, l) is disconnected after
an exponentially distributed time interval with rateµ. When

µ = 0 andλ→ ∞, the algorithm reduces toA(W ) (sinceτ is
finite). The state of the switching fabric is fixed at the end of
the scheduling phase for the duration of the cell transfer phase.
The operation ofB(λ,µ,τ) is formally described below. Here,
for t ∈ [0, τ ], [Ti,j(t)] is anN×N matrix with elements being
i.i.d. unit-rate exponentially distributed random variables; the
matrices are independent for different values oft. Let X be
the set of all feasible fabric configurations:

X =







I ⊆ [1, N ]2 :

N
∑

i=1

1{(i,j)∈I} ≤ 1,
N
∑

j=1

1{(i,j)∈I} ≤ 1







,

where [1, N ] ≡ {1, 2, . . . , N}. Without loss of generality,
assume that the scheduling phase begins att = 0.

ALGORITHM B(λ,µ,τ)(W )

1. Initialization:

Xi,j := Ti,j(0)/(λWi,j), 1 ≤ i, j ≤ N, (12)

Yi,j := ∞, 1 ≤ i, j ≤ N,

S := ∅.

2. While t ≤ τ :

(i, j) := argminXn,m,

(k, l) := argminYn,m.

Case 1:Xi,j < Yk,l.
If S ∪ {(i, j)} ∈ X ,
thenXi,j := ∞ andYi,j := Ti,j(t)/µ+ t,
otherwiseXi,j := Ti,j(t)/(λWi,j) + t.

Case 2:Xi,j > Yk,l.
SetS := S \ {(k, l)},
Xk,l := Tk,l(t)/(λWk,l) + t andYk,l := ∞.

Updatet:

t := t+min{Xi,j, Yk,l}.

3. Configure the switching fabric according toS.

Elements ofX and Y represent times when the corre-
sponding connections are attempted and disconnections are
preformed, respectively. An example of how the algorithm
evolves over time in a2 × 2 switch is shown in Fig. 7.
Given the time-encoding computation model,B(λ,µ,τ) can be
implemented in a distributed fashion. Each reconfiguration
of the switching fabric, which either establishes or removes
a connection, involves only a single input-output pair – no
inter-port communication is required. Therefore,B(λ,µ,τ) can
be realized by a similar scheme as the one described in
Sect. IV-B, with the additional ability to disconnect two
matched ports.

Since the elements ofX and Y are exponential random
variables, the state of the switching fabric can be described
by the continuous-time Markov chain{S(t), 0 ≤ t ≤ τ}; a
state of the switching fabricI is uniquely defined by the set
of edges (matched input-output pairs) in the corresponding
bipartite graph. Edges inI, I ∈ X , are non-conflicting, i.e.,
they do not share an input or output node. The state∅ denotes
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t0 = 0

X =

[

0.2 0.5
0.7 0.8

]

Y =

[

∞ ∞
∞ ∞

]

t1 = 0.2

X =

[

∞ 0.5
0.7 0.8

]

Y =

[

0.55 ∞
∞ ∞

]

t2 = 0.5

X =

[

∞ 0.75
0.7 0.8

]

Y =

[

0.55 ∞
∞ ∞

]

t3 = 0.55

X =

[

0.98 0.75
0.7 0.8

]

Y =

[

∞ ∞
∞ ∞

]

t4 = 0.7

X =

[

0.98 0.75
∞ 0.8

]

Y =

[

∞ ∞
0.99 ∞

]

t5 = 0.75

X =

[

0.98 ∞
∞ 0.8

]

Y =

[

∞ 0.92
0.99 ∞

]

Fig. 7. An example of how the state of the switching fabric evolves
over time. The minimum elements in bothX and Y at the time
instances when changes of state occur areX1,1, X1,2, Y1,1, X2,1,
X2,2. At these time instances, the algorithm changes the matching
correspondingly and updatesX and Y . The values ofX and Y
after updates are shown under the corresponding bipartite graphs;
the updated elements are underlined. A dashed edge indicates that the
connection fails to be established due to a conflict with the current
state; a dotted edge indicates that an existing connection is eliminated.

the empty configuration. For everyI ∈ X , define the following
two sets:

K+
I = {J ∈ X : J = I ∪ {(k, l)} for some(k, l)},

K−
I = {J ∈ X : I = J ∪ {(k, l)} for some(k, l)}.

In short,K+
I is the set of states thatI can augment into with

an extra connection, andK−
I is the set of states thatI can

reduce into with one removal of a connection. For example,
in a 3 × 3 switch, for I = {(1, 1), (2, 2)}, we haveK+

I =
{{(1, 1), (2, 2), (3, 3)}} andK−

I = {{(1, 1)}, {(2, 2)}}. The
process{S(t), 0 ≤ t ≤ τ} is described by the initial state
S(0) = ∅ and the rate matrix[pI,J ] with elements

pI,J =











λWi,j , J ∈ K+
I and (i, j) ∈ J \ I,

µ, J ∈ K−
I ,

0, otherwise.

The state of the switching fabric at the end of a scheduling
phaseS(τ) is fixed for the duration of the cell transfer phase
that follows immediately. Asλ, µ → ∞, the distribution of
S(τ) converges to the stationary distributionπ of the process
with rate matrix given by[pI,J ]. Let nI(W ) denote the
number of edges inI that have a nonzero weight, i.e.,

nI(W ) =
∑

(i,j)∈I

1{Wi,j>0}.

We use parameterγ = λ/µ to denote the relative rate of con-
necting/disconnecting ports. Then, the stationary distribution
π is given by

πI = π∅ γ
nI(W )

∏

(i,j)∈I

Wi,j ,

where

π−1
∅ =

∑

I∈X

γnI(W )
∏

(i,j)∈I

Wi,j .

Indeed, it is straightforward to verify thatπ is a solution to
the set of balance equations, and it satisfies

∑

I∈X πI = 1.
Observe that asγ → ∞ andµ→ ∞, algorithmB(λ,µ,τ) se-

lects only matchings with the highest size. That is, only match-
ings from the setX ∗ = {I : nI(W ) = maxJ∈X nJ (W )} are
selected with positive probability. In particular, forI ∈ X ∗,

P[S(τ) = I] →
∏

(i,j)∈I

Wi,j/
∑

J∈X ∗

∏

(i,j)∈J

Wi,j ,

and
∑

I∈X ∗ πI → 1, as both γ → ∞ and µ → ∞.
Hence, algorithmB(λ,µ,τ) implements a weighted version of
the MSM algorithm in the limit asγ → ∞ and µ → ∞.
For example, whenWi,j = 1{Qi,j>0}, algorithmB(λ,µ,τ)(W )
selects uniformly among all maximum size matchings. On the
other hand, whenWi,j(t) = exp{Qi,j(t)} and γ, µ → ∞,
the algorithm configures the switching fabric to stateI with
probability

πI = exp







∑

(i,j)∈I

Qi,j(t)







/
∑

J∈X

exp







∑

(i,j)∈J

Qi,j(t)







,

i.e., the probability of a matching being scheduled increases
exponentially with respect to the number of packets in the
matching. In [39] the authors conjecture that a delay-optimal
algorithm is the one that selects a max-weight matching
among the maximum size matchings (the weight is a log-
arithmic function). Therefore, by settingWi,j = Qi,j , al-
gorithm B(λ,µ,τ) approximates (in the limit) this algorithm
in [39] since it selects a matching based on

∏

(i,j)∈I Qi,j and
log
∏

(i,j)∈I Qi,j =
∑

(i,j)∈I logQi,j . Finally, we point out
that the structure of stationary distributionπ is identical to
the stationary distribution of a chain that arises in the analysis
of a CSMA scheduling algorithm proposed in [19]. However,
this scheduling algorithm is recognized to suffer from the time
separation assumption. In particular, the Markov chain canbe
“trapped” in one stationary state for a long time and hence the
biased behavior for each sample. Our approach overcome such
bias by refreshing the system state everyτ units of time. Given
the assumption of a longer transferring phase than scheduling
phase, our approach demonstrates the steady state distribution
uniformly.

Next we provide some intuition on why reversibility im-
proves switch stability. To this end, consider the example
discussed in Sect. IV-C of a3×3 switch under diagonal traffic
with α = 1/2. Given that all queues with positive arrival
rates are equal and large, algorithmA selects a matching
that serves 2 rather than 3 queues (such asm3, see (9)) with
probability (approximately)1/3, i.e., with probability1/3 one
unit of service is “wasted”. This effect results inρ∗ < 1 (see
Proposition 1). On the other hand, whenλ ≫ µ ≫ 1/τ ,
algorithmB(λ,µ,τ) can configure the switching fabric to a state
corresponding tom3 only at the beginning of the scheduling
phase. Given that the switch is in this state, one of the
connected pairs will be disconnected (sinceµ ≫ 1/τ ), and,
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Fig. 8. The expected average virtual output queue lengthQ〈〉 and
expected maximum virtual output queue lengthQ↑ for B(λ,µ,τ)(Q)
(+,2) and an approximation ofA(Q) (◦) under diagonal traffic with
α = 1/2 (N = 32). HereA(Q) is approximated byB(λ,µ,τ)(Q) with
(λ, µ, τ ) = (1, 0, 1), andB(λ,µ,τ)(Q) uses parameters(λ, µ, τ ) =
(1, 10, 1)(+) and (1, 10, 10)(2). The upper bound of the criticalρ
for A(Q) is also shown; note thatB(λ,µ,τ)(Q) stabilizes the switch
under diagonal traffic with values ofρ that exceed this bound.

due toλ≫ µ, a feasible pair of ports will be connected. This
process continues until 3 pairs are connected, saym1 or m2

(see (8)). Once the fabric is in one of these states, it is not
configured to a state corresponding tom3 due to the fact that
as soon as one of the pairs is disconnected, the same pair is
connected right away (λ ≫ µ) because it remains the only
feasible pair. That is, the limiting algorithmB selects only
among maximum size matchings.

A numerical comparison ofB(λ,µ,τ)(Q) with parameters
(λ, µ, τ) = (1, 10, 1), (1, 10, 10) and an algorithm approximat-
ing A(Q) (B(λ,µ,τ)(Q) with (λ, µ, τ) = (1, 0, 1)) under diag-
onal traffic is shown in Fig. 8. We point out thatB(λ,µ,τ)(Q)
converges to the stationary distribution fast enough, such
that for finite values of(λ, µ, τ) ((1, 10, 1) in our example),
it provides a larger admissible region thanA(Q). Yet, the
corresponding queues sizes underB(λ,µ,τ)(Q) can be larger
than underA(Q) for moderate values ofρ. This is due to
the fact thatB(λ,µ,τ)(Q) is not efficient whenλ ≫ µ does
not hold, since some feasible input-output pairs might not be
connected at the end of the scheduling phase. However, given
thatB(λ,µ,τ)(Q) is determined by the productλQi,j (see (12)),
increasing queue lengths uniformly and multiplicatively is
equivalent to increasingλ. Thus, when queue lengths increase,
the scheduling performance improves.

Finally, note that the performance ofB(λ,µ,τ)(W ) can be
improved by running the algorithm in background during the
cell transfer phase, i.e., effectively increasing the value of τ
and, thus, allowing for better convergence to the stationary
distributionπ. Recomputing the schedule for each time slot is
equivalent to independently sampling fromπ in each time slot
in the limit asγ, µ → ∞. On the other hand, the algorithm

in [19] produces schedules that are strongly correlated in time,
and, thus, different behavior. For example, under diagonal
traffic with α = 1/2 and Qi,j = q1{λi,j>0} for large q,
B(λ,µ,τ)(W ) serves each matching with probability1/2; on the
other hand, if the algorithm is not reset (all ports disconnected)
for each time slot, then a matching is selected with probability
1/2 and served in the following time slots until its weight
becomes small relative to the weight of the other matching.

VI. CONCLUDING REMARKS

This paper introduces a time-encoding model of computa-
tion, which enables a set of new architectures and algorithms
for packet switches. We developed distributed algorithms
for single cross-bar packet switch that achieves performance
comparable to that of centralized algorithms. The proposed
scheduling algorithms can be applied to scheduling in wireless
networks modeled by general interference graphs; in an inter-
ference graph, two nodes can not transmit concurrently if they
share an edge, see, e.g., [5], [31], [28]. The crossbar switch has
a well-structured interference graph (the dual graph of a full
bipartite graph) with each node representing an input-output
pair. In the case of wireless networks, nodes in the graph
represent network nodes and edges typically indicate physical
proximity of network noes. AlgorithmA operates on a general
graph as follows. Each network node sets possibly multiple
timers according to the corresponding weights. A connection
is established if the timer expires before any of the interfering
pair is scheduled for transmission. The resulting schedule
is an approximation of the maximum weight matching on
the general graph. AlgorithmB can be applied to general
interference graphs analogously by enabling reversibility of
scheduling decisions.

APPENDIX A
PROOF OFTHEOREM 1

In order to prove Theorem 1, we introduce the fluid model
of a switch. The fluid model is a deterministic, continuous
system of equations that parallels (1). Recall thatSi,j(t) is
the service provided to queue(i, j) in the time slott. We can
rewrite (1) as the following:

Qi,j(t) = Qi,j(0) +

t
∑

τ=0

Ai,j(t)−Di,j(t), (13)

whereDi,j(t) =
∑t

τ=0 Si,j(τ) is the cumulative number of
departures from queue(i, j) up to the time slott; Di,j(0) = 0.
For eacht ≥ 0, the evolution of the fluid model is governed
by

Q̄i,j(t) = Q̄i,j(0) + λi,jt− D̄i,j(t) ≥ 0, (14)

where Q̄i,j(t) = limr→∞Q(rt)/r and D̄i,j(t) =
limr→∞D(rt)/r are the fluid limits ofQi,j andDi,j , respec-
tively. A proof of convergence to a unique limit can be found
in [8].

Note that D̄ depends on the scheduling algorithm. We
specify the rate of departurē̇D(t) at timet in the fluid model
under algorithmA by defining a functionψ; ˙̄D(t) denotes
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the derivative ofD̄(t) at t. For any square matrixX , we
useXβ to denote a matrix of the same size with elements
Xβ

i,j , X(λ) denotes the matrix with elementsXi,j/λi,j , and

‖X‖ =
∑N

i,j=1Xi,j . Functionψ represents the expected ser-
vice rate of the virtual queues underA, and can be recursively
defined as follows.

Definition 1: ψ(X) is a matrix with the same dimension as
the square matrixX with non-negative elements. If‖X‖ = 0,
thenψi,j(X) = 0 for all i andj. WhenX is a 1× 1 matrix,
i.e., a real number, thenψ(X) = 1{X>0}. For anN × N
matrix X with ‖X‖ > 0, ψ(X) is anN × N matrix with
elements

ψi,j(X) =
Xi,j

‖X‖
+

∑

k 6=i,l 6=j

Xk,l

‖X‖
ψi−1{k<i},j−1{l<j}

(X−(k,l)),

whereX−(k,l) is the (N − 1)× (N − 1) matrix obtained by
deleting thekth row andlth column fromX .

For example, if

X =





32 10 0
20 5 1
25 0 2



 ,

then‖X‖ = 95 and

ψ2,2(X) =
5

95
+

32

95
ψ1,1

([

5 1
0 2

])

+
25

95
ψ2,1

([

10 0
5 1

])

+
2

95
ψ2,2

([

32 10
20 5

])

=
473

1072
.

Next lemma follows directly from the definition ofψ.
Lemma 1:ψ(cX) = ψ(X) for any constantc > 0.
Note that by conditioning on the first timer to expire under

A(W ), it is straightforward to obtainESi,j(t) = ψi,j(W (t));
recall thatW (t) is the weight matrix at timet. From the
construction of the fluid model, we have

˙̄Di,j(t) = lim
δ↓0

lim
r→∞

1

rδ
(Di,j(r(t + δ)−Di,j(rt)))

= lim
δ↓0

lim
r→∞

1

rδ

⌊r(t+δ)⌋
∑

τ=⌊rt⌋

Si,j(Q
(β)(τ)).

For each index pair(i, j), let

t∗i,j =
1

r
arg max

τ=⌊rt⌋···⌊r(t+δ⌋
ψi,j(Q

(β)(τ))

be the time index that maximizes functionψi,j in the spec-
ified time interval. We can upper bounḋ̄Di,j as follows
whenQ̄i,j(t) > 0:

˙̄Di,j(t) ≤ lim
δ↓0

lim
r→∞

1

rδ
(⌊r(t+ δ)⌋ − ⌊rt⌋)ψi,j(Q

(β)(rt∗i,j))

= lim
δ↓0

lim
r→∞

ψi,j(r
−1Q(β))(rt∗i,j))

= lim
δ↓0

ψi,j(Q̄
(β)(t∗i,j))

= ψi,j(Q̄
(β)(t)),

where the second equality is due to Lemma 1 and the third
equality follows from the continuity ofψ; it is clear from the
definition of t∗i,j that t ≤ t∗i,j ≤ t + δ. Analogously, we can

obtain a corresponding lower bound, which combined with the
upper bound, yields

˙̄Di,j(t) = ψi,j(Q̄
(β)(t)), if Q̄i,j(t) > 0. (15)

Equations (14) and (15) together form the fluid equations of
the system operating under algorithmA(Q(β)). Any solution
(D̄, Q̄) to the fluid equations is a fluid model solution un-
der algorithmA(Q(β)). A switch operating under algorithm
A(Q(β)) is rate stable if for every corresponding fluid model
solution (D̄, Q̄) with Q̄(0) = 0, we haveQ̄(t) = 0 for
t ≥ 0 (see Theorem 3 in [8]). Let〈·, ·〉 be the element-wise
inner product operator of matrices. By Lemma 1 in [8], it is
sufficient to show that

d

dt
〈Q̄(β)(t), Q̄(λ)(t)〉 ≤ 0 (16)

for any Q̄(t) 6= 0. The derivative in (16) satisfies

d

dt
〈Q̄(β)(t), Q̄(λ)(t)〉 = (1 + β)〈Q̄(β)(t), ˙̄Q(λ)(t)〉

= (1 + β)
(

‖Q̄(β)(t)‖ − 〈Q̄(β)(t), ˙̄D(λ)(t)〉
)

, (17)

where the second equality is due to (14). In the following dis-
cussion, indext may be dropped when there is no ambiguity.

(2×2 switch.)For any admissible2×2 arrival matrix[λi,j ],
there exists a matrix[λ∗i,j ] such thatλ∗i,j > λi,j and λ∗1,1 +
λ∗1,2 = λ∗2,1 + λ∗2,2 = 1, since[λi,j ] satisfies (4). Definition 1
and (15) yield

˙̄Di,j(t) =

{

M1‖Q(β)‖−11{Qi,i>0}, i = j,

M2‖Q(β)‖−11{Qi,j>0}, i 6= j,

whereM1 = Q̄β
1,1 + Q̄β

2,2 andM2 = Q̄β
1,2 + Q̄β

2,1, and, thus,

〈Q̄(β), ˙̄D(λ)〉 ≥ 〈Q̄(β), ˙̄D(λ∗)〉

=
M2

1 /λ
∗
1,1 +M2

2/(1− λ∗1,1)

‖Q(β)‖
.

The preceding inequality and (17) result in

d

dt
〈Q̄(β)(t), Q̄(λ)(t)〉

≤
1 + β

‖Q(β)‖

(

−
1− λ∗1,1
λ∗1,1

M2
1 −

λ∗1,1
1− λ∗1,1

M2
2 + 2M1M2

)

= −
1 + β

‖Q(β)‖

(√

1− λ∗1,1
λ∗1,1

M1 −

√

λ∗1,1
1− λ∗1,1

M2

)2

≤ 0.

Hence, the first statement of the theorem follows.
(N × N switch.) Next, we consider a switch of arbitrary

size under uniform traffic. The proof is by induction on the
number of input/output portsN . In the case ofN = 1, (16)
holds trivially. Now, suppose that (16) holds for a switch with
size (N − 1)× (N − 1); then (14), (16) and (17) imply

〈Q̄(β), ˙̄D(λ)〉 = (N−1)

N−1
∑

i,j=1

Q̄β
i,jψi,j(Q̄

(β)) ≥ ‖Q̄(β)‖, (18)
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whereQ̄ is a (N − 1)× (N − 1) matrix. For a switch of size
N ×N , combining (14), Definition 1 andλi,j = 1/N yields

〈Q̄(β), ˙̄D(λ)〉

= N

N
∑

i,j=1

Q̄β
i,j





Q̄β
i,j

‖Q̄(β)‖
+

∑

k 6=i,l 6=j

Q̄
(β)
k,l

‖Q̄(β)‖
ψi,j(Q̄

(β)
−(k,l))





=
N

‖Q̄(β)‖



‖Q̄(2β)‖+
N
∑

k,l=1

Q̄β
k,l

∑

i6=k,j 6=l

Q̄β
i,jψi,j(Q̄

(β)
−(k,l))





≥
N

‖Q̄(β)‖



‖Q̄(2β)‖+
1

N − 1

N
∑

k,l=1

Q̄β
k,l‖Q̄

(β)
−(k,l)‖



 , (19)

where the inequality follows from applying the inductive hy-
pothesis (18) to matrix̄Q(β)

−(k,l). Next, letqi,j = Q̄β
i,j/‖Q̄

(β)‖
and rewrite the right-hand side of (19) as

N‖Q̄(β)‖
N
∑

k,l=1

qk,l



qk,l +
1

N − 1

∑

i6=k,j 6=l

qi,j





≥ N‖Q̄(β)‖ inf
{qk,l}







N
∑

k,l=1

qk,l



qk,l +
1

N − 1

∑

i6=k,j 6=l

qi,j











,

where the infimum is over allqk,l ∈ [0, 1] such that
∑

k,l qk,l = 1. The infimum is attained whenqk,l = 1/N2

for all k, l, resulting in

〈Q̄(β), ˙̄D(λ)〉 ≥ ‖Q̄(β)‖.

The preceding inequality, (17) and (18) imply the second
statement of the theorem.

APPENDIX B
PROOF OFPROPOSITION1

Consider the fluid model described in Appendix A:
{

Q̄i,j(t) = Q̄i,j(0) + λi,jt− D̄i,j(t),
˙̄Di,j(t) = ψi,j(Q̄

(β)(t)), if Q̄i,j(t) > 0.
(20)

We show thatQ̄i,j(t) → ∞ as t → ∞ for j = i or (i
mod N) + 1, under the diagonal traffic withα = 1/2 and
someρ ∈ (0, 1), and the following initial condition:

Q̄i,j(0) =

{

q, j = i or (i mod N) + 1,

0, otherwise,

whereq > 0, i.e., Q̄i,j(t) = 0 for all t ≥ 0 and i, j such that
λi,j = 0. Given this initial condition, due to a symmetry inψ
and the arrival matrix, as well as Lemma 1, (20) reduces to

Q̄i,j(t) =

{

q + ρt/2− σt, j = i or (i mod N) + 1,

0, otherwise.

for all t ≥ 0 whenρ/2 > σ with σ being the service rate:

lim
T→∞

1

T

T
∑

t=0

Si,j(t) =

{

σ, j = i or (i mod N) + 1,

0, otherwise.

That is, for anyρ > 2σ, the algorithm is not rate stable.
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Fig. 9. The interference graph for anN ×N switch under diagonal
traffic is shown on the top, where nodes correspond to queues with
positive occupancies and arrival rates; edges connect queues with a
common input/output port. On the top, the interference graph is drawn
according to the relative location of the nodes in the trafficmatrix;
in the middle the graph is drawn on two circles, each circle refers to
a matching of sizeN . Conditioning on the event that queue(1, 1) is
scheduled first, the remaining interference graph is linearas shown
on the bottom of the figure. Here an additional fictitious node0 is
added to the left end of the line in order to draw an equivalency with
a dimer packing problem considered in [32]. A dimer is placedon
nodes2 and3, indicating that queue(3, 3) is scheduled. As a result,
queues(2, 3) and(3, 4) can not be scheduled in the same time slot,
since dimers are not allowed to overlap.

In order to determine the service (departure) rateσ, we
construct the interference graph of the switch under the
diagonal traffic (see the top of Fig. 9). Virtual queue(i, j)
with positive arrival rate is represented as the node(i, j); the
total number of nodes in the interference graph is2N . In this
graph, two nodes are connected by an edge if they can not be
scheduled concurrently. The graph under diagonal traffic isa
2N -cycle, exhibiting the symmetry of the queues with positive
arrival rates. Due to this symmetry, the service rateσ satisfies
σ = sN/2N , wheresN is the expected number of scheduled
queues in a single time slot. Without loss of generality (dueto
symmetry), we assume that queue(1, 1) is scheduled first, then
it follows that queues(1, 2) and (N, 1) can not be scheduled
in the same time slot. Thus, the remaining interference graph
is linear with 2N − 3 nodes, as shown in the bottom of
Fig. 9. We argue that determining the expected number of
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served queues on a linear interference graph is equivalent to
computing the expected number of vacancies on a line packed
with randomly placed dimers (non overlapped adjacent pairs
of nodes). For convenience, in the following discussion, we
relabel the nodes in the interference graph by natural numbers.
With an additional fictitious node0 on the left end of the line
interference graph, placing a dimer at node pair{i − 1, i} is
equivalent to an expiration of a timer corresponding to nodei.
In particular, when a dimer is placed at a node pair{i− 1, i},
then a dimer can not be placed at node pairs{i − 2, i − 1}
and{i, i+1} since dimers are not allowed to overlap. This is
equivalent to preventing queues corresponding to nodesi− 1
andi+1 from being scheduled when the queue corresponding
to nodei is already scheduled. Hence, ifxk is the expected
number of vacancies on a line graph withk nodes (including
the node0), then the following relationship must hold:

(2N − 3) + 1 = 2(sN − 1) + x(2N−3)+1.

The value ofxk was obtained by Page [32]:

xk = (k + 2)

(

k+1
∑

r=0

(−2)r

r!
+

1

2

(−2)k+2

(k + 2)!

)

,

and, therefore, we have

sN = N −
1

2
x2N−2

= N

(

1−

[

2N−1
∑

r=0

(−2)r

r!
+

1

2

(−2)2N

(2N)!

])

.

Recall that the critical relative loadρ∗ can be at most
sN/N . For example, the preceding expression yieldss32 ≈
27.6693 . . ., indicating thatρ∗ < 0.8647 . . . for a 32 × 32
switch (see the top of Fig. 6). In addition, it also follows that
ρ∗ < 1− e−2 in the limit asN → ∞.

APPENDIX C
A PROCEDURE FOR ESTIMATINGρ∗ FORα ∈ (0, 1)

In order to upper bound the maximum relative load under
diagonal traffic, we consider the fluid model analyzed in
Appendix B. In particular, we focus on the fluid model (20)
with the following initial condition:

Q̄i,j(0) =











κq, j = i,

(1− κ)q, j = (i mod N) + 1,

0, otherwise,

(21)

whereκ ∈ [0, 1] is such that

ψi,i(Q̄
(β)(0))

ψi,(i mod N)+1(Q̄(β)(0))
=

α

1− α
. (22)

Note that suchκ exists for anyα ∈ [0, 1] due to continuity
and symmetry ofψ. Due to symmetry of the arrival matrix,
under (21) and (22), (20) renders for allt ≥ 0, whenρ > σ,

Q̄i,j(t)=











κq + α(ρ− σ)t, j = i,

(1− κ)q + (1− α)(ρ − σ)t, j = (i mod N) + 1,

0, otherwise,

whereσ is the total service rate of queues(i, i) and (i, (i
mod N) + 1). In this case, the algorithm is not rate stable.

The value ofκ that yields (22) can be evaluated numerically
sinceψ is defined recursively in Definition 1. Once this value
is obtained, one can obtainσ = ψ1,1(Q̄(0))+ψ1,2(Q̄(0)) and
an upper boundρ∗ < σ follows. For example, whenN =
32 and α = 2/3, we haveκ = 0.6295 . . ., ψ1,1(Q̄(0)) =
0.5829 . . ., ψ1,2(Q̄(0)) = 0.2915 . . . andσ = 0.8744 . . ..
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