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On Scalability of Routing Tables in Dense
Flat-Label Wireless Networks

Li-Yen Chen and Petar Momčilović

Abstract—Consider a large wireless ad hoc network that facili-
tates communication between random pairs of network nodes. This
paper investigates the size of routing tables as the number of nodes
in the network increases. A routing protocol in a flat-label network
is information-efficient if the amount of information at individual
nodes required to route packets does not increase with the network
size. It is shown that the shortest-path and straight-line routing
algorithms are not information-efficient, i.e., these protocols can
be implemented only when nodes’ memory increases with the net-
work size. On the other hand, it is established that there exists an
information-efficient algorithm that routes packets correctly even
if each node in the network is capable of storing information on a
fixed number of destinations only.

Index Terms—Column-first routing, information-efficient,
routing tables, scalability, wireless networks.

I. INTRODUCTION

N ETWORK scalability has emerged as a pivotal problem in
designing architectures and protocols for large-scale mul-

tihop wireless networks. Indeed, large scales can significantly
impact the performance of such networks since minor efficien-
cies, that can be tolerated in small networks, can accumulate and
become a dominant factor determining the performance of large
networks. Given that the growth of networking infrastructures is
expected to continue in the future, it is of interest to contrive al-
gorithms that support operation of large networks of nodes with
limited hardware resources, e.g., memory, computational power,
etc.

Most of scalability problems are impractical to be ad-
dressed experimentally due to a considerable cost of building
large-scale prototypes. Moreover, even simulating such systems
is often very difficult because of computational limitations.
Mathematical study of large-scale wireless networks has been
initiated in [1], where the authors established an upper bound
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on the network throughput as a function of the network size
(number of nodes); the authors also constructed a protocol that
achieves a slightly smaller throughput than the limiting one.
Consequent studies focused on the throughput-delay trade-off
[2], [3], achievability of the limiting throughput [4], and various
extensions of the original model and their analyses [5]–[7].
The throughput capacity of wireless networks relates to that of
lattice networks—see [8], [9] and the references therein.

Existing studies on the impact of limited node resources on
the large-scale network performance are limited to results de-
scribing the dependency of the end-to-end throughput on the
amount of available buffer space. In [9] the authors obtained
an approximation of the throughput in a large finite-buffer lat-
tice network with deterministic transmission times. A wireless
network with exponential transmission times and finite-buffer
nodes was considered in [10]. Buffer requirements in a wireless
network with mobile nodes were discussed in [11].

It is recognized that design of scalable routing algorithms for
wireless ad hoc networks is a difficult problem [12]. The diffi-
culty is due to the fact that node identifiers (addresses) of adja-
cent nodes are not similar (flat-labeling), i.e., the address aggre-
gation employed in the Internet is not directly applicable. Ge-
ographic routing [13]–[15] achieves aggregation by assigning
additional identifiers to nodes based on their spacial location.
However, we do not exploit this approach here, since in that
case an additional mechanism is needed to provide translation
between the original and location-based identifiers; resource re-
quirements of such a DNS-like mechanism can be significant.

In this paper, we focus on one particular aspect of routing
scalability. Namely, we consider the amount of information
stored at network nodes that is required for routing packets
between sources and respective destinations. We term a routing
protocol information-efficient if it can operate correctly when
each node stores information on a fixed number of destinations,
regardless of the network size. That is, routing tables at network
nodes do not increase with the network size. We show that the
straight-line routing algorithm, considered in [1]–[3], and the
closely related shortest-path algorithm are not information-ef-
ficient. However, we demonstrate that the column-first routing
scheme is information-efficient. Such an algorithm induces
routing tables that can be efficiently compressed.

The paper is organized as follows. In the next section we de-
scribe a wireless network model and state preliminary results.
Routing tables are discussed in Section III. The following sec-
tion contains scalability results on the straight-line and shortest-
path routing algorithms. In Section V we demonstrate that there
exists an information-efficient routing scheme for large wire-
less networks. A distributed algorithm is outlined in Section VI.
Technical proofs can be found in Section VII.

0018-9448/$26.00 © 2011 IEEE
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II. MODEL AND PRELIMINARIES

This paper considers a random topology network model with
nodes placed uniformly at random in a unit-area square. Each

node is identified by a unique address (label). Node locations
and addresses are independent, i.e., the Internet model of ad-
dress aggregation is not applicable; such an assumption often
holds for ad hoc networks. A node sends a packet to some other
node in the network by specifying the destination node’s ad-
dress to the network layer, i.e., a packet contains its destination
address.

We consider the relaxed protocol model of interference [2],
[3]: a transmission from node to node is successful if for
some and all nodes transmitting simultaneously
with

(1)

where is the Euclidian distance between nodes and .
It is known [1] that, under reasonable assumptions, this model is
equivalent to the popular physical model based on the signal-to-
interference ratio.

We focus on a cell-based algorithm for packet transmissions.
Specifically, the unit square is divided into square cells of area

, where the subscript indicates the network size. The shape
of cells is square for the convenience of analysis; other ways
of partitioning the unit square into cells can be considered, e.g.,
Voronoi tessellations [1] (see also Section VI). For simplicity,
we assume that the quantity is an integer so that all cells
( in total) are of the same size and shape. Without loss of
generality, let be a nonincreasing sequence in . A packet
is delivered from its source to its destination by forwarding be-
tween cells, i.e., between the nodes located in those cells. A
packet can be forwarded from a cell to one of the four neigh-
boring cells only (north, east, south, west); no multicell hops
are permitted. Under the relaxed protocol model, the number
of cells that interfere with any given cell is bounded by a con-
stant independent of the network size [2, Lemma 2]. In other
words, a constant fraction of cells can transmit/receive packets
simultaneously.

In order for the cell-based algorithm to deliver packets to their
destinations, each cell that forwards packets should contain at
least one node. This condition is satisfied by requiring that every
cell in the unit square contains at least one node. To this end,
let , be the number of nodes in the th
cell (the labeling of cells is arbitrary) when the network con-
sists of nodes. Given the uniform distribution of node loca-
tions, there exists a minimum cell size that probabilistically
ensures for all . A stronger version
of the following lemma was stated in [2]; it indicates that it is
sufficient to have , as ; we use the
standard asymptotic notation, see e.g., [16, Section I.3].

Lemma 1: If for some then, as

The next lemma provides an additional characterization of
the minimum and maximum number of nodes in a single cell.

Note that the expected number of nodes in a cell is given by
.

Lemma 2: Suppose that for some .
There exist such that, as

(2)

and

(3)

Proof: See Section VII.

Next, we describe the configuration of traffic patterns. Each
node selects a point on the unit square uniformly at random
as its destination; all destinations are selected independently.
Since there will be no node at a chosen point with probability
1, packets from the corresponding source will be delivered to
one of the nodes that share the cell with its destination point.
A similar assumption was made in [1]—it ensures the indepen-
dence of traffic routes. A routing algorithm specifies a set of
cells that forward packets between sources and respective des-
tinations. It this paper, we consider three different routing poli-
cies: straight-line, shortest-path and column-first. These policies
operate as follows:

• Straight-line: A source node and destination point are con-
nected by the straight line. Packets are forwarded along the
cells intersected by this line. This policy was employed in
[1]–[3], because it facilitates mathematical analyses. How-
ever, it cannot be implemented easily in practice without
sophisticated node hardware and/or central authority.

• Shortest-path: A route is selected in such a way that it con-
tains the minimum possible number of cells (hops). When
a cell can achieve the same number of hops via multiple
neighbors, the cell chooses one of these neighbors uni-
formly at random. The main advantage of this policy is
that it can be implemented via the distributed asynchronous
Bellman-Ford algorithm [17, Section 5.2].

• Column-first: Packets are delivered from a source cell to a
destination cell in two phases [18, Section 1.7]. First, they
are forwarded along the column that contains the source
cell until they reach the row that contains the destination
cell. In the second phase, packets are forwarded along the
row to their destination.

We conclude the description of the routing policies with an ob-
servation that, for the considered model (unit square and square
cells), the three algorithms produce routes of the same hop (cell)
length for any source-destination pair.

One more aspect of the network model needs to be specified:
the amount of time required to correctly transmit a packet be-
tween two neighboring cells. Packet transmission times can be
modeled as either deterministic [1]–[3], [9] or stochastic [10]
quantities, e.g., in [10] it was assumed that the transmission
times are exponentially distributed. The expected transmission
time is a function of the packet size in bits. Since we assume that
destination addresses are included in each packet’s meta-data
field, the packet size has to increase at least logarithmically in
the network size , i.e., bits are needed to uniquely
identify all nodes in the network.



4304 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 57, NO. 7, JULY 2011

For simplicity, we assume that each node has an infinite
amount of buffer space to store packets temporarily in the
course of the forwarding process. The network throughput
is feasible if all source-destination pairs can communicate
at the long-term rate . The cell-based algorithm is optimal
in the sense that it achieves (asymptotically) the optimal
trade-off between the throughput and delay [2], [3]. Studies
[2], [3] assumed deterministic service times with a time-slotted
transmission system and employed straight-line routing. It is
straightforward to extend Theorem 1 of [2] for the case of the
shortest-path and column-first routing policies as follows.

Theorem 1: Consider network nodes capable of storing arbi-
trary amounts of routing information. Suppose that straight-line,
shortest-path or column-first routing is employed. Let

for some . The network throughput scales as
, i.e., there exist constants

such that

as , and

Since the throughput scaling is better understood for the
model with deterministic transmission times and time-slotted
system, we keep the discussion on the trade-off between the
throughput and size of routing tables restricted to that model
(see Corollary 1). However, we point out that Theorem 1 can
be extended to cover the model with exponentially distributed
transmission times (a time-slotted system is not applicable in
that case). Namely, it can be shown that the network is equiv-
alent to a (queueing) Kelly network [19, Chapter 3] for which
stability results are available. When the transmission times are
random but not exponential, the network stability can depend
on the routing policy and can be hard to evaluate in general.

III. ROUTING TABLES

In this section, we discuss the size of routing tables at indi-
vidual nodes required for the correct operation of routing pro-
tocols. We say that a routing algorithm operates correctly if
packets from all sources can be delivered to their respective des-
tinations in the cell-based algorithm.

A. Types of Routing Tables

Routing tables contain records, i.e., the information on how
packets to specific destinations need to be handled. The amount
of information required for correct routing depends on the type
of a record, i.e., whether packets contain additional meta-data
besides destination addresses. Two cases are of a particular
interest:

• Destination address only. Due to the broadcast nature of
packet transmissions in wireless networks, a packet can be
received by all nodes that satisfy the interference constraint
(1). Each node keeps a list of destination addresses it for-
wards packets to. A node examines all packets it receives
and either retransmits them (at a later time) if they are on

the list, or simply discards them. In this case, a routing table
consists of a list of destination addresses. A mechanism is
needed to prevent a node from transmitting the same packet
multiple times.

• Destination address & adjacent cell identifiers. All cells
are assigned labels such that each cell can uniquely iden-
tify all of its interfering cells. Each packet contains cell
labels of the transmitting and receiving nodes, i.e., a pair

; this is in addition to the address of the destination
node. Nodes maintain (possibly in compressed form) lists
of triples of the form , where is the address of a
destination node, is an input cell and is an output cell.
A node is responsible for forwarding packets with destina-
tion from cell to cell (hence, the term input and output
cells). A node receives only packets that contain address

and transmitting-cell label such that is on the
node’s list. Before retransmitting a packet, a node updates
packet’s meta-data field with its own cell label and the re-
ceiving-cell label from the triple . We observe
that, in this case, a cell can be treated as a switch/router
with neighboring cells being input/output ports.

We focus on the second type of records for two reasons. First,
compressing routing tables in the former case is difficult because
the randomness of address locations results in high entropy of
the list; extra information (cell labels) helps with compression.
Second, the overhead due to cell labels is small. Since each cell
has a limited number of interfering cells (see Section II), it
is sufficient to have labels only in order to have each
cell identify its interfering cells uniquely [16, p. 1092], i.e.,

bits per cell label are sufficient (which is neg-
ligible compared to bits size of ). In addition, such
labels are available at a very little cost due to the layered ar-
chitecture of current networks, e.g., one can exploit the already
existing layer-2 addressing space. Finally, we remark that one
can also design routing tables with other types of records. For
example, records of type are feasible, i.e., the input cell
identifier is eliminated in the triple . However, such a
design does not substantially decrease the record size in bits,
while the ability to compress routing tables is compromised.

B. Size of Routing Tables

Next, we turn our attention to the size of routing tables. Due
to our model (flat-labeling), a prefix-based compression [20] of
routing tables is not applicable. Let be the set of routing
records in cell needed to correctly forward packets between
sources and destinations. All the information required in a cell
has to be stored at nodes located in that cell, i.e.,

where is the set of records stored at node . By
and we denote the sizes of routing tables and

, respectively, measured in number of address length, i.e.,
if then the size of compressed in bits
is given by . Effectively, we assume that each node
can hold a packet in its memory (since the packet size is lower
bounded by bits). Given that all nodes have iden-
tical capabilities (hardware), it is reasonable to assume that the
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routing information is spread evenly among nodes in a cell. This
implies, for all

(4)

(recall that is the number of nodes in the th cell). Data
stored at each node should contain not only a compressed
routing table, but also an decompression algorithm. Thus,
it would perhaps be more appropriate to consider the Kol-
mogorov-Chaitin complexity [21, Chapter 7] of the routing
table . However, estimating the Kolmogorov-Chaitin
complexity of the routing table is difficult in general. There-
fore, we establish a lower bound by considering the traditional
information-theoretic compression. In that case, the compressed
data do not have to contain a decompression algorithm (which
is not true in the case of the Kolmogorov-Chaitin complexity).
Note that considering specific algorithms for compression of
general tables (such as in [22]) will not provide a lower bound
on .

Let be the number of flows forwarded by cell in di-
rection . Direction indicates the neighbors of cell between
which it forwards packets (i.e., the input and output cells), e.g.,
south-to-north, north-to-east, etc. In other words, for a given
cell, direction can be represented by a pair of neighboring cell
labels with . For all nonedge cells in the unit-area
square, can take 12 possible values; denote the set of these
values by .

A routing table can be thought of as a discrete-valued
function that has two inputs and one output

(5)

where is the output cell label computed based on the desti-
nation address and the input-cell label ; for compression of
functions in communication contexts see [23], [24].

The following lemma establishes a lower bound on the
amount of routing information stored at individual nodes. The
bound is based on the minimum value of over .
The intuition behind the lemma is as follows. For a given
cell , consider the function for some specific . Let
be a destination address (flow) chosen uniformly at random
among flows that have packets forwarded by cells and .
Then the “randomness” of is determined by for

, since , for , determines the likelihood
of possible values of . The higher the randomness of

(or entropy of ) the more information is need
to correctly route packets. In the extreme case, when
is deterministic, no information about individual destination
needs to be stored—routing can be performed solely based on
the input cell labels (in this case, all packets arriving from input
cell are forwarded to a single neighboring cell regardless of
the destination address ).

Lemma 3: Consider a scheme that operates correctly for
all realizations of address locations. Let .
There exists such that for any node in cell , we have

Proof: For notational simplicity let . It is
sufficient to consider the case only; otherwise the lemma
holds trivially. The proof is based on a counting argument. For

, define

(6)

as the set of destination addresses forwarded by cell in di-
rection . The minimum number of bits required to describe

is lower bounded by the number of bits required to de-
scribe with the smallest cardinality (across ) so that

is verifiable. This number of bits is further lower

bounded by , since is the cardinality of the smallest

of sets , and is the total number of destination
addresses forwarded by cell ; for a given set of cardinality ,

the number of subsets with cardinality is given by . More-

over, for

and hence, there exists , such that

we used the fact the address length is equal to bits.
Recalling (4) completes the proof.

C. Compression

In this subsection, we discuss a practical compression scheme
that, in certain cases, can achieve performance that is close to the
lower bound from Lemma 3. The algorithm exploits the differ-
ence in cardinalities of sets for fixed and different ’s
(see (6) for the definition), i.e., the compression is based on the
existence of dominant routing directions. Consider a forwarding
cell and one of its neighbors . A single-argument routing/for-
warding function (see (5)) can be expressed in the fol-
lowing form:

(7)

where are the four neighbors of cell . Then,
the function can be described by the two sets and

. Upon a reception of a packet, cell examines whether
the destination address belongs to either or . If it does,
the packet is forwarded to either cell or cell ; otherwise to
cell . The number of bits required to describe in the
form (7) is upper bounded by

where is the number of destination addresses in set
. Selecting in such a way that it satisfies
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Fig. 1. Example of ���� �� for a fixed � and its reduced form by applying
longest-prefix compression. The table on the left (corresponding to the tree rep-
resentation on the top in Fig. 2) is the routing table before compression; the table
in the center corresponds to the tree on the bottom in Fig. 2, which is the routing
table after the merging procedure; on the right is a fully compressed version of
the routing table.

results in the minimum number of bits required (for this par-
ticular scheme). The algorithm is particularly effective when

. To this end, for each input
node , the largest set can be eliminated from the routing
table. Instead, a packet from is directed according to by
default, if it carries an destination address that does not be-
long to either or . We further exploit this idea in
Section V.

D. Example: Longest-Prefix Compression

The idea of biasing the distribution of routing directions in
order to reduce the size of forwarding tables is not limited to
a specific compression scheme employed. In the following, we
illustrate this point by examining the well-known longest-prefix
compression algorithm [25]. Namely, we compare the perfor-
mance of this compression scheme under various cardinalities
of sets ’s (e.g., with or without dominant forwarding direc-
tions). For simplicity, suppose that packets to a given destination
are forwarded by cell from cell in the direction with proba-
bility for . In a given cell, forwarding directions for
different destinations are independent. Thus, the total number
flows forwarded by cell from cell is binomially distributed
with parameters , where is the proba-
bility that a given destination address has its packets forwarded
by cell from cell . An example of an uncompressed routing
table is shown on the left in Fig. 1. Upon receiving a packet from
cell , cell looks up the destination address in the table and for-
wards the packet to the appropriate output cell (indexed by 1, 2,
and 3).

Next, we describe a binary tree representation of the routing
table in order to illustrate longest-prefix compression. For con-
venience, assume that the number of nodes is a power of 2;
addresses in the network are one-to-one mapped to the leaves
of a complete binary tree of depth . For each address

we store the output cell identifier at the leaf
node corresponding to as shown on the top in Fig. 2. If packets
to destination are not forwarded by cell from cell , then the

leaf node corresponding to is empty. We say that a set of leaf
nodes have nonconflicting indices if they do not contain more
than one cell index. Applying longest-prefix compression to the
set of addresses is equivalent to iterating the following merging
procedure on the tree. If a leaf and its sibling have noncon-
flicting indices, they are merged into a new node (either empty
or with an appropriate cell index). We iterate the procedure until
no more leaves can be merged. An example of a tree before and
after this operation is shown in Fig. 2; the corresponding routing
tables can be found in Fig. 1. After the merging process, each
leaf corresponds to a prefix stored in the routing table. Note that
node in the binary tree is stored in the routing table if and only
if (i) all leaf descendants of have nonconflicting indices with
at least one leaf being nonempty, and (ii) there is a pair of leaf
descendants of the parent of such that they have conflicting in-
dices. Observe that one of the output cell indices can be removed
from the routing table without producing ambiguity. Without
loss of generality, assume that . Then, pre-
fixes with output cell indices 1 can be replaced by a single entry

in the table, as shown on the right in Fig. 1 (the symbol
“ ” represents a zero-length prefix). Whenever a packet arrives,
it is forwarded to an output cell according to the longest-prefix
in the routing table that matches the destination address.

We now estimate the expected number of bits needed to store
all the prefixes. Clearly, the performance of longest-prefix com-
pression depends on the content stored at each leaf. Define
as the event that children of can be merged to a node with
index , for , and as the event that all descen-
dant leaves of are empty. Then, if node is of height

, the probabilities of are as follows:

(8)

where is the probability that a leaf node is empty. Let
be the event that is a prefix leaf with cell index (i.e.,

a leaf in the compressed (merged) tree with cell index ).
This event indicates that the prefix corresponding to is stored
in the compressed version of routing table. Then

where is the sibling of in the original tree, and denotes
the complement of . Given the height of , the conditional
probability of event , due to (8), satisfies

(9)
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Fig. 2. Example of ���� �� in Fig. 1, represented by a binary tree. Each leaf of the tree corresponds to an address of length ��� � bits, specified by the unique
path from the root. The tree can be compressed by merging leaves with nonconflicting indices.

The expected number of bits needed (under longest-prefix com-
pression) for the routing table stored in cell is given by

(10)

Next, we examine two contrasting cases that illustrate the im-
pact of routing directions on the size of routing tables:

• Uniform forwarding directions: .
From (9), it follows that

(11)

Note that a throughput-efficient routing algorithm requires
that as , i.e., each node forwards
packets for only a negligible fraction of all nodes. The sum-
mation in (10) can be lower bounded by a single term cor-
responding to ; in that case,
is , as . Thus, (10) and (11) yield

(12)

as , for some constant . The last equality
is due to the fact that must dominate as

; indeed, a packet with a given destination address is
typically forwarded by at most a negligible fraction of

nodes in the network. Note that the expected number of
bits needed to store the routing table before compression
is , which is of the same order as the right-hand
side of (12) (empty leaf nodes need not be stored). Hence,
when the distribution of forwarding directions is uniform,
the longest-prefix algorithm results in a constant factor re-
duction only of the size of routing tables.

• Dominant forwarding direction: . Note that
this corresponds to (see the
previous subsection).
In this case, the conditional probability in (9) evaluates to

Thus, as , the expected number of bits needed for
the routing table is upper bounded by

as , for some constant . That is, if
, then the size of routing table is compressed

with reduction of factor proportional to .
Therefore, the more biasing the dominant forwarding di-
rection is, the better the performance of the longest-prefix
compression.

IV. SHORTEST-PATH ROUTING

In this section, we focus on two routing algorithms: straight-
line and shortest-path. The straight-line algorithm is determin-
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Fig. 3. There exist multiple shortest paths (in the number of hops) between two
cells located in different rows and columns. Three different paths are shown in
this example. When a cell can achieve the same number of hops to the destina-
tion cell via 2 different neighbors, it chooses one at random.

istic, i.e., for a fixed pair of cells it always produces the same
route; the shortest-path algorithm is randomized.

In addition to referring to cells by a single index
, we also refer to cells by a pair of indices

when convenient. These in-
dices specify the relative position of cells with respect to
the lower-left corner of the unit square. The cells in the
lower-left and upper-right corners are labeled by (1,1) and

, respectively. When cell locations are of
significance, we will use the 2-D indexing.

Consider a pair of source-destination cells as shown in Fig. 3.
The shortest path (in the number of hops) between these cells is
not unique. In fact, given that the source and destination nodes
are located in cells and , respectively, the number

of shortest paths is given by ; each of these

paths is hops long. Unless the source and
destination cells are located in the same row or column, the des-
tination cell can be reached via two different neighbors of the
source. Given that the sole goal is to minimize the number of
hops, neither of the neighbors is preferred over the other one.
Thus, our assumption that cells choose uniformly at random be-
tween the alternatives (neighbors). Furthermore, in the absence
of geographic information at individual cells, random choice of
neighbors appears to be a natural solution.

The next lemma establishes a lower bound on the number of
forwarded flows in all directions by a large fraction of cells in
the network. This result coupled with the fact that most cells
forward packets to destinations (because a typical
distance between a source and destination is cells)
implies that forwarded flows are spread evenly among the ele-
ments of set (modulo a constant prefactor). For a set of nodes
or cells , let be the cardinality of the set.

Lemma 4: Consider either straight-line or shortest-path
routing. Let such that as .
For arbitrary there exists a sequence of sets

such that for all
large enough and

as , for some , all and all .

Proof: See Section VII.

Remark 1: The conditions of the lemma on the cell size
are not restrictive. First, the case is not relevant to
the cell-based algorithm in view of Lemma 1. Second, when

, only throughput per source-destina-
tion pair can be achieved, cf. Theorem 1; however,
throughput can be achieved without multihop forwarding.

The following theorem is the first main result of the paper. It
characterizes the size of routing tables at individual nodes under
straight-line and shortest-path routing. Effectively, the theorem
states that within our model these algorithms are not scalable
in the sense that they require excessively large routing tables
when throughputs close to the limiting one are desired (

as , cf. Fig. 3).

Theorem 2: Consider either straight-line or shortest-path
routing. Let , for some , such that

as . For arbitrary , routing tables at
nodes scale as as . Namely,

there exists a sequence of sets with
, and such that, as

i.e., when as , the size of the routing
tables increases without a bound as the network size increases.

Remark 2: The theorem also holds for a wide set of network
topologies that satisfy Lemma 4. Effectively, the theorem holds
for topologies under which there is no significant correlation
between input and output cells (see Section III).

Proof: We start with obtaining an estimate on the number
of nodes that forward a large number of flows in all 12 possible
directions. To this end, let be a set of cells with

for some ; recall that the total number of
cells is . It is appropriate to think of as the set of cells that
are not “too close” to the edges of the unit square. De Morgan’s
law and the union bound yield

where the last inequality follows from and
. The preceding inequality and Lemma 4 imply that there ex-

ists a set of cells which contains fraction of cells
such that, as ,

(13)
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i.e., fraction of cells forward at least flows in
all directions, where .

Now, consider a cell . According to Lemma 3, the
following bound holds for all nodes located within cell

(14)

for some . Define set of nodes located within cells in
set

and note that by the strong law of large numbers

(15)

where is such that as . By applying
the minimum operator on both sides of (14), we obtain a lower
bound on the size of routing tables at all nodes in

where is the cell that contains node . Finally, the preceding
inequality, (13), Lemma 2 and (15) imply the statement of the
theorem.

Theorem 2 allows one to quantify the required memory at
network elements for a given cell tessellation parameter .
Since this parameter also determines the throughput for the
model with deterministic transmission times (see Theorem 1),
one concludes that the amount of available memory at individual
nodes limits the maximum throughput. The following corollary
establishes the dependency of the throughput on the memory
size at individual nodes.

Corollary 1: Consider either shortest-path or straight-line
routing in a network with for some . Let
each node be capable of storing addresses in its routing table
when the network consists of nodes. If
as , then there exist such that

(16)

as , and

(17)

Remark 3: If then the ratio that de-
termines satisfies . Given that the
maximum achievable throughput under the cell-based algorithm
is , increasing beyond does
not asymptotically improve the throughput.

Proof: We prove (16) first. Set for some
constant . Due to the assumption it
is possible to select such that with .

Hence, there exists such that with no limit on the size of
routing tables we have

(18)

as . Next we establish an upper bound on the size of
a routing tables in all cells. The size of the routing table in cell

is upper bounded by the number of flows traversing the cell,
. If throughput is achievable, then there exists

a fixed such that for all

where can be interpreted as the maximum transmission rate of
a cell. Limit (18) and the preceding inequality yield, as ,

(19)

where . On the other hand, the minimum number of
routing records that can be stored in a cell can be estimated by
Lemma 2

(20)

as , for some ; we also used the relationship
between and . Combining (19) and (20) yields that, for

large enough, each cell has enough memory space to store all
the required routing records in the limit as

Therefore, (18) holds also for the case when each node can store
addresses rather than an infinite number of them. Recalling

that renders (16).
Now we consider (17). Note that if , then there is no

memory available for routing tables at all, and thus, one requires
. It suffices to consider the case as

only, since otherwise (17) holds (with ) [1]–[3]. For
the routing protocol to operate correctly all the required routing
records need to be stored in nodes’ memory, implying that
has to satisfy

where ; recall that . The preceding
relation and Theorem 2 yield a requirement on

(21)

for some , as . Theorem 1 guarantees an existence
of such that

when there is enough memory to store routing tables. Com-
bining this inequality with (21) concludes the proof. Note that
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a certain throughput is feasible only if the buffer requirement is
met.

V. INFORMATION-EFFICIENT ROUTING

In this section, we establish that there exists an information-
efficient routing algorithm. In particular, we show that column-
first routing (see Section II) has such a property. That is, the
scheme can operate correctly in large networks without sacri-
ficing the throughput even when each node has enough memory
to store only a finite number of routing records (addresses). The
compression scheme described in Section III.C can be used to
efficiently represent routing tables when column-first policy is
employed. We stress that the column-first policy is only one of
the possible information-efficient policies; we focus on this par-
ticular policy due to its simplicity. Also, it is feasible to devise
an information-efficient policy that is distributed and does not
require global node coordinates (see Section VI).

Consider a nonedge cell and a packet to be forwarded through
this cell. If the packet is forwarded along a row, then the packet
will remain in the same row until it reaches its destination. This
implies that a packet arriving from the west or east neighboring
cell has to be forwarded to the east and west neighbor, respec-
tively. In other words, no packet is forwarded in the east-to-
south, east-to-north, west-to-south and west-to-north direction
( for these directions). For most of the cells, if a packet
arrives from the south neighbor, it is more likely to be forwarded
to the north neighbor, since

where is the row the cell is located in and is the south-to-north
direction, and

where and are south-to-west and south-to-east directions,
respectively.1 Therefore, a cell can perform correct routing by
maintaining only 4 sets of destination addresses . Packets
destined to addresses in are forwarded from the south or
north cell to either the east or west cell, depending to which
the address belongs. All other packets are forwarded straight
across the cell (north-to-south, south-to-north, east-to-west,
west-to-east). With this kind of representation of the routing
functions each destination contributes at most one
routing record to one cell in the network. This follows from
the fact that each route experiences at most one 90 -change of
direction.

The next proposition is the second main result of the paper.

Proposition 1: Let be the column-first routing algorithm
in a network of nodes that are capable of storing routing
records. If for some , then there exists

such that as
under the cell-based algorithm.

Proof: Let be the number of routes that undergo a
change in direction in cell when the network is of size . Then,

1The disparity of � ��� for different directions that allows for an efficient
representation of routing tables was exploited in [9] to obtain an approximation
of the throughput of lattice networks with deterministic service times and finite
buffers.

the maximum of across all cells can be estimated using
the union bound

For a fixed cell , a route changes its direction at this cell only
if the source is in the same column and the destination is in the
same row (but not in the cell ). For , let
if node originates a flow that changes direction at cell , and

otherwise. Then, we have

(22)

Due to our assumption of independence of traffic routes (see
Section II), the sequence is an i.i.d. sequence of
Bernoulli random variables with ;
the probability that the source node is in the same column
as cell (but not in cell ) is ; the same applies
for the destination. Then, (22), Markov’s inequality and the
independence of yield, for arbitrary

where the last inequality is due to the fact that for
. Given the assumptions of the proposition, it is possible

to select and such that, as

(23)

The required amount of storage at individual nodes for the
correct operation of the routing algorithm in cell is upper
bounded by , where ac-
counts for the number of bits needed to represent cell labels.
This bound is based on the assumption that all records can be
stored in a distributed fashion within the cell. Finally, (23) and
Lemma 2 result in the equation shown at the bottom of the next
page, as . Selecting completes the proof.

Theorem 1 from [10] and Proposition 1 suggest that nodes
with limited memory can be used to create large multihop
networks, at least when the transmission times are exponen-
tially distributed. The protocol constructed in [10] utilized the
column-first routing strategy. These two results indicate that
memory bottlenecks can be avoided both in the data and control
planes.

VI. DISTRIBUTED APPROACH

In the previous sections, the discussion focused on a
square-cell partition of the unit square. It is of interest to
consider information-efficient routing algorithms with more
general cell shapes. Moreover, column-first-like algorithms
require high-level notions of rows and columns that do not
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typically pre-exist in distributed networks. The purpose of this
section is to illustrate that information efficiency of routing
protocols is not tied to regular cell shapes and pre-existing
notions of rows and columns; detailed design and analysis
of efficient distributed algorithms is beyond the scope of this
paper. Here, we provide an example on how virtual rows and
columns can be distributively constructed with dense Voronoi
tessellations. In the following discussion, cells in the network
are not required to have any information about the network
topology besides the identity of their neighboring cells.

Consider the Voronoi tessellation of the unit square
(see [26] for a discussion on Voronoi tessellations). Let

be a set of points on the unit square;
each point represents the center of a cell, and hence, there are

cells in total. For each , the Voronoi cell with center
is the set of all points that are closer to than to any of the
other ’s, i.e., .
Such tessellation provides a method of grouping nodes that are
physically close to each other and was considered in previous
studies of cell-based forwarding algorithms. Following [1]
(see Section IV in [1]), we require that each cell contains a
disk of area as , and is contained by a disk of
area as ; this condition rules out cells that are
eccentrically shaped. As in the previous sections, packets are
forwarded between neighboring cells. The following procedure
constructs virtual rows and columns for a Voronoi tessellated
unit square (an instance is shown in Fig. 4):

1) A randomly selected cell floods a distance counter that
increases with each hop over the network so that every cell
is aware of the minimum distance (in hops) to .

2) A cell with the longest hop distance to is identified.
Cell performs another distance-counter flood to identify
a furthest cell from .

3) An initial path (a set of connected cells) from to
is created; random decisions are made whenever there is a
tie.

4) Path floods a distance counter; all of the cells in have
distance counters set to zero. The distance to is equal to
the minimum distance to a cell belonging to . Cells with
the same distance to (and on the same side) form virtual
rows.

5) A cell furthest away from is identified as ; a cell fur-
thest away from is identified as . As in steps 3 and 4,
cells and can be used to construct a path and thus the
virtual columns.

Each time a distance counter is flooded, all cells receive the
counter. Hence, all cells belong to exactly one virtual row and
one virtual column. Note that neighboring cells in a virtual row
(column) can be separated by at most one cell with a different
distance counter, due to the nature of distance counters. There-
fore, a cell needs to interact with its two-hop neighbors at most.

Fig. 4. Example on how virtual rows and columns for a Voronoi tessellated unit
square are constructed by the distributed algorithm. 10000 points are selected
uniformly at random as centers of Voronoi cells, which satisfy the condition that
rules out too eccentric shapes. The figure on the top shows cells � � � � � , and
the initial path � ; in the figure on the bottom, only virtual rows and columns
with indices of multiples of 6 are colored for clarity.

After a one-time construction of virtual rows and columns,
a column-first-like routing algorithm can be performed on the
unit square. Given a transmission pair, the source and destina-
tion nodes forward a request along the column and row they
belong to. The two requests intersect at some cell, which in turn
keeps the record of the forwarding destination address in the
routing table. When a packet is forwarded along a virtual row
or column, intermediate cells may need to forward the packet to
multiple neighbors (i.e., the neighbors that have not yet received
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the packet). However, the number of forwarding actions taken
remains constant. This is due to a constant number of neighbors
for each cell. It is straightforward to argue that routing based
on virtual rows and columns requires the same (order of mag-
nitude) amount of routing information as column-first routing
with square cells of the similar size. The above construction of
virtual rows and columns can be generalized to a larger class
of tessellations on convex regions. We stress that the above al-
gorithm provides one way of constructing the virtual rows and
columns, but is by no means exclusive.

VII. PROOFS

This section contains proofs of Lemma 2 and Lemma 4.

A. Proof of Lemma 2

1) Statement (2): The union bound and the fact that all
are identically distributed yield

The last term in the preceding inequality can be bounded by
applying Markov’s inequality and invoking the independence
of node locations on the unit square

(24)

for some . Combining (24) with the fact that
, for all , results in

Therefore, the lemma holds provided that the exponent on the
right-hand side grows without bound as

(25)

For small enough and such that , the
function in (25) is monotonic in , implying that it is lower
bounded by

(26)

due to the assumption on . Now, under the assumptions of
the lemma, it is possible to select and such that
the function (26) tends to infinity as , and, hence, (25)
holds. This concludes this part of the proof.

2) Statement (3): The proof is very similar to the one of the
first part of the lemma. Namely, we have (27), shown at the
bottom of the next page, for some . With the assumptions
of the lemma on it is possible to select such that
the right-hand side of (27) tends to 0 as . Hence, the
statement holds.

B. Proof of Lemma 4

1) Straight-Line Routing: In order to avoid repetition, we
provide a detailed proof of the statement for only one specific

direction —south-to-east. All other values of can be treated
in a similar manner.

Let be the set of cells located at least units away from
the nearest edge of the unit square. The cardinality of such a set
is at least due to the assumption as .
Consider an arbitrary cell .

First, we estimate the probability that cell forwards
packets originating at an arbitrary node in the south-to-east
direction. This can be achieved by conditioning on the location
of the source node. To this end, suppose that the source node
is located at distance and angle relative to the upper-right
corner of cell as illustrated in Fig. 5. Denote this conditional
probability by . The given cell forwards packets in the
south-to-east direction if the straight line connecting the source
and the respective destination crosses the lower and right edges
of the cell (the bold edges in Fig. 5). For and

, this occurs when the the destination is located in
the shaded disc sector of angular size shown in Fig. 5. The
fact that the radial size of the sector is and the definition of
set ensure that the sector is within the unit square for
large enough. The uniform distribution of destinations in the
unit square yields that is lower bounded by the area of the
shaded sector, i.e.,

(28)

Geometry of the considered case yields that the angle is
related to the pair of polar coordinates via

which renders

(29)

for . By further restricting values of and
to and , respectively, it is straightforward to
obtain a lower bound on from (29)

(30)

for some and all large enough; the bound is based on
the expansion of the function around the origin and
as .

Now, integrating the conditional probability over a re-
stricted range of results in the following lower bound:

where the second inequality is due to (28). The preceding rela-
tionship and (30) yield a desired bound for some

(31)



CHEN AND MOMČILOVIĆ: ON SCALABILITY OF ROUTING TABLES IN DENSE FLAT-LABEL WIRELESS NETWORKS 4313

Fig. 5. Cell forwards packets in the south-to-east direction if the straight line
connecting the source and destination crosses the two bold lines. Provided that
the source is located at ��� �� in polar coordinates relative to the cell’s upper-
right corner, the destination can be anywhere inside the shaded disc sector. The
figure is plotted for the case � � � � ���.

Second, consider an estimate of . The independence of
node locations and (31) imply

(32)

where is an i.i.d. sequence of Bernoulli random vari-
ables with ; variable lower bounds the indicator
function of whether node forwards packets with the source
node in direction .

Applying Markov’s inequality to (32) results in, for

where the last inequality follows from for all
small enough. For a given value of , it is feasible to select

and such that . This fact, coupled
with the assumption , yields the statement of the
lemma.

2) Shortest-Path Routing: As in the proof of the statement for
the straight-line scheme, we focus on one direction —south-to-
east; all other direction can be treated similarly.

Define as the set of all cells that are at least
cells away from the boundary of the unit square. The cardinality
of such a set is at least for large enough. Let be
an arbitrary cell in .

Fig. 6. Probability � of forwarding packets of a flow in the south-east direction
by the cell in the center of the figure can be estimated by conditioning on the
location of source and destination cells (lower-bottom and upper-left, respec-
tively). All the distances shown are measured in cells.

Next, we lower bound the probability that cell forwards
packets with the source at an arbitrary node in direction . To
this end, conditioning on the source and destination cells with
relative locations and , respectively (see Fig. 6), and
a path-counting argument yield

Since the relative values of and are large when is large,
Stirling’s approximation is applicable and renders an estimate
on the summands in the preceding inequality

for some . Therefore, the following holds for large
enough

i.e., , for some . The rest of the proof is identical
to the second part of the proof for the straight-line scheme—see
the part that follows (31).

and

(27)



4314 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 57, NO. 7, JULY 2011

ACKNOWLEDGMENT

The authors would like to thank S. Savari for pointing out
[20], [22]–[24]. The authors would also like to thank the anony-
mous reviewers for their comments.

REFERENCES

[1] P. Gupta and P. R. Kumar, “The capacity of wireless networks,” IEEE
Trans. Inf. Theory, vol. 46, no. 2, pp. 388–404, Feb. 2000.

[2] A. El Gamal, J. Mammen, B. Prabhakar, and D. Shah, “Optimal
throughput-delay scaling in wireless networks—Part I: The fluid
model,” IEEE Trans. Inf. Theory, vol. 52, no. 6, pp. 2568–2592, Jun.
2006.

[3] A. El Gamal, J. Mammen, B. Prabhakar, and D. Shah, “Optimal
throughput-delay scaling in wireless networks—Part II: Constant-size
packets,” IEEE Trans. Inf. Theory, vol. 52, no. 11, pp. 5111–5116,
Nov. 2006.

[4] M. Franceschetti, O. Dousse, D. Tse, and P. Thiran, “On the throughput
capacity of random wireless networks,” IEEE Trans. Inf. Theory, vol.
52, no. 6, pp. 2756–2761, Jun. 2006.
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