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On Effectiveness of Application-Layer Coding
Yoojin Choi and Petar Momčilović

Abstract—The effectiveness of application-layer coding in a
system with a large number of users is considered. The end users
encode data packets before transmitting them. The effect of addi-
tional packets on the system performance is twofold: (i) additional
packets increase offered load, which results in higher drop prob-
ability, and (ii) some of dropped packets can be recovered at the
receivers after decoding. It is argued that the space of all systems
can be partitioned into two regions where coding is beneficial and
detrimental, respectively. In particular, the paper establishes an
asymptotic regime that contains the boundary between these two
regions. On the boundary, systems with and without coding have
the same performance. Informally, our results indicate that ap-
plication-layer coding improves the performance only in systems
with low loss probabilities (without coding), and employing such
coding in systems with high loss probabilities only degrades the
performance.

Index Terms—Application-layer coding, finite-buffer queue, loss
probability, scaling laws.

I. INTRODUCTION

T HE primary reason for losses in packet networks is buffer
overflow – each link in a network has finite capacity, and

intermediate routers have limited memories to store packets. In
general, there are two basic approaches to overcome this kind
of packet losses:
• Retransmission mechanism. The source transmits its data
packets to the receiver. Packets that have not been ac-
knowledged (explicitly or implicitly) are retransmitted.

• Application-layer coding. The source encodes its data
packets into coded packets and transmits them instead.
The receiver reconstructs the original data packets by
decoding received coded packets.

In wired networks, transmission errors due to channel noise
are rare, and, thus, it is reasonable to assume that losses are
due to buffer overflows only (i.e., transmissions are error-free).
This study focuses on evaluating the effectiveness of applica-
tion-layer coding in such networks. In wireless networks, how-
ever, packet losses attributed to transmission errors (due to unre-
liable channels) can be considerable and must be accounted for.
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We note that application-layer coding (i.e., fountain coding) for
such networks has been studied substantially as one of the pos-
sible methods to achieve reliable communication (e.g., see [1],
[2]).
Application-layer coding allows end users to recover the orig-

inal data packets from the received subset of coded packets by
decoding. However, employing such coding results in a higher
offered load, and, therefore, increases drop probability. From
this perspective, it is unclear when application-layer coding is
advantageous; application-layer coding was shown to be advan-
tageous in certain cases [3]. Hence, it is of interest to investi-
gate the effectiveness of such coding. As a first step, we study
the effectiveness of coding in the baseline model consisting of
a single link with a finite buffer. In particular, the paper con-
siders a sequence of systems indexed by the number of users
. We first discuss an appropriate scaling of the system param-

eters for investigating the effectiveness of coding, and estab-
lish that the critical-load scaling is the relevant one. Under the
critical-load scaling, system utilization and drop probability be-
have as and , respectively, when the
number of users is large.1 We then examine the loss probabil-
ities in systems with and without coding. Our asymptotic anal-
ysis indicates that application-layer coding can be advantageous
in under-loaded systems; in over-loaded systems, however, the
overhead of coding exceeds its benefit, and coding only worsens
the system performance. In addition, we demonstrate on exam-
ples that our asymptotic results render reasonable approxima-
tions for systems with a finite number of users.
The rest of the paper is organized as follows. In the next sec-

tion, we describe a system model and assumptions that are used
throughout the paper. We discuss a relevant scaling for investi-
gating the effectiveness of coding in Section III. In Section IV
we review erasure codes and their performance. Section V con-
tains the analysis for the loss probability without coding. Then,
we analyze the drop probability with coding and discuss the
coding overhead due to the increased offered load in the fol-
lowing section. In Section VII we explore the loss probability
with coding and establish the boundary where systems with and
without coding have the same performance. A discussion on the
system performance for a systematic minimum-distance-sepa-
rable (MDS) code is presented in Section VIII. Concluding re-
marks and technical proofs can be found in Sections IX and X,
respectively.

II. SYSTEM MODEL

A. Model

We consider a sequence of systems indexed by , where
is the number of sources that transmit packets to a link with a

1Throughout the paper, we use the standard asymptotic notation, e.g., see [4,
Sec. I.3].
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Fig. 1. Source , , generates packets in the time slot . When application-layer coding is employed, source-generated packets
are encoded into coded packets by individual encoders. All packets from the encoders of sources are transmitted to a single link of capacity with a buffer
of size . The packets that are not dropped from the buffer are first delivered to the decoder of each source and decoded into the original packets. End users
receive the output packets of their own decoders.

finite buffer. Let and denote the link capacity and the
buffer size, respectively. Time slotted operations are assumed.
In addition, let , , , denote the number
of packets generated by the source in the time slot . The pro-
cesses , , are assumed to be
independent Bernoulli random processes with parameter , i.e.,

and for and .
If present, application-layer coding is performed at each source
(see Fig. 1). All packets from the encoders are transmitted to the
queue consisting of a single link with a finite buffer. The packets
that are not dropped from the queue are first delivered to the de-
coder of each source and decoded into the original packets. End
users receive the output packets of their own decoders.
We examine loss probability as a measure of the system per-

formance. The loss probability is defined as the long-term ratio
of the number of lost packets to the total number of source-gen-
erated packets. A dropped packet is a packet that is discarded
from the queue when the buffer is full, and a lost packet is a
packet that is not delivered to the end users. In a system without
coding, every dropped packet is also a lost packet since no
dropped packets can be recovered. If a system utilizes coding,
however, some of dropped packets can be recovered at the end
users, and, therefore, we differentiate a lost packet (loss prob-
ability) from a dropped packet (drop probability) in this case.
Even though the drop probability increases due to the addi-
tional offered load attributed to coding, the loss probability can
decrease by means of coding if enough dropped packets are
recovered.

B. Coding Scheme

The queue, in which some packets are dropped when the
buffer is full, can be thought of as an erasure channel, e.g., see
[5], [6]. Two main features of our model are as follows:
• Systematic linear block code. We assume that each encoder
uses a linear block code for producing additional packets
per each coding block consisting of data packets gen-
erated by its source. For this operation, each encoder is as-
sumed to have a memory space for storing copies of
most recent data packets from its source. A data packet
generated by a source is transmitted in the same time slot
(without any delay due to the encoder). The encoder pro-
duces coded packets when the source generates the last
data packet of the block. These additional packets are

transmitted in the same time slot as the last data packet of
the block;2 does not vary with . See Fig. 2 for an ex-
ample. Note that under this scheme, the decoding delay is
positive only in the presence of packet drops.

• Nonpriority queue. It is assumed that all packets have the
same priority in the queue and that they are served on
the first-come, first-serve basis. If a system gives priority
to data packets over coded packets in the queue, then
coded packets do not affect drops of data packets, and,
thus, coding does not degrade the system performance.
Nevertheless, we consider a system without priority since
such a system is straightforward to implement and users
have no incentive to mislabel their packets intentionally
(cheat). Moreover, when the loss probability is very low
(to be made precise later in the paper; regime studied
in [3]), coding is beneficial in both systems with ([3])
and without (our model) priority, i.e., in that regime, the
priority does not impact results in a qualitative way.

Let , , , denote the
total number of packet arrivals (both data and coded packets)
from the encoder of the source in the time slot . We say that a
coding block “ends” at the time slot if the th packet of the
block is generated by the source at time ; the following block
“starts” at the subsequent time slot (the first block starts
at time ). Then, we have

where is the number of data
packets generated by the source from the beginning of the cur-
rent coding block up to (and including) the time slot ; by
definition, if coding block starts at time . See
Fig. 2 for an example. Now observe that the arrival process

is completely determined by a Markov chain
with the state space

and transition probabili-
ties , , given by

2This assumption is not crucial and does not impact the nature of our main
results. Other schemes are possible, e.g., additional packets can be transmitted
in consecutive time slots.
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Fig. 2. An example of our coding scheme for and . In this example, data packets (white) are generated (and transmitted) in the time slots with
indices 1, 2, 5, 7, 10 and 13; additional coded packets (gray) are generated (and transmitted) in the time slots 5 and 13. The first coding block starts at and
ends at ; the second coding block starts at and ends at . We also indicate the values of , and for each .

where and . Since this Markov chain
is finite, aperiodic and irreducible, it has an unique stationary
distribution , , , given
by

.
(1)

III. SCALING

In this section, we discuss an appropriate scaling (as the
number of users increases, ) for investigating the
effectiveness of application-layer coding. Recall that we as-
sume that additional packets are generated per each block
of length . The additional offered load due to coding is
then equal to while the spare capacity of the link is

. Thus, we consider the block length such that
, as , since this scaling

allows one to examine both under- and over-loaded systems
by adjusting appropriate constants (system parameters). Next
we review three possible scalings for and .3 Let and

denote the loss probability without coding and the drop
probability with coding, respectively.
• Under-load scaling: for and

In this regime, and are asymptotically and
, respectively, as , for some positive

constants and such that (e.g., see [7, Ch.
12]); approaches when increases. Informally, de-
spite the fact that drop probability increases due to coding,
the expected number of dropped packets in a block is close
to 0 for large . If at least one coded packet is added
per block ( ), we can recover most of the dropped
packets as long as the coding block is large enough so that

. Therefore, coding improves the system per-
formance in this case as suggested in [3].

• Over-load scaling: for and

3Although other scalings are possible, these three cover the main tradeoffs
between efficiency and quality.

Due to the central limit theorem (CLT), both and are
asymptotically given by , as . In this
case, the expected number of dropped packets in a block
is since the block length is . However, the
maximum number of dropped packets that can be recov-
ered in a block is only . Consequently, for large
, the probability of recovering dropped packets is very

small. Hence, in this scaling, coding worsens the system
performance.

• Critical-load scaling

(2)

Under this scaling, both and behave as in
the limit as (e.g., see [8, Ch. 10]). Since the block
length is , the expected number of dropped packets
in a block is , i.e., the numbers of dropped and addi-
tional packets are of the same order. Therefore, in this case,
the effectiveness of coding depends on and for given
system parameters such as (capacity) and (buffer size),
and it is feasible to find the critical points where systems
with and without coding have the same performance.

The scaling for the buffer size stems from the fact that if
, as , where denotes the standard

deviation of the total arrival process, then the performance of
the system is asymptotically equal to the one with (as

); on the other hand, if , as , then
the system behaves asymptotically as the one with (as

). Hence, for evaluating the effect of the buffer size on
the system performance, the relevant buffer size should satisfy

, as . For the considered model, we have
, as , and, thus, we let, for

(3)

In the following sections, we demonstrate that the critical-
load scaling is the relevant scaling as far as the effectiveness
of coding is concerned. Under the critical-load scaling, the fol-
lowing scaled variables are useful in obtaining the drop and loss
probabilities:

(4)
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TABLE I
SUMMARY OF KEY NOTATIONS (UNDER CRITICAL-LOAD SCALING)

as . Moreover, Table I summarizes the key notations
(under the critical-load scaling) that will be used throughout
the paper; note that , and are the scaled parameters that
determine spare capacity, buffer size and coding block length,
respectively [see (2) and (3)].
We note that in [3], application-layer coding was studied in

the context of a system with priority (data packets are given
priority). In particular, the authors considered the under-load
scaling only (linear scaling between the link capacity and the
number of users), and concluded that application-layer coding
improves performance (in the limit as ). In contrast,
we focus on the critical-load scaling since under this scaling,
application-layer coding can be either beneficial or detrimental
depending on the exact parameters of the system. Our result
indicates that application-layer coding is beneficial in the
under-load regime (as ) even if data packets are not
prioritized over coded packets. As mentioned in Section II-B,
utilizing application-layer coding does not degrade the perfor-
mance of a system with priority. However, as will be discussed
in Section IX, the critical-load scaling also plays a role in the
model with priority. Namely, in this regime, the ratio of loss
probabilities in two corresponding systems with and without
coding tends to a constant strictly within , as . On
the other hand, this ratio tends to 0 (exponentially fast in ) in
the under-load regime [3], and to 1 in the over-load regime.

IV. ERASURE CODES

In this section, we review erasure codes and their perfor-
mance. The relevance of such codes is due to the fact that the
finite-buffer queue can be thought of as an erasure channel, e.g.,
see [5], [6]. We consider linear block codes –
data packets are used to generate packets to be trans-
mitted. Let be the data packets in a single
coding block, and let be the output
packets encoded from these data packets. The output packets
are generated from the data packets according to the following
rule:

(5)

where is a generator matrix that depends on a specific code.
All arithmetic is over for some positive integer (e.g.,
see [9, Ch. 5]). Next we examine various erasure codes.

A. Ideal Block Code

Let denote the number of dropped packets among the
output packets from a single block, and let denote the

number of lost packets in the same block, i.e., original data
packets can not be reconstructed after decoding. We define the
ideal block code as a code that satisfies the following property:

(6)

Note that if output packets are dropped, then a decoder can
recover only linear equations in (5) from the re-
maining output packets. From linear equations, at
most data packets can be decoded correctly.
Therefore, the ideal block code, if it exists, achieves the best
performance among all linear block codes.

B. Systematic MDS Code

A linear block code with minimum distance can recover
all of the original data packets in a block when the number of
dropped packets in the block is less than . If a
linear block code has minimum distance , we call
such codes as MDS codes; these MDS codes achieve equality
in the Singleton bound (e.g., see [9, Ch. 15]). Reed-Solomon
codes belong to the class of MDS codes. When a code is sys-
tematic, the output packets from a block contain original
data packets and additional coded packets, i.e., for

. Given a block, let and denote the num-
bers of dropped packets among the data packets and the ad-
ditional coded packets, respectively. If , then
all data packets can be reconstructed from (5). On the other
hand, if , then no dropped data packets can be
recovered from (5) and only data packets are obtained.
Therefore, letting be the number of lost packets after decoding
leads to

(7)

C. Partial Coding

Suppose that a systematic MDS code is applied to only
fraction of data packets in a block. That is, data packets
are used to generate output packets, and remaining

data packets are transmitted without any encoding.
In this case, only the dropped packets from the fraction of the
block can potentially be recovered. Let and denote the
numbers of dropped packets among data packets in the
coding part and data packets in the noncoding part,
respectively. Moreover, let denote the number of dropped
packets among additional coded packets in the coding part.
Setting to be the number of lost packets after decoding yields

(8)

where .

D. Comparison

In Fig. 3, we illustrate the difference between these three
coding schemes on an example. In particular, we compare the
conditional expectation of the number of lost packets given the
value of the number of dropped packets in a block for the ideal



CHOI AND MOMČILOVIĆ: ON EFFECTIVENESS OF APPLICATION-LAYER CODING 6677

Fig. 3. Conditional expectation of the number of lost packets given
the value of the number of dropped packets in a block for the ideal block
code , a systematic MDS code and partial coding with ( )
when and . In this example, it is assumed that all packet drops
are independent with the same drop probability.

block code, a systematic MDS code and partial coding with
. The block length and the number of additional

coded packets are set to be 10 and 2, respectively. Just for this
example, all packet drops are assumed to be independent with
the same drop probability. As expected, the ideal block code
has the smallest expected value of the number of lost packets
for a given value of the number of dropped packets. When a
systematic MDS code is employed, all dropped data packets
can be recovered if the number of dropped packets is at most
( in this example); otherwise, no dropped data packets

can be recovered. When partial coding is used, even though the
number of dropped packets is greater than , the dropped data
packets that belong to the coding part can be recovered if the
number of dropped packets in the coding part is at most ; in this
case, thus, partial coding has better performance than pure block
coding. On the other hand, if the number of dropped packets is
not greater than , then partial coding underperforms pure block
coding since the dropped data packets in the noncoding part can
not be recovered.

E. Coding With Overlapping Blocks

In this subsection, we examine one particular scheme that
utilizes overlapping blocks. Suppose that each half of a block
overlaps with either one of its adjacent blocks and that
additional packets are generated from each block of length
; and are assumed to be even for simplicity. Note

that the number of additional packets per block is halved for
fair comparison to the scheme with nonoverlapping blocks
since the number of blocks is doubled. Let be
the sequence of data packets from a source. The th coding
block , , is given by , where

. The output
packets , which are generated from , include the data
packets in and additional coded packets. Observe that
the data packets in are used to generate two sets of
coded packets. It is assumed that a systematic MDS code is used

to encode each block, and each block is decoded independently,
i.e., no dropped data packets are recovered if the number of
dropped packets in a block is greater than .
Let denote the number of dropped packets in , and let
denote the number of dropped packets among the additional
coded packets that are generated from . In addition, let
denote the number of lost packets in after decoding. The

following lemma characterizes the number of lost packets in
one half of a block when the scheme with overlapping blocks
is employed.

Lemma 1: Suppose that the system is in stationarity. If
and are two independent i.i.d.

sequences, then

where , , , and , ,
satisfies the following equation:

Proof: See Section X-A.

V. LOSS PROBABILITY WITHOUT CODING

This section discusses the loss probability due to buffer over-
flow in a system without coding. Since the link capacity is fi-
nite, if the number of packets generated by users exceeds the
capacity, some packets should either be stored in the buffer, if
possible, or be dropped from the queue. In a system without
coding, every dropped packet is also a lost packet; thus, in this
case, the loss probability is equal to the drop probability. We
first study queue occupancy, i.e., the number of packets stored
in the buffer, and, then, use it to analyze the loss probability in
the following subsection.

A. Queue Occupancy

Recall that , , , is the number of packet
arrivals in the time slot from the source . Let , ,
denote the number of packets generated from all sources in
the time slot

The queue occupancy , , is defined to be the number
of packets that remain in the buffer at the end of the time slot
. The packets that are transmitted in the time slot include
the packets that were in the buffer at the end of the previous
time slot as well as newly arrived packets in the time slot .
Recall that the link is capable of transmitting packets in
one time slot and that at most packets can be stored in the
buffer. Therefore, the queue occupancy satisfies the following
well-known equation:

(9)
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Fig. 4. Distribution function of the stationary scaled queue occupancy
in the limit as [see (10)] for ,

and . Simulation results for and ( ),
( ) and ( ) are also shown.

The random variable , , depends on and
. As stated in Section III, the buffer size under the critical-

load scaling satisfies ; this implies that the queue
occupancy also behaves as . Hence, we consider the
scaled queue occupancy , , defined as

Note that (9) can be rewritten in the following form:

where . For fixed , the distribu-
tion of tends to the normal distribution with zero mean
and variance , as (due to the CLT). Moreover,

and , as [see (4)]. Assuming that all
processes are in their stationary regimes, it can be shown that
for fixed (e.g., see [8, Sec. 2.3 and Ch.5])

as , for a random variable , whose distribution func-
tion satisfies the following integral equation:

(10)

where denotes the normal distribution function with
mean and variance . Note that has dis-
continuities at and .
Fig. 4 shows the distribution functions of for ,
and , which are numerically computed

from (10). For a fixed value of , , the value of
increases as increases since larger implies a larger

capacity. In addition, this figure includes the estimated values
of (by simulation) for , ( )
and ( ).

B. Loss Probability

Let , , denote the number of lost packets in the
time slot .Without coding, a dropped packet is also a lost packet
since no dropped packets can be recovered. Therefore, we have

(11)

The loss probability is defined to be the long-term ratio of
the number of lost packets to the total number of arrivals from
sources. Given that the system is in stationarity and it is ergodic,

can equivalently be represented by

(12)

The preceding equality and (11) yield

(13)

where is equal in distribution to , and has the
stationary distribution of ; the random variables and

are independent. As discussed in Section III, the loss prob-
ability under the critical-load scaling behaves as , as

, and, thus, we define the scaled loss probability by

where and . Further-
more, the limiting (as ) scaled loss probability is
defined by

(14)

where , , as , and the random
variables and are independent.
Fig. 5 shows as a function of for and

. As expected, the loss probability decreases when
(capacity) or (buffer size) increase. Moreover, this figure in-
cludes estimated values of (by simulation) for and

( ). This example illustrates the
applicability of our asymptotic analysis to systems with a finite
number of users.
The loss probability can be approximated for large values of
. To this end, we have for since

the buffer is likely to be empty when the link capacity is larger
than the offered load. In this case, it follows that

(15)

where is the probability density function of the normal
distribution with zero mean and variance ; the ap-
proximation follows from

(e.g., see [10, p. 175]). On the other hand, if ,
then the buffer is likely to be full since the offered load is greater
than the link capacity. Thus, in that case, we obtain

(16)

In such an over-loaded system, all extra arrivals, which exceeds
the capacity, are likely to be dropped from the queue since the
buffer is full with high probability.
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Fig. 5. Scaled loss probability without coding in the limit as
[see (14)] for and . Simulation results for
and ( ), ( ) and ( ) are also shown.

VI. DROP PROBABILITY WITH CODING

In this section, we examine the drop probability when coding
is employed. When a system utilizes coding, the offered load is
increased by additional coded packets, and, consequently, more
packets are likely to be dropped from the buffer, compared to
a system without coding. Note that in this case, the drop prob-
ability should be differentiated from the loss probability since
some of the dropped packets can be recovered from the received
subset of packets by decoding. We discuss the loss probability
under coding in the next section.
Recall that , , , denotes the number

of packet arrivals from the encoder of the source to the buffer
in the time slot . Assuming that the system is in stationarity, (1)
implies

(17)

for , . The mean and the variance of
are respectively given by

(18)

note that and , as . Let
, , denote the total number of packets sent from the

encoders of sources to the buffer in the time slot

The drop probability is defined to be the long-term ratio
of the number of dropped packets to the total number of arrivals
from the encoders. Then, analogously to (13), we have

Fig. 6. Coding overhead [see (20)] for : solid lines
for and , and dashed lines for and .

where is equal in distribution to , and has the
stationary distribution of the queue occupancy when coding
is used. When coding is employed, original arrival processes
are altered by additional coded packets as stated in Section II.
Thus, the queue occupancy is also affected by the coding
scheme. Under the critical-load scaling, the drop probability
is , as . Therefore, we consider the scaled
drop probability defined by

where and ; note
that , as . Next we define as
the limiting (as ) scaled drop probability

(19)

where , , as , and the random
variables and are independent. It can be shown that has
the normal distribution with zero mean and variance
(due to the CLT) and that the distribution of satisfies (10)
with replaced by (e.g., see [11, Sec. 25]).
We define the coding overhead as a function of

(20)

In Fig. 6, the solid lines show for , and
. The dashed lines are for , and

. Since the additional offered load due to coding in-
creases as increases, is an increasing function of .
The figure also illustrates that, for a fixed value of , the
value of increases when (capacity) or (buffer size) in-
crease. Note that is exactly equal to when is replaced
by in (14). As seen in Fig. 5, the larger the is, the
faster the decreases as increases. Thus, decreases faster
than when increases. Approximations given in (15) and
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(16) also support this observation. Namely, for ,
decreases linearly when increases while decreases exponen-
tially; when , both and decrease exponentially,
but decreases faster than due to term. Similar rea-
soning can be applied to the case of .
Since decoding is performed on a per-block basis, the loss

probability depends not only on the drop probabilities of in-
dividual packets but also on the distribution of the number of
dropped packets in a block. Thus, in order to evaluate the loss
probability, one needs to consider the behavior of the packet
drops in a block. The following theorem characterizes the
number of dropped packets in a block in the limit as .

Theorem 1: Suppose that the system is in stationarity, and
consider the critical-load scaling. Let be the number of
dropped packets among data packets in a block. Then, in
the limit as , is Poisson

as , where is the limiting scaled drop probability
that satisfies (19). Furthermore, if is the number of dropped
packets among additional coded packets in a block, then, as

Proof: See Section X-B.

Informally, the theorem can be interpreted as follows. Con-
sider a single block, and suppose that the packets in this block
are dropped independently with drop probability equal to .
Then, the number of dropped packets in the block of length

follows the binomial distribution:

It is straightforward to verify that this binomial distribution
tends to the Poisson distribution with mean in the limit
as . However, packet drops are not independent in
a system with finite . The drop probability of a packet in
a fixed time slot depends on the total number of arrivals
from the encoders of sources in the time slot and the
queue occupancy at the end of the time slot . Since both
the total arrival process and the queue occupancy have the
Markov property, as discussed in Section II, packet drops have
dependency across time. However, Theorem 1 shows that the
effect of this time dependency becomes negligibly small in the
limit as . Given that the drop probability in a fixed
time slot is , the possibility that a packet is dropped
shortly after another packet is dropped from the same block
diminishes as . That is, when a packet is dropped, we
can assure, with high probability, that enough time has elapsed
for the system to enter its stationary regime.
Finally, Theorem 1 also indicates that the number of dropped

packets in a block is . Since the number of additional coded
packets for each block is also , the dropped packets can

be recovered in some cases, as intended by means of coding.
This result verifies the relevance of the considered critical-load
scaling to the study of the effectiveness of application-layer
coding.

VII. LOSS PROBABILITY WITH CODING

Here, we consider the loss probability with coding for era-
sure codes discussed in Section IV. The loss probability is
defined as the long-term ratio of the number of lost packets after
decoding to the total number of data packets. Let denote the
number of lost packets among data packets
in a block. Then, analogously to (12), we have

The scaled loss probability is given by

(21)

where , and the limiting (as )
scaled loss probability is defined by

(22)

The following theorem specifies the limiting scaled loss proba-
bility for the coding schemes discussed in Section IV.

Theorem 2: Suppose that the system is in stationarity, and
consider the critical-load scaling. Let , , denote a
Poisson random variable with mean , where is the
limiting scaled drop probability in (19). Then:
(i) For the ideal block code

(23)

(ii) For the systematic MDS code

(24)

(iii) For the partial coding

(iv) For the coding with overlapping blocks

where , , , and ,
, satisfies the following equation:

Proof: See Section X-F.

A. Ideal Block Code

By using (14), (19) and (23), one can compare the loss prob-
abilities with and without coding for a given set of parameters

. In Fig. 7, we show the boundary where for
the ideal block code when , and . Note
that the boundary partitions the parameter space into
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Fig. 7. Boundary where , as , for the ideal block code ,
a systematic MDS code , coding with overlapping blocks and partial
coding with ( ), ( ) and ( ) when
, and . Note that since .

For each boundary, the lower-right and upper-left areas are the regions where
application-layer coding is beneficial ( ) and detrimental ( ),
respectively.

two regions: the upper left region where (no coding is
preferable) and the lower right region where (coding is
preferable). The ideal block code has the largest region where
coding is advantageous among all linear block codes since it
achieves the best performance among such codes. It is inter-
esting to observe that employing even the ideal block code can
be counter-productive for some set of system parameters. In par-
ticular, consider an over-loaded system ( or, equiv-
alently, ). In this case, the expected number of dropped
packets in a single block due to coding overhead is

. However, the number of dropped packets in a block
is not a constant; this leads to a situation where more than
packets are dropped in some blocks and fewer than packets
are dropped in the others. In such a case, coding is not efficient
in recovering dropped packets.

B. Systematic MDS Code

Fig. 8 shows as a function of for a systematic MDS code
when , , and . Note that,
just for this example, we use the variance for
[see (18)] instead of the limiting value when we com-
pute , which determines . Since the loss probability is sen-
sitive to the variances of arrival processes, this adjustment is
needed to make our asymptotic result to be applicable for finite
. The figure also shows the estimated values of (by simula-

tion) for , ( ) and .
One can observe that simulation results agree with analytical re-
sults well in this example. For an over-loaded system ( ),
increases as increases because the number of dropped

packets in a block is likely to be beyond the number that can
be recovered. Therefore, in this case, additional packets behave
just as overhead. On the other hand, if a system is under-loaded
( ), then decreases at first as increases since the ben-
efit of coding exceeds its overhead in this case. For some value
of , is minimized, i.e., the coding benefit is maximized. If

Fig. 8. Scaled loss probability with coding in the limit as
[see (24)] for a systematic MDS code when , ,

and . The variances of arrival processes are adjusted to
be for [see (18)] instead of the limiting value .
Simulation results for and ( ), ( ), ( ) and

( ) are also shown. The dotted line is for the scaled loss probability
without coding.

is increased further, however, starts increasing, and coding is
not beneficial anymore. The dotted line represents the limiting
scaled loss probability without coding [see (14)]. One can find
a point where for each value of . These points
correspond to the boundary where schemes with and without
coding have the same performance (shown in Fig. 7). We refer
the reader to Section VIII for a further discussion on applica-
tion-layer coding with a systematic MDS code.

C. Partial Coding

Fig. 7 includes the boundary where for partial coding
with when , and
. Note that the partial coding scheme with is identical

to the scheme with pure block coding. As seen in the figure, the
region where coding is advantageous expands as increases.
Recall that the partial coding scheme might be beneficial only
when the number of dropped packets in a block is greater than
the number of additional packets in the block (see Section IV).
In the region where coding is advantageous, however, the drop
probability is so small that the number of dropped packets is not
likely to be greater than the number of additional packets in a
block. One can observe that partial coding is getting worse as
(capacity) increases. This result is consistent with the previous
observation since larger results in smaller drop probability.

D. Coding With Overlapping Blocks

In Fig. 7, we plot the boundary where for coding with
overlapping blocks. As seen in the figure, the described coding
schemewith overlapping blocks underperforms compared to the
one with nonoverlapping blocks as far as probability of loss is
concerned. This stems from the fact that the nonoverlapping
scheme can recover up to dropped packets per block, while the
overlapping version is capable of recovering only dropped
packets per half block. It should be noted, however, that the
overlapping scheme might result in shorter decoding delays.
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Fig. 9. Boundary where , as , for a systematic MDS code
when and : solid lines for , and dotted lines
for ( ), ( ) and ( ). For each boundary, the lower-right
and upper-left areas are the regions where application-layer coding is beneficial
( ) and detrimental ( ), respectively.

VIII. DISCUSSION

In this section, we discuss the performance of application-
layer coding with a systematic MDS code. Fig. 9 shows the
boundary where for a systematic MDS code when

, , and . If we
increase the length of a block while increasing the number of
additional packets as well, then the asymptotic drop probability
does not change, but the number of possible packet drop pat-
terns that can be recovered in a block increases. For example,
suppose that and 1 dropped packet can be recovered
in a block. If we double the length of a block and generate 2
coded packets per double-length block, then 2 dropped packets
can be recovered in one half of a block provided that no packets
are dropped in the other half. Note that larger (and larger
for fixed ) implies a longer block. Hence, the region where
coding is advantageous to no coding increases as (and for
fixed ) increases. Note that this reasoning applies to a large
class of block codes.
Fig. 10 shows the boundary where for a systematic

MDS code when , and . Re-
call that Fig. 6 indicates that the coding overhead
increases as (buffer size) increases. Thus, larger results in
a smaller region where coding outperforms no coding. It is in-
teresting to observe that the critical values of for different
values of converge as (capacity) increases. In particular, the
boundary tends to as increases. As long as the
system is under-loaded ( ), for large (and, hence,
large for a fixed ratio of ), the buffer is likely to
be empty with high probability; when the system is over-loaded
( ), however, the buffer is likely to be full. This be-
havior is not significantly impacted by the buffer size . Thus,
(for ) the value of only has a secondary effect on the
loss probability, and, therefore, does not perform a significant
role in determining the boundary.

Fig. 10. Boundary where , as , for a systematic MDS
code when , and . For each boundary, the
lower-right and upper-left areas are the regions where application-layer coding
is beneficial ( ) and detrimental ( ), respectively.

Fig. 11. Boundary where a buffer-less system with coding (using a systematic
MDS code) and a system with a buffer but no coding have the same perfor-
mance, i.e., for and for are equal, as ,
for and . For each boundary, the lower-right and
upper-left areas are the regions where the buffer-less system with coding has
better performance than the system with a buffer but no coding ( ) and
vice versa ( ), respectively. The figure also shows that the boundary
tends to (the dashed line) in the limit as .

In Fig. 11, we plot the boundary where a buffer-less system
with coding (using a systematic MDS code) and a system with a
buffer but no coding have the same performance, i.e.,
for and for are equal, for and

. Similarly to Fig. 9, this figure also illustrates that
larger (block length) results in a larger region where coding is
advantageous. Moreover, the figure indicates that the boundary
tends to (the dashed line) in the limit as . Infor-
mally, from (24), we can derive
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In the limit as , the Poisson distribution tends to the
normal distribution with mean and variance :

this, in turn, implies (for large values of )

.

Now, for an under-loaded system ( ), there exists some
that satisfies for large . Thus, it is possible to

reduce to an arbitrary small value by increasing (block
length). On the other hand, for an over-loaded system ( ),
we have from (16). In this case,

can not be made arbitrarily
close to zero even if is increased indefinitely.
Table II shows estimated (by simulation) drop and loss prob-

abilities (i.e., and , respectively) for different values of ,
and in a finite system with fixed , and

; note that not only , but also and impact of-
fered load and, thus, utilization. For the considered values of ,
the results show that drop and loss probabilities are of the same
order. Furthermore, we can see that employing coding is either
beneficial or detrimental depending on the specific values of
and . In particular, one can determine the boundary where
systems with and without coding have the same performance
(e.g., see and 2 for and ). The results
indicate that the derived approximations based on Theorem 2
(ii) are fairly accurate when and drop/loss probabil-
ities are on the order of . The applicability of the
approximation is due to the fact that it is based on the CLT. The
case can be viewed as an instance of a system in the
over-load regime. However, the approximation from Theorem
2 provides a reasonable estimate as can be seen in the table. The
analysis of the under-load regime is based on the large-deviation
theory (e.g., see [3]), and, thus, the asymptotic approximation is
valid only for extremely small drop/loss probabilities (e.g., on
the order of , and ).

IX. CONCLUDING REMARKS

In this paper, we investigated the effectiveness of application
-layer coding for systems with a large number of users. The
system consists of a single link with a finite buffer, and the
loss probability was considered as the measure of the system
performance. We first showed that the critical-load scaling is
the relevant scaling to explore the effectiveness of coding. Next
we examined the asymptotic behavior of the loss probabilities
with and without coding, and established the boundary that
partitions the system parameter space into two regions where
coding is beneficial and detrimental. The asymptotic results
showed that coding is advantageous for under-loaded systems
with a certain set of system parameters; in over-loaded systems,
however, coding is detrimental since the coding overhead
exceeds its benefit. That is, application-layer coding enhances
the performance in systems with low drop probabilities, but
employing such coding in systems with high drop probabilities

TABLE II
ESTIMATED (BY SIMULATION) DROP AND LOSS PROBABILITIES (I.E., AND

, RESPECTIVELY) FOR DIFFERENT VALUES OF , AND IN A FINITE
SYSTEM WITH FIXED , AND . THE TABLE ALSO
SHOWS APPROXIMATED LOSS PROBABILITIES ( ) BASED ON THEOREM 2 (II)

only worsens the performance. In addition, we illustrated in
some simulation examples that our asymptotic results provide
reasonable approximations for systems with a finite number of
users.
Finally, we conclude this paper with a comment on systems

with priority. As stated in Section II-B, a system can employ
priority in order to improve its performance (implementing pri-
ority requires an extra level of system complexity). In systems
with priority, data packets have priority over additional coded
packets in the queue, and, thus, coded packets do not impact
the drops of data packets. Therefore, in this case, coding does
not harm the system performance, and one can generate, ide-
ally, as many coded packets as needed to enhance the perfor-
mance. Let , , denote the number of received coded
packets in the time slot by all users. In the ideal setup
(assuming that every user generates a large enough number of
coded packets to fill up the spare capacity in every time slot), we
have ; for simplicity, it is
assumed that coded packets are not buffered. Since there are
receivers in the system, the receiving rate of coded packets per
receiver is then given by .
From this expression, we can derive the critical-load scaling
for systems with priority that is similar to the one for systems
with nonpriority (see Section III). Namely, the link capacity
and the buffer size are given by and

, respectively. Under this scaling, the drop prob-
ability of data packets and the receiving rate of coded packets
are both , as . Given a block of length

, the expected numbers of dropped data packets
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and received coded packets are of the same order (i.e., ),
and, therefore, it is feasible to find the boundary that partitions
the system parameter space into two regions where employing
coding is significantly and marginally beneficial.

X. PROOFS

A. Proof of Lemma 1

Utilizing a systematic MDS code, we have either
or on the event . Therefore, it follows that

(25)

Recall that the data packets in are included in both and
. Assuming that at least one packet from is dropped,

define two events
and . For ,
we have

where the second equality follows from the assumptions of the
lemma. By combining the preceding equality with (25), one can
obtain

(26)

where and ;
for notational simplicity, we extended the definition of
and for . Observe that if then
since there are no dropped packets. Besides, if then

since no dropped packets can be recovered in this
case. Formally, we have

.
(27)

Let denote the number of dropped packets among the data
packets in and the additional coded packets generated
from , i.e., . If , then all
dropped packets in can be recovered. Otherwise, the dropped
packets in can be recovered only when the dropped packets
in are recovered by decoding the next block and the
number of (remaining) unrecovered dropped packets is at most

. This argument leads to

for . The assumptions of the lemma imply that
the event is independent of both and . Thus, the
second term on the right-hand side of the preceding equality can
be expressed as

and, if we represent this as the sum of conditional probabilities
(conditioned on the event for ), then
we have

For notational simplicity, let . Then, one can derive the
following equation from the preceding argument:

(28)

for . Likewise, it can be shown that

(29)

for . Under steady-state, both (28) and (29) have the
same solution . In this case, (26)–(29)
yield

where , , is given as in the statement of the lemma.
This concludes the proof of Lemma 1.

B. Proof of Theorem 1

Let , , denote the number of dropped packets in
the time slot

where denotes the queue occupancy at the end of the time
slot . Since all packets are assumed to have the same priority,
the drop probability of a packet at the time slot is given by

(30)

Without loss of generality, consider the arrival process of the
source 1. Let be the sequence of arrival
times of data packets in a block of the source 1. Then, the prob-
ability that data packets are dropped in a block is given by

(31)

where is the collection of all -subsets of .
Now define, for

(32)

The following lemma states that under the critical-load scaling,
the intervals between packet drops in a block are asymptotically

, as .
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Lemma 2: Consider the critical-load scaling. Suppose that
for fixed . Then, as

Proof: See Section X-C.

Lemma 3: Consider the critical-load scaling. Suppose that
for fixed . Then, as

where is the limiting scaled drop probability that satisfies
(19). Moreover, we have

Proof: See Section X-D.

Lemma 4: Consider the critical-load scaling. Then

as , where is the limiting scaled drop probability
that satisfies (19).

Proof: See Section X-E.

Next we present a proof of Theorem 1.
Proof of Theorem 1: First consider , which denotes

the number of dropped data packets in a block of the source 1.
The set can be partitioned into two disjoint subsets and

. Thus, in view of (31), we have

(33)

where . By letting

and by using the triangular inequality, it is straightforward to
show that

(34)

For some , define an event . Then, we
have

(35)

the first inequality is due to the Jensen’s inequality and the
second inequality follows from . Furthermore, the
Cauchy–Schwarz inequality renders

Let for fixed . Then, the second state-
ment of Lemma 3, Lemma 4 and the preceding inequality imply

, as . Since (see
the first statement of Lemma 3) and (35) holds for any ,
it follows that , as ; combining this
limit, the first statement of Lemma 3 and (34) yields

as . Due to Lemma 2 and the preceding limit, the first
statement of the theorem follows from (33).
Second consider , i.e., the number of dropped packets

among additional coded packets in a block of the source 1
(recall that without loss of generality, we consider the arrival
process of the source 1). Note that additional coded packets
are transmitted in the same time slot as the last data packet of
the block. Moreover, all packets have the same priority in the
system. Thus, it follows from the union bound:

(36)

where is the arrival time of the last data packet in the block.
The drop probability is bounded by

(37)

this together with (36) leads to

(38)

where . Moreover, the relation
for implies

(39)

Since additional packets are transmitted in the same time slot
as the last data packet of the block, we have

. Assuming that processes are in their
stationary regimes except the one corresponding to the source
1, the random variables , , are i.i.d..
Thus, it follows that
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where . From (17), it can be
shown that

as , and this further results in

(40)

Finally, putting together (38)–(40) renders the second statement
of the theorem.

C. Proof of Lemma 2

First we present a preliminary technical lemma.

Lemma 5: If , as , then

and

as , for fixed .
Proof: Observe that is bounded above by

and is bounded below by

Under the assumption of the lemma, these two inequalities
imply the first statement of the lemma. Furthermore, combining
these two inequalities results in

and, then, the second statement of the lemma also follows due
to the assumption of the lemma.

Now we provide a proof of Lemma 2.
Proof of Lemma 2: The lemma holds for trivially;

hence, we consider . From (37), it follows that

(41)

Moreover, due to the Cauchy–Schwarz inequality, we have

(42)

the second inequality follows from the relation for
. Recall that , , is the arrival time of the th

data packet in a block of the source 1. Thus, we have
, where .

Given that all processes are in their stationary regimes except
the one corresponding to the source 1, the random variables

, , are equal in distribution, and,
analogously to (40), it can be shown that

(43)

for all , . Under the assumptions of the lemma,
Lemma 5 implies for some
finite constant . Combining this and (41)–(43) leads to the state-
ment of Lemma 2.

D. Proof of Lemma 3

Consider , i.e., the number of additional
coded packets generated by the encoders of sources
(except the source 1) in the time slot , where and

are respectively given by

The following lemma indicates that the number of such coded
packets per time slot can be approximated by during
an entire block.

Lemma 6: Consider the critical-load scaling. Then

as .
Proof: For some , define an event as

where . Since , as
, it is sufficient to show that for any

(44)

as . The event satisfies , where

Thus, the union bound renders

(45)
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Furthermore, the Markov’s inequality results in

(46)

where . Note that the
random variables , , are independent
since packets are generated and encoded by individual sources
and their encoders independently. Furthermore, provided that
the system is in stationarity, the random variables ,

, are i.i.d. with zero mean and

(47)

for all ; this stems from the fact that all processes
except the one corresponding to the source 1 are in steady-state
at the time slot . Therefore, it follows that

(48)
for all . From (47), one can obtain

for , and this together with (46) and (48) leads to

(49)

as , for all . Observe that

, where , , are i.i.d.
geometric random variables with mean (since the sources
are Bernoulli). Hence, combining (45) and (49) yields (44), and
this concludes the proof of the lemma.

Next we introduce an additional technical lemma. For some
, consider two systems that have the same link capacity
and buffer size ; however, assume that input processes

are respectively given by

and , instead
of . Formally, the queue occupancies of these systems

, , satisfy the following recursion:

(50)

and the numbers of dropped packets , , are respec-
tively given by

(51)

Observe that the processes are Markov chains
since are i.i.d. processes.
The following lemma provides an upper and lower bound on

the number of dropped packets.

Lemma 7: Consider the critical-load scaling. For any ,
if , then, as ,

where .
Proof: For some , define an event as

(52)

Given the event , the following bound holds:

(53)

this further implies [due to the monotonicity in (50)]

(54)

From (51), (53) and (54), on the event , we also have

(55)

Then, the statement of the lemma follows from Lemma 6.

Next we present a proof of Lemma 3.
Proof of Lemma 3: First consider the first statement of the

lemma. Note that the statement holds for trivially; hence,
we consider . The proof consists of three parts.

Part I: Observe that
; this implies [see (30)]

(56)

the equality is due to the fact that the event
implies . Then, it is sufficient to show that for all

(57)

as , where . In particular, note
that (56) and the preceding limit imply

as , for all ; then, the statement of the lemma
follows from the first statement of Lemma 5. For , the
limit (57) is straightforward [see (19)]; thus, we consider
from now on.

Part II: The proof is based on a coupling argument
(e.g., see [12, Sec. 4.1.2]). Given , define two events

and for time slots and ( )

and consider the event given by

(58)
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The events and
imply and , respectively, re-
gardless of the queue occupancy of the previous time slot. On
the event , thus, the buffer becomes empty and full
at least once during the time interval . Now consider a
queue occupancy process with the same
arrival process but possibly different initial
distribution at . If there exists such that

, then for all .
On the other hand, if there exists such that

, then for all . Hence, the event
implies that these two queue occupancy processes

couple before the time slot , i.e., , regard-
less of their initial distributions at .
Let , where .

The assumption of the lemma implies for
all [see (32)]; this further results in

for all , . Therefore, we have

for all , , where and
. Since and

, as (due to the CLT), it follows that

(59)

as , for all , . The union bound and the
preceding limit yield

(60)
as . One can define a corresponding event
[as in (58)] for the case “ ”, and it can be shown that

(61)

for all , , and

(62)

as .
Part III: For some and ,

, let

for , and consider the event .
It is straightforward to show that

where and .
For each , , consider a queue occupancy process

that is in stationarity at the

time slot and follows the same recursion (50) for
. In particular, we assume that the initial

queue occupancies , , are i.i.d. and
that they do not depend on the arrival process .
In addition, let , , ,
denote the number of dropped packets that corresponds to the
queue occupancy

(63)

Due to the coupling argument given in the previous part, we
have, for all ,

(64)

Note that each random variable , ,

is determined by the initial queue occupancy and
the random variables , . Since the
random variables , , are i.i.d. and the queue
occupancies , , are assumed to be
i.i.d. with stationary distribution (and they do not depend on the
arrival process), it follows that

(65)
where . From the bound

and the Cauchy–Schwarz inequality, we have

(66)

for all , , where . By
using the similar steps as in (39) and (40), one can obtain

(67)

Furthermore, due to (59) and (61), we have , as
, for all , . Then, from (66) and (67), it

follows that, as

(68)

for all , . Recall that the initial queue occupan-
cies , , are assumed to have the sta-
tionary distribution; this implies ,
for all , . Thus, combining (65) and (68) renders

(69)

as .
The bound and the

Cauchy–Schwarz inequality yield (see Lemma 7)

(70)
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Since random variables , , are i.i.d., we have

Then, by combining (67), (70) and Lemma 7, it follows that
, as ; this limit and (69)

further result in

(71)

as . Likewise, one can derive a similar limit for the case
“ ”, i.e.,

(72)

as , where . For any
, Lemma 7 implies

(73)

where and .
In addition, due to continuity, it can be shown that

Hence, from (71)–(73) and the preceding limit, one can derive

(74)

On the other hand, the bound and
the Cauchy–Schwarz inequality lead to

(75)

Similarly to (42) and (43), one can obtain

(76)

Moreover, (60), (62) and Lemma 7 imply , as
. Then, from (75) and (76), we have

as . The preceding limit and (74) imply (57), and the
first statement of the lemma follows.
Finally consider the second statement of the lemma. From

(56) and the bound , we have

Then, since , as (see Lemma 5),
the second statement of the lemma follows from (76).

E. Proof of Lemma 4

The proof consists of two parts.

Part I: For some , it can be shown that

(77)

where . The relation
for renders

(78)

Given , the event implies [see (52), (53), and (55)]

for all ; the second inequality follows from (56).
Due to (78) and the preceding inequalities, it follows that on the
event

(79)

where and .
Due to Lemma 6, we have , as , for any

; hence, from (77) and (79), it is sufficient to show that

(80)

as , for any and all sufficiently small .
Part II: Consider the case “ ”. For some and ,

define an event as

For notational simplicity, let . The
Chebyshev’s inequality yields

(81)

Recall that the set is the collection of all 2-subsets of
. Thus, it follows that

(82)

From the following bound:

(83)
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we have

(84)

Then, due to (67), it can be shown that, as

(85)

For notational simplicity, define .
The set can be partitioned into two disjoint subsets and

[see (32)], and, therefore, we have

(86)

The Cauchy–Schwarz inequality and the bound (84) render

and this together with (67) leads to ,
as . Let for fixed . In this case,
Lemma 5 implies for some finite
constant ; hence, we have, as

(87)

Next consider the event for some
[see (58)]. Recall that this event im-

plies , where ,
, denotes the number of dropped packets that corresponds to

the queue occupancy [see (63) and (64)]. In a similar
manner as in (65), it can be shown that

(88)

where ; note
that we used the fact that . On the other hand,
the Cauchy–Schwarz inequality renders

(89)
From the bound (83), we have

(90)

the second inequality follows from the fact that the random vari-
ables , , are i.i.d. and also from the Jensen’s in-
equality. Note that Lemma 5 implies , as

. Thus, from (59), (67), (89), and (90), it follows that

as . Putting together (81), (82), (85)–(88) and the pre-
ceding limit yields

(91)

as . By using the fact that , almost
surely, as (due to the SLLN), it can be shown that

(due to continuity), and
combining this with (91) renders (80) for the case “ ”. In a
similar manner, one can derive (80) for the case “ ” as well.
This concludes the proof of Lemma 4.

F. Proof of Theorem 2

From (6), (7), and (21), it is straightforward to show that the
scaled loss probability satisfies

for the ideal block code, and

for a systematic MDS code, where the limiting distributions of
and are given in Theorem 1. Note that we have

(92)

as (e.g., see [13, Theorem 2.7]). From (22), the state-
ments (i) and (ii) of the theorem follow.
For the partial coding scheme, the scaled loss probability can

be computed by combining (8) and (21)

where is the number of dropped packets among
data packets in the coding part of a block. As in Theorem 1,
it can be shown that tends to Poisson with mean ,
as , and, thus, we have , as

[see (92)]. Then, the statement (iii) of the theorem
follows from (22).
Finally, we consider the coding scheme with overlapping

blocks. Lemma 1 and (21) yield
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where , , , and ,
, satisfies the following equation:

and are the numbers of dropped packets respectively
among data packets in a half of a block and among
coded packets generated per each (overlapping) block; recall
that we only consider even values of and for simplicity.
Now observe that we have

(93)

Similarly to Theorem 1 and (92), we can show that

(94)

as . Moreover, , , as ,
where , , is given in the statement of the theorem.
Then, the statement (iv) follows by letting in (93) and
by using (94). This concludes the proof of the theorem.
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