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Analysis of biomedical signals by the Lempel-Ziv
complexity: the effect of finite data size

Jing Hu, Jianbo Gadvilember, IEEEand Jose Carlos PrincipEellow, IEEE

Abstract—The Lempel-Ziv (LZ) complexity and its variants ~ of the signal [6]. After the symbolic sequence is obtained, it
are popular metrics for characterizing biological signals. Proper can then be parsed to obtain distinct words, and the words be
interpretation of such analyses, however, has not been thoroughly encoded. Lef.(n) denote the length of the encoded sequence

addressed. Here, we study the effect of finite data size. Wef th ds. The Lz lexit be defined
derive analytic expressions for the LZ complexity for regular and Oor those words. The complexity can be defined as

random sequences, and employ them to develop a normalization L(n)
scheme. To gain further understanding, we compare the LZ CrLz; = —=. Q)
complexity with the correlation entropy from chaos theory in n

the context of epileptic seizure detection from EEG data, and Note this is very much in the spirit of the Kolmogorov
dlscuss. advantages of the normalized LZ complexity over the complexity [9].
correlation entropy. There exist many different methods to perform parsing. One
Index  Terms—Lempel-Ziv complexity, Biomedical signal nopylar scheme is proposed by the original authors of the
analysis, Epileptic seizure detection. LZ complexity [1]. For convenience, we call this Scheme
1. Another attractive method is described by Cover and
[. INTRODUCTION Thomas [10], which we shall call Scheme 2. For convenience,

The Lempel-Ziv (LZ) complexity [1] and its variants arewe describe them under the context of binary sequences.
popular measures for characterizing the randomness of bio® Scheme 1:Let S = s;s5--- s, denote a finite length 0
medical signals [2]-[6]. Despite its popularity, the issue of 1 symbolic sequence§(i, j) denote a substring of that
interpretation of the LZ complexity calculated from biomedstarts at positiori and ends at positiop, that is, when < j,
ical signals has not been thoroughly addressed. Along this lifg;i, j) = sisiy1---s; and wheni > 5, S(i,5) = {}, the null
recently an important step has been taken by Aboy et al. [Bgt;V (S) denote the vocabulary of a sequerftelt is the set
Unfortunately, most studies published so far assume that @feall substrings, or words$(i, j) of S, (i.e., S(i, ) for i =
LZ complexity normalized by the factor/ log, n [5] (where 1,2,---,n; j > i). For example, letS = 001, we then have
n is the sequence length andis the number of alphabetsV(S) = {0,1,00,01,001}. The parsing procedure involves
in the symbolic sequence under study) is independent @fleft-to-right scan of the sequenée A substringS(i, j) is
sequence length. However, we find this is not the case (tisigmpared to the vocabulary that is comprised of all substrings
point will be made clearer when we discuss Fig. 1 laterpf S up toj —1, that is,V(S(1,j —1)). If S(i, j) is present
This issue can not be satisfactorily solved without an analytie V' (S(1,j — 1)), then updateS(i, j) and V(S(1,j — 1))
understanding of the dependence of the LZ complexity da S(i,j + 1) and V' (S(1,4)), respectively, and the process
sequence length. Here, we derive analytic expressions for tegeats. If the substring is not present, then place a dot after
LZ complexity for regular and random sequences of finité(j) to indicate the end of a new component, updsi(e ;)
length, then develop a normalization scheme that makes @dV (S(1,7—1)) to S(j+1,;+1) (the single symbol in the
LZ complexity almost independent of sequence length, andt 1 position) andV'(S(1, j)), respectively, and the process
finally compare the LZ complexity with another commonlgontinues. This parsing operation begins wiitil,1) and
used measure, the correlation entropy from chaos theory [gpntinues untilj = n, wheren is the length of the symbolic

through detection of epileptic seizures from EEG data. sequence. For example, the sequeriid 010100010 is parsed
as1-0-11-010-100-010-. By convention, a dot is placed after

Il. LEMPEL-ZIV (LZ) COMPLEXITY the last element of the symbolic sequence. In this example, the
ber of distinct words is 6.

Scheme 2:The sequences = s;s2--- IS sequentially
nned and rewritten as a concatenatigm, - - - of words

wy, chosen in such a way that, = s; andwy 1 is the shortest
word that has not appeared previously. In other wougls,; is

the extension of some word; in the list, w41 = w;s, where

0 < j <k, ands is either 0 or 1. The above example sequence
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To compute the LZ complexity, a numerical sequence hagm
to be first transformed into a symbolic sequence. One popula®
approach is to convert the signal into a 0 — 1 sequence
comparing the signal with a threshold val§g [3]. That is,
whenever the signal is larger thafy, one maps the signal
to 1, otherwise, to 0. One good choice 8f is the median
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coded. One simple way is as follows [10]. Letn) de- i < m; , the number of possible words 2 (or less); when
note the number of words in the parsing of the sourde> m,, the number of possible words 8. Thus we have
sequence. For each word, we use,c(n) bits to de- k1

scribe the location of_ the prefix to the word and 1 pit -2 4 Z im4zok=(m—1)2mF 42

to describe the last bit. For our example, let 000 describ&

i=mi+1
an empty prefix, then the sequence can be described as ymk+m)(k—mi—1)/24+2-k<n, (6)
(000,1)(000,0)(001,1)(010, 1)(100, 0)(010, 0)(001,0). The
total length of the encoded sequence i&(n) = wherex <m. The total number of words is
c(n)[logy c(n) + 1]. Eq. (1) then becomes m k1
_ [ _ omi+1
Crz = ¢(n)[logy ¢(n) + 1] /n @) c(n) = 22 + Z m+z =2 —24+(k—mi—1)m+uz.
=1 i=mi+1
Whenn is very largec(n) < n/log, n [1], [10], thus Eq. (2) o (7)
can be further simplified as Therefore, the LZ complexity is
1
Crz = /Cl(n) @  Crz=_{2"" =24 (k—m —m+a}-
n/ 10gs N
52 {log,[2™* — 24+ (k—my — I)m 4+ 2] + 1} (8)

The commonly used definition of',, takes the same
functional form as Eq. (3), except thafn) is obtained by = The constant sequence can be considered as the regular
Scheme 1. Typically¢(n) obtained by Scheme 1 is smallersequence with periogh = 1. Indeed, if we sein =1 and 2,
than that by Scheme 2. However, encoding the words obtairieg. (8) reduces to Eqgs. (4) and (5), respectively.
by Scheme 1 needs more bits than that by Scheme 2. WaVhenn — oo, the right side of Eq. (8) approaches O.
surmise that the complexity defined by Eq. (1) is similar fardence, the LZ complexity for an infinite periodic sequence
both schemes. Indeed, numerically, we have observed that ithe®. However, as we will show soon, for a finite periodic
functional dependence 6f;,z onn (based on Egs. (2) and (3))sequence, its LZ complexity can be much larger than O.
is similar for both schemes. For ease of analysis, below, weBefore verifying Eq. (8), we first discuss how to use it to

shall employ Scheme 2. analytically calculate the LZ complexity for regular sequences.
The key is to get the values &fandx. They can be obtained
I1l. LZ COMPLEXITY FOR REGULAR AND RANDOM as follows. Given a regular sequence with periedand of
SEQUENCES OF FINITE LENGTH length n, first calculatem; = |log, m|, then choose a not

For convenience, we consider binary sources throughout tH® 1arge integer: that satisfies Eq. (6), and finally get=

section. The results generalize easily to any finite alphabet|™ — [(m1 — 1)27™%1 + 2+ m(k +ma)(k — my — 1)/2]].
Check whether: < m holds or not, if not, then sét = k+1,

and recalculate the value.
To assess the goodness of Eq. (8) for estimating the LZ
We start with the constant sequence of lengtfd0000 - - -).  complexity of regular sequences, we simulate 0 — 1 sequences
The sequence is parsed @90, 000, - - -. Denote the length of wjth different period and of different length, calculate their
the longest word by: bits. It is clear thatl +k)k/2+x =n, |Z complexity, and compare the simulation results with the
wherez < k. The number of distinct words(n) is k + [z]  analytic solutions obtained from Eq. (8). We find that Eq. (8)
(Where |—I-| denotes the smallest integer that is not smaller thmkjs very accurate|y. A few examp|es are shown in F|gs 1(a_
z). By Eq. (2), the LZ complexity is calculated as c), for the constant sequence, the sequences with period 2 and
_ 4. We wish to emphasize that when the sequence length is
Crz = (k + [])[logy(k + [2]) + 1}/n. @ finite, the LZ complexity can be considerably larger than 0:
Next, we consider the sequence with period20(01---). the shorter the sequence, the larger the value for(pg.
Denote the length of a parsed word bpit(s). Wheni = 1, Note that theC',, calculated from Eq. (3) shows even stronger
the only possible words that appear in the parsing are 0 agi¢bendence on the sequence length.
1; wheni = 2, the only possible words are 01 and 10; when We would like to make a comment on the LZ complexity of
i = 3, the only possible words are 010 and 101; Generally, sinusoidal signals. As we have mentioned earlier, to calculate
for an arbitraryi, there are always 2 different words. Let thehe LZ complexity, a sinusoidal signal has to be mapped to
length of the longest word bebits. We havek —1)k+xk < a symbolic sequence first. It is mapped to a patch of 0’s
n, wherez is the number of words with length bits, and it and 1's in each half period, whose length, denotedZbyis
equals to 1 or 2 depending on the sequence lengifhe total equal to half of the ratio between the period and the sampling
number of words is(n) = 2(k — 1) + . Thus period. When the sampling period is smdlljs large, the LZ
complexity of the sequence is then small. On the other hand,
Crz = (2k =2+ 2)llogy(2k — 2+ 2) +1]/n. (5) o o sampling period is largé, is small, and the LZ
Now we generalize our results to sequences with arbitracgmplexity of the sequence is large. Now it is clear that the two
periodm > 2. Let m; = |log, m]| (where || denotes the limiting cases are the constant sequence and period-2 sequence
largest integer that is not greater theyp and denote the length discussed above. Therefore, Eqgs. (4) and (5) provide the lower
of the longest word byt bits. When the length of the wordsand upper bounds of the LZ complexity for sinusoidal signals.

A. LZ complexity for regular sequences of finite length



IEEE TRANSACTIONS ON BIOMEDICAL ENGINEERING. VOL. XX, NO. XX, MONTH 2006 3

0.5 0.6

@ — raierest ® e from Eqg. (11) is also shown in Fig. 1(d). We observe that
. os the analytic results are on top of the simulation results, and
g% g the difference between these two is very smalD(05). This
Y02 S\\SN&MM o, suggests that Eq. (11) provides a quite accurate upper bound
01 for the LZ complexity of random sequences.
From Fig. 1(d), we observe that when the sequence length
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Sequence length n Seauence length n is finite, the LZ complexity for a random sequence can be
08 16 considerably larger than 1: the shorter the sequence, the larger
© —— Analytic resul @ —— Simulation re iti
o — fnalyc esut . the valug for theQL'Z. Intuitively, we would expect the.LZ
R ~0_ 100010000 B complexity for a finite sequence not to change much with the
S04 14 sequence length, falling in the unit intervidl, 1] just as the
oz s case of an infinite sequence. These motivate us to propose a
normalization scheme as follows,
o Sequenca langihn . 00 oz Sequenca langthn . 0 c ivedrz(n) = Crz(n) — Ceonstrz(n) (12)
3 LZ -
Fig. 1. The LZ complexity vs. the sequence length for (a) the constant o "%° Cranarz(n) — Ceonstrz(n)’

sequence, (b) sequence with period 2, (c) sequences with period 4, and (
random sequences. The vertical bars in (d) indicate the estimated stand¥f€re Ceonstrz(n) and Cranarz(n) stand for the LZ com-
errors of the mean. plexity for the constant and random sequences of length

n, respectively. These two values can be directly obtained
from Egs. (8) and (11). It is easy to see that <
Chrormatizedrz(n) < 1. More interestingly, we find this
Now we derive analytic expression for the LZ complexity,ormalization scheme makes the LZ complexity almost inde-

for random sequences of finite length Denote the length pendent of the sequence length. This will be illustrated later
of the longest word after parsing the sequence:tiyits, and \yhen we study the EEG data.

the number of words with lengtk bits by z. Note that the

number of possible words with length(< k) bits is2*. Then |v. ComPARISON OFLZ COMPLEXITY AND CORRELATION
k-1 ENTROPY
Zi 2 4rk=Fk-22"+2+z-k<n, (9 In this section, we compare the LZ complexity with the
=1 correlation entropyK, [8] from chaos theory, in the context

B. LZ complexity for random sequences of finite length

wherez < 2%. The total number of words is of epileptic seizure detection from EEG data.
P Let us introduce the correlation entropy first. It is a tight
e(n) = ZQi tr=9" 94 o (10) lower bound of the Kolmogorov-Sinai (KS) entropy. The KS

entropy characterizes the rate of creation of information in a
system. It is zero, positive, and infinite for regular, chaotic, and

i=1
Therefore, the LZ complexity is

random motions, respectively. Lefl), z(2),-- -, x(n) denote
o~ (2F =2+ a)llogy (2" —24) + 1] (11) the scalar time series under study. Before calculafiagone
Lz n ' can use a time delay embedding [11] to form vectors of the

It is easy to prove as — oo, the right side of Eq. (11) form: V; = [x(i),x(i + L), ..., x(i + (m — 1)L)], where the
approaches 1. This indicates that the LZ complexity for s@mbedding dimensiomr and the delay timel are chosen
infinite random sequence is 1. However, as we will shoaccording to optimization criteria [12]-[14k, can be readily
soon, for a finite random sequence, its LZ complexity catpmputed from the correlation integral through the relation [8],
be considerably larger than 1. Doy —mLTK

To use Eq. (11) to calculate the LZ complexity of a random Clm, ) ~ e72e ’ (13)
sequence, we need to know the valuescaind z. They can wherem and L are the embedding dimension and the delay
be obtained as follows: first choose a not too large intégertime, 7 is the sampling period)- is the correlation dimension,
that satisfies Eq. (9), and then get= [n — [(k — 2)2*¥ + 2]].  which quantifies the minimal number of variables needed to
Check whether: < 2F is true or not, if not, then sét = k+1, characterize the underlying dynamics of the siggly, ¢) =
and recalculater. = Zf\szl 0(e—||V;—V;]|) is the correlation integraf is the

To verify Eq. (11), for each sequence lengthwe simulate Heaviside step function; and V; are reconstructed vectors,
20 random sequences uniformly distributed in the unit interval is the number of points in the time series, ands a
[0,1]. We convert each sequence into a 0 — 1 sequence frgscribed small distance. Eq. (13) means that in a plot of
comparing the sequence with its median value, and calcul&te” (m,e) vs. Ine with m as a parameter, for truly low-
the LZ complexity. Then we calculate the mean and standatinensional chaos, one observes a series of parallel straight
deviation of the LZ complexity from all the 20 sequencedines, with the slope bein@,, and the spacing between the
Fig. 1(d) shows the averaged LZ complexity with the corrdines estimatingis (where lines for largern lie below those
sponding standard deviations. We notice that as the sequefazesmallerm).
becomes longer, the standard error of the LZ complexity be-The EEG signals analyzed here were measured intracra-
comes smaller. For comparison, the LZ complexity calculatedally by the Shands hospital at the University of Florida.
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! ‘ ‘ ! ! | the curve shown in Fig. 2(f) is much more noisy than that
QNO-BWWWMM 2 08 1 | shown in Fig. 2(c). This is quite counter intuitive, since
U o6 | | U o6 usually for calculating measures based on chaos theory, the

0al® @ | ! more data points we use, the better the result. This puzzling

o
o

2 4 6 2 4 6 observation may be understood as follows: methods from
! ! ! ! chaos theory require the signals under study to be ergodic, and
therefore stationary. However, the EEG data are nonstationary.
As the window sizdV becomes larger, different nonstationary
® ! ! regions are included, thus the result for ti#&, entropy
becomes noisier. (v) Comparing Figs. 2(b,c,e,f), we find that
the normalized LZ complexity provides better defined features
than theK, entropy for detecting epileptic seizures. It should

o
e o
o
=)

Cnormal\zed LZ(t)
o o
N S
Cnormal\zed LZ(t)
o o .
[N >

o

o

o

ojO
N
IS
o

o

(=
o
N
N
o

)
N
o
IS

< O_ZWWWWWWM < 0.2 also be emphasized that the LZ complexity has the additional
oL© ! ! o0 ! ! advantage that it is easy to implement and computationally
O etk ¢ letphomy very fast. Therefore, normalized LZ complexity provides a

good and convenient characterization of epileptic seizure data.
Fig. 2. The variation of (a,d) the LZ complexity, (b,e) the normalized LZ
complexity, (c,f) theKs entropy with time for the EEG signal of a patient. (a-
c) are obtained by partitioning the EEG signals into short windows of length V. CONCLUSION AND DISCUSSIONS

W = 500 points, (d-f) are obtained using” = 2000. The vertical dashed  \We have derived analytic expressions for the LZ complexity
lines indicate seizure occurrence times determined by medical experts. for regular and random sequences, and used them to study
the effect of finite data size on the LZ complexity. We have

_also developed a normalization scheme that makes the LZ

Such EEG data are also called depth EEG and consideggghplexity almost independent of sequence length. Finally,

cleaner and more free of artifacts than scalp (or surface) EE have compared the LZ complexity with the correlation

Altogether, we have analyzed 7 patients’ multiple channghtropy from chaos theory in the context of epileptic seizure

EEG data, each with a duration of a few hours, with a sampliggtection from EEG data. We have found that the normalized

frequency of 200 Hz. When analyzing EEG for epileptigz complexity appears to provide better defined features than

seizure prediction/detection, it is customary to partition a longe correlation entropy for detecting epileptic seizures.

EEG signal into short windows of lengti¥’ points, and cal-

culate the measure of interest for each window. Here, we have REFERENCES

tried two differentV” values, 5_00 and 2000. For CalC.U|atlng th?1] A. Lempel and J. Ziv, “On the complexity of finite sequencdsforma-

K entropy, we have chosen=4 and 5,. = 1 according to an tion Theory, IEEE Transactions pwol. 22, no. 1, pp. 75-81, 1976.

optimization criterion of [12]-[14]. The relations between th@] N. Radhakrishnan and B. Gangadhar,“Estimating regularity in epileptic

; ; seizure time-series dat&hgineering in Medicine and Biology Magazine,

LZ compl_exﬂyyand the correlation entropy are the same for all IEEE, vol. 17, no. 3, pp. 89-94, 1998,

the 7 patients’ EEG data. Here, we shall illustrate the resuft$ x s znang, R.J. Roy, and E.W. Jensen, “EEG complexity as a measure

based on one patient’s data. Figs. 2(a-c) show the variation of depth of anesthesia for patientt2EE Trans Biomed Engrol. 48, no.

i i i 12, pp. 1424-1433, Dec 2001.
of the LZ complexity C'zz, the normalized LZ complexity [4] X. S. Zhang and R. J. Roy, “Derived fuzzy knowledge model for

ChormalizedLZ 'and the corrglation er?tmpy(% with time estimating the depth of anesthesi##EE Trans Biomed Engvol. 48,
for the EEG signal of a patient obtained willy = 500, no. 3, pp. 312-323, Mar 2001.

respectively. Figs. 2(d-f) show the variation of the same thr&3 X.S.Zhang, Y.S. Zhu, N.V. Thakor, and Z. Z. Wang, Detecting ventricular
. . . . . tachycardia and fibrillation by complexity measurdsEE Trans Biomed
measures with time for the same EEG signal obtained with gngvol. 46, no. 5, pp. 548-555, May 1999.

W = 2000. We observe the following interesting features: (i)6] R. Nagarajan, “Quantifying physiological data with Lempel-Ziv complex-

The pattern of variation of the three measures with time is ilté;sc?\lrf\‘/i”zggges"’EEE Trans Biomed Engol. 49, no. 11, pp. 1371-
quite similar: slightly after the seizure, all the measures hayﬁ M. Aboy, R. Hornero, D. ABsolo, and DAlvarez, “Interpretation of

a sharp drop, followed by a gradual increase. This indicates the lempelziv complexity measure in the context of biomedical signal
that the brain dynamics first becomes more regular right aﬁg analysis,"IEEE Trans Biomed Endo appear.
S

. L L . P. Grassberger and |. Procaccia, “Estimation of the Kolmogorov entropy
the seizure, then its irregularity increases as it approach€ssiom a chaotic signal;Phys. Rev. Avol. 28, pp. 2591-2593, 1983.

the normal state. (ii))Cr varies a lot with the window [9] A.N. Kolmogorov, “Three approaches to the quantitative definition of

i i i i information,” Problems of Information Transmissiovol. 1, pp. 1-7, 1965.
size W, gs can be seen by comparing Figs. 2(a,d). This C ] T.M. Cover and J.A. Thomaslements of Information ThearfNew
be readily understood by the fact that the LZ complexity ~vork: wiley, 1991.

for a finite sequence depends on the sequence length. Thi$ N.H. Packard, J.P. Crutchfield, J.D. Farmer, and R.S. Shaw, “Geometry
feature not only makes interpretation of the LZ complexity _ from a time series,Phys. Rev. Lettvol. 45, pp. 712-716, 1980.

. y P . P . 1@ J.B. Gao and Z.M. Zheng, “Local exponential divergence plot and
problematic, but ?-lso makgs_ automated detection of SeizUr€ yptimal embedding of a chaotic time serieBhys. Lett. A vol. 181,
through thresholding very difficult. Fortunately, both problems pp. 153-158, 1993. ‘ ‘ o

n r il vercom he normalization hem J.B. Gao and Z.M. Zheng, “Direct dynamical test for deterministic chaos
Ca. be ?ad y overcome by t e orma _ato scheme, gg]and optimal embedding of a chaotic time seridays. Rev. Evol. 49,
point (iii) illustrates: Cyormatizerz is almost independent of 1, "3807-3814, 1994.
the window sizelW, as shown in Figs. 2(b,e). (iv) Th&, [14] J.B. Gao and Z.M. Zheng, “Direct dynamical test for deterministic

entropy is also almost invariant with respectito. However, chaos,"Europhys. Lett.vol. 25, pp. 485-490, 1994.



