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Propositional Logic”

¥ Propositional logic or statement logic is concerned with rules that allow us
to determine the truth values of complex propositions, given the truth values
of their parts. The internal structure of individual basic propositions is not
taken into account.
We already used the semanticspofpositional logidn Toy Englishwhen
we characterized the truth conditions of complex sentences with the
conjunctionandand thedisjunctionor.

¥

The rules of propositional logic are formulated using an artificial language,
which will be calledPL. It has its own syntax and semantics. It contains

variables for propositions, and ways to combine propositions to complex
propositions.
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Propositional Logic”

¥ Why is this relevant to you E
E even if you donOt want to become a semanticist?

¥  You will learn a general enough method of analysis by which you
can takeany bit of English (in books, newspapers, on the TV or
radio or internet, etc.) and determine whether:

B an argument for some claim actually exists, and if one does
exist, then

Bl show that it is either valid or invalid, and if it is valid, then
B whether it is also sound.
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Why propositional logic?”

*!Object language vs. Metalanguage

¥ object languagee.g., English, which is the object of our description

¥ metalanguage the language in which we state generalizations and
observations about our object language

OSnow is whiteO is true if, and only if, snow is white.
OLa neige est blancheO is true if, and only if, snow is white.

1: a sentence made famousAlyred Tarski (Polish logician, 1901-1983)!
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Why propositional logic?!

If we did not draw the distinction between object language and metalanguage, we
would face paradoxes like

¥ The liar paradox
(1) This statement is false

The oldest known version of the liar paradox is attributed to the Greek
philosopher Eubulides of Miletus who lived in the 4th century BC:

(2) A man says that he is lying. Is what he says true or false?
! If he 1s lying, then he is telling the truth, and vice versa..

Similarly:
¥ If (1) is true, then (1) is false.

¥ But we can also establish the converse, as follows: Assume (1) is false.

Because the Liar Sentence is saying precisely that (namely that it is false), the
Liar Sentence is true, so (1) is true. WeOve now shown that (1) is true if and

only if it is false.
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Why propositional logic?!

Most logical paradoxes are based on circular definitions or self-referential
statements. Such paradoxes are often analyzed by creating
metalanguages to separate statements into different levels on which
truth and falsity can be assessed independently.

If we did not draw the distinction between object language and metalanguage, we
would face paradoxes like

¥ use vs. mention difficulties

¥ and other problems, which are problematic for the development of a theory of

truth. Recall that the notion of OtruthO is the cornerstone of our semantic
theory.
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Metalanguage!

As our metalanguage we have already used certain notionselileand
ordered paijrwhich were developed in mathematics.

We also use

¥ propositional logiand
¥ predicate logic
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Metalanguage!

¥ Logical languages are useful for the purpose of analyzing
meaning Iin natural language. They follow well-defined
and perspicuous syntactic and semantic principles, and are
better understood than natural languages.

¥ Natural languages Involve ambiguity, vagueness,
Imprecision, etc., and are not as well understood as logical
languages.
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Today!

¥ the basics of propositional logic, and
¥ its application to English

will be introduced.

The main focus will be on illustrating

¥ which parts of the meaning of English sentences can be captured by the
tools of propositional logic, and

¥ which parts of the meaning of English sentences cannot be (easily)
rendered by propositional logic.
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Propositional Logic”

History: AristotleOs syllogistic logic
¥ The prime area of logic is the investigation of ldngs of inference

¥ Avristotle (384 BC-322 BC), one of the founders of logic, was interested
in  inferences of the following type:

(a) Every man is an animal. (c) No man has four legs.
Every animal is mortal. All Greeks are men.
Hence, every man is mortal. Hence, no Greek has four
legs.
(b) Every sparrow is a bird. (d) No plant speaks.
Every bird has two legs. All trees are plants.
Hence, every sparrow has two legs. Hence, no tree speaks.
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(b)

Propositional Logic”

History: AristotleOs syllogistic logic

Every man is an animal. (c) No man has four legs.
Every animal is mortal. All Greeks are men.
Hence, every man is mortal. Hence, no Greek has four legs.
Every sparrow is a bird. (d) No plant speaks.
Every bird has two legs. All trees are plants.
Hence, every sparrow has two legs. Hence, no tree speaks.
\ General Form: /
Premise 1
Premise 2
Conclusion

If the premises are true, then the conclusion must be true as weliansfer of truth.
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Propositional Logic”

History: AristotleOs syllogistic logic

(@) Every man is an animal. (c) No man has four legs.

Every animal is mortal. All Greeks are men.

Hence, every man is mortal. Hence, no Greek has four legs.
(b) Every sparrow is a bird. (d) No plant speaks.

Every bird has two legs. All trees are plants.

Hence, every sparrow has two legs. Hence, no tree speaks.

patterns of valid reasoning

or
SYLLOGISMS

All A are B. No A is B.

All B are C. All C are A.

Hence, all A are C. Hence, no C is B.
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Propositional Logic”

History: AristotleOs syllogistic logic

¥ Aristotle provided a survey of valid syllogisms.

¥ The claim is not that theremisesareactually true, and hence
¥ the claim is not that theonsequencas actually true.

¥ Logic is concerned with the notion lofgical consequence

For example, the following piece of reasoning (inference) is valid:

VALID INFERENCE Every man is an elephant.
Every elephant has two noses.
Hence, every man has two noses.

If an inference is valid, it igalid by virtue of its logical structure,
and independently of what the (possible) world(s) is/are like.
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Propositional Logic”

History: AristotleOs syllogistic logic

Even by chaining valid Aristotelian inference patterns together, we
cover only a small part of the variety of valid inference patterns that
are implicated in daily reasoning and in the more rigorous, and in
complex reasoning that is found in mathematics and other sciences.

¥  Two problems with AristotleOs syllogistic logic:
Bithe limitations of its concept of logical form,;

Bithe lack of any sufficiently general method for determining which of the

inference patterns expressible in syllogistic notation are valid and which
are not.
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Propositional Logic”

History: AristotleOs syllogistic logic

¥  The second deficiency was overcome by the method of
Venn-diagrams(John Venn, 1834-1923).

All A are B. c
All B are C. B

Hence, all A are C. @
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Propositional Logic”

History: Deductive Logic

¥  The logicians of the late 19th and early 20th century tackled the problems of
logic primarily by the deductive method

B Giuseppe Peano

Bl David Hilbert

Bl Bertrand Russell

Bl Alfred North Whitehead
Bl Gerhard Gentzen

¥ Deductive or Proof-theoretic methhod small number of inference patterns
IS selected as basic and the validity of other patterns is established by
chaining two or more applications of the basic patterns together.

September 29, 2008! Hana Filig 14



Propositional Logic”

Deductive logic vs. inductive logic

¥  Logic which is concerned with relations that preserve truth is called
deductive logic

o/ Deductive reasoning uses deductive arguments to move from given
statements (premises), which are assumed to be true, to conclusions,
which must be truaf the premises are true. In a valid deductive
argument the premisésgically entailthe conclusion.

An example of deductive reasoning are AristotleOs syllogisms.
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Propositional Logic”

Deductive logic vs. inductive logic

¥ Inductive logic concerns itself with the preservation of probability, i.e., the
premises of an argument are believed to support the conclusion but do not
entail it, they do not ensure its trutin a good inductive argument the
premises should provide some degree of support for the conclusian, the
truth of the premises indicates with some degree of strength that the
conclusion is true.!

IExample: !
IEvery raven in a random sample of 3200 ravens is black. This strongly
supports the hypothesis that all ravens are hlack

ol Inductive logic reasoning is based on drawing conclusions from a large
number of particular examples to a general rule.!
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Propositional Logic”

Syntactic rules of propositional logic (PL)

¥ The onlysyntactic category of Pis a well-formed formula: WFE
¥ VOCABULARY of PL
¥ SYNTAX of PL
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Propositional Logic”

Syntactic rules of propositional logic (PL)
¥ VOCABULARY of PL

1.!'  Dbasic (atomic) propositionsWe assume that we have a denumerably infinite
(or countably infinite) number of basic propositions, represented by the

propositional variables p, g, 1, etc.

2.! propositional connectives
A negation
A OandO conjunction
U  OorO disjunction
I Oif thenO conditional
q Oif and only if® biconditional

3. Dbrackets(,) or [,]
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Propositional Logic”

¥ Syntactic rules of propositional logic (PL)

¥ SYNTAX of PL
Recursive definition of the set of all wffOs of PL:
1. Every basic (atomic) proposition is a wif.

2. If pis awiff, thenApis a wff (negation, Onon pO, also O~pO).

3. Ifp and q are wifOs, then

[p Aq], (conjunction)

[p Uq], (disjunction)

[p!q], (conditional,if pthen q

[P gq], (biconditional,p if and only if ¢ are wffOs.
4. Nothing else is a wif.
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Propositional Logic”

Basic (atomic) wffOsare the logical correspondents simple declarative
sentencesn natural languages, i.e., those that do not contain instances of the

sentential connectivesnd, or, if ...then, if and only,ibrnotin English, for ex.

Examples:

¥ An English sentence liki is raining expresses a basic or atomimposition
(or astatemen.

¥ Synonymous sentenceaxpress the same proposition:
Paris is the capital of France p
FranceOs capital is Paris p

¥ Ambiguous sentenceexpress more than one proposition:
Visiting relatives can be annoying = Relatives who visit you can be annoying.
g = It can be annoying to visit relatives.
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Propositional Logic”

The second and third syntactic rule of PL allow us to form complex wffOs out of
atomic or complex propositions.

2. If pis awff, thenApis a wff (negation, Onon pO, also O~pO).
3. If p and g are wffOs, then

[p Aq], (conjunction)

[p Uq], (disjunction)

[p!q], (conditional,fp then q

[p gq], (biconditional,p if and only if § are wffOs.

These rules encode thecursion step and make sure that an infinite set of well-
formed formulas is generated.
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Propositional Logic”

M  The expressiong\, A, U, !, qare called
logical connectiver logical operators

They are also logical constants Their meaning (their semantic value) is
CONSTANT in all models (of a given language of symbolic L).

¥ The negation symbolA is aunary operator, because it applies to only one
wif to produce a wif.

¥ Other connectives areinary operators (apply to two wffOs to produce a
new wff).
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Propositional Logic”

A wiff or not?

P
yes

p A
no

PAlq]
no

[ Ap]
yes
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Propositional Logic”

A wiff or not?

[Alp Aq]UT]
yes

'q
no

[[[p A q]!Ag] U AA p]]
no

[[[p A q]!Ag] U AA p]
yes
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Propositional Logic”

The last rule

4. Nothing else is a wff.

guarantees that the first three rules are the only way in which wffOs
can be construed.
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Propositional Logic”

We can analyze wffOs in form of syntactic trees
Example: Alp A q]
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Propositional Logic”

The parenthesesan be seen aaixiliary symbolsthat help us reconstruct
the internal syntactic structure of a complex expression.

Without them, expressions might be structurally ambiguous.

For example,
Ap A q
could stand for either

. Alp A
or [ApAq].

¥ The language of PL does not allow for structural ambiguity.
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Propositional Logic”

¥ We are allowed to drop parentheses in case no ambiguity arises. We
can always do this witbutermost parenthesesg., we can write

[pAlg!r] | or pA[q!r]

¥ There is a convention saying th&and OO bind stronger than
@O and @. We can write

[PAd!r or pAqlr
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Propositional Logic!

¥ Syntactic rules of propositional logic (PL)
! Semantic rules for propositional logic (PL)
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Propositional Logic!

Semantic rules for propositional logic (PL)

¥ Atomic propositions describe states of affairs, that is, situations which
may or may not be the case (true) in a particular context.

¥ The semantics of propositional logic is defined in terms of truth values.

B Every atomic proposition can take one of two truth valtreg or
false

B This is an oversimplification, of course; there are systems with
more than two values.

B Let us take T for OtrueO ar@Jor OfalseO.

B We say that the truth value of a propositio® i case it is false
andl in case it is true
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Propositional Logic!

Semantic rules for propositional logic (PL)

¥ Propositional logic allow us to determine the truth values of complex
propositions, given the truth values of their parts. Each complex wff receives
a truth value, which is determined by

(1) the truth values of its syntactic component propositions, and

(2) the syntactic structure of the complex wff: its connectives and their
arrangement in the formula.

(Recall: The Principle of Compositionality)

¥ The semantic (truth-functional) properties of the logical connectives are
usually given bytruth tables that give us the truth value of complex

expressions with respect to all possible assignments of truth values of their
parts.
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Propositional Logic!

Semantic rules for propositional logic (PL)

NEGATION A
1 0
0 1

¥ Negation reverses the truth value of the proposition to which it is attached

¥ For example, it is rainingis true,
thent is not rainingis false.
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Propositional Logic!

Semantic rules for propositional logic (PL)

¥ Logical negation is intended to correspond to sentential negation in natural
language: We insertotinto the verb phrase, which has the effect of producing
a sentence opposite in truth value to the original.

The logical connective®@ can be paraphrasedtas not the case this].

| Mhere are other ways of expressing the negation of a sentence:

l'p P
Porcupines aranfriendly. Porcupines are friendly.
John isneitherat homenor at school. John is either at home or at school.
No one is at home. Someone is at home.
John isneverat home. John is sometimes at home.
John isnot homeyet John is home already.
John haseveryet been here. John has on occasion been here.
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Propositional Logic!

Semantic rules for propositional logic (PL)

I There are cases in which the insertionnof into the verb phrase does not
simply or just produce a sentence opposite in truth value to the original:
(1) a. You may smoke in here. modality: permissibility
b. You may not smoke in here.
Paraphrase:
You are noallowedto smoke in here.
It is not the case that [you aowed[to smoke in here]].
NEG [MODAL [S]]

(2) a. They may like the party modality: possibility
b. They may not like the party
Paraphrase:
It ispossiblethat they do not like the party.
It ispossiblethat [it is not the case that [they like the party]].

MODAL [NEG[S]]
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Propositional Logic!
Semantic rules for propositional logic (PL)

What about

You cannot have too many frien@s
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Propositional Logic!

Semantic rules for propositional logic (PL)

CONJUNCTION p | gq| pAg
1 |1 1
1|0 0
0|1 0
01lo0 0

M A proposition containing two propositions connected!bydDs true iff
(Oif and only ifO) both propositions are true.

Dean is happy and likes himself.
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Propositional Logic!

Semantic rules for propositional logic (PL)
I @O does not always correspond to the English sentential conjuamadion

(1) @O corresponds to the Englistilused with the intended speakerOs meaning
of Oand thenO, ObeforeO, Oand as a resultO (generalized conversational
implicature, Grice 1979

Ar o~

(2) @O corresponds to the Englilut, which literally means &0, and
conventionally implicates contrast or unexpectedness (Grice 1975)

(3) @O0 only conjoins propositions, the Enghsia can be used to conjoin other
categories than sentences

1paul Grice. OLogic and conversation.O In Cole, P. and J. L. Morgan (eds.) 1975, 41D58.
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Propositional Logic!

Semantic rules for propositional logic (PL)

(1) In PL, O\ gO always has the same truth value AspOg It is one of the
laws of propositional logic, the commutativity law:

Commutativity Law: [pAqg]! [qADp]

However, sentences like (i) and (ii) do not express the same situation:
() John drank a bottle of vodkandfell into a stupor!
(i)  Johnfell into a stuporanddrank a bottle of vodka

Observation:

¥ Reversing the order of conjoined sentences affects the interpretation of a whole
complex sentence.

¥ In reversing the order of conjunct sentences and asserting (ii), we implicate a
very different kind of situation than is expressed by (i).
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Propositional Logic!

Semantic rules for propositional logic (PL)

¥ Question: Why shouldeversing the order of conjoined sentences affect the
interpretation of a whole complex sentence?

¥ Answer: We most naturally understand an utterance of a sentence like

(i)  John drank a bottle of vodkandfell into a stupor
as intended by its speaker to mean
OJohn did so in that order®

l.e. we may paraphrase (i) as
John drank a bottle of vodkand then / beforehefell into a stupor
John drank a bottle of vodkand as a resulthefell into a stupor.
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Propositional Logic!

Semantic rules for propositional logic (PL)

Analysis:

¥ The Englishandis often used in utterances that carrydheeralized
conversational implicatur®and thenO, ObeforeO or Oas a resultO
(a part of the intended speakerOs meaning, Grice 1975)

¥ Generalized conversational implicatures are default inferences (i.e., preferred
or normal interpretations) that go through unless they are blocked by specific

contextual assumptions (see Grice 1975, Gazdar 1979, Horn 1984, 1989,
Levinson 1987).

a. Mary got married and got pregnant.
b. Mary got married and got pregnant, but not in that order.

(a) conversationally implicates that Mary first got maraed thershe
got pregnant, but this implicature is cancelled by adding OE not in that
orderQO in (b).

September 29, 2008! Hana Filig 42



Propositional Logic!

Semantic rules for propositional logic (PL)
(2) @O the Englistbut

¥  In translating from English int®L the sentential connectiveut is often
rendered ad OO.

¥ The sun is shining but it is cold outside
P ! o q o
may be translated @3p A . The English connectilat means !0 O and

conventionally implicategontrast or unexpectedness, whith @ does not
implicate (Grice 1975).
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Propositional Logic!

Semantic rules for propositional logic (PL)

(2) @O the Englistbut

a. The sun is shining, but it is cold outside.
b. The sun is shining and it is cold outside.

c. pAq
(a) and (b) are synonymous in their truth-conditional meaning and have the

same logical form (c). The meaning of contrast is conventionally implied in
the meaning of ObutO.

44
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Propositional Logic!

Semantic rules for propositional logic (PL)

(3) In PL, the connective! OO only conjoins propositions. And in
English can be used to conjoin other categories than sentences, e.g.
noun phrases, adjectival phrases or other phrases.

¥ In many cases, English sentences that comti&nconjunctioncan be
treated as elliptical forms of a sentential conjunction:

(i) a. John and Maryawned. =
b. John yawned and Mary yawned.
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Propositional Logic!

Semantic rules for propositional logic (PL)

¥ Puzzle: The following English sentences contain a NP conjunction
that cannot be treated as an elliptical form of a sentential
conjunction:

(i) a. John and Marymet last year
b. *John met last year and Mary met last year.

(i) a. Cheech and Chonare fun at parties!
b. Cheechis fun at parties and Chong is fun at parties.
(They may not be necessarily fun when they are not together.)

The puzzle is to explain why some pairs of examples like those above are
semantically equivalent and some are not, although in each case the
surface syntactic structure is the same.
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Propositional Logic!

Semantic rules for propositional logic (PL)
Answers to the puzzle involve

Lexical meaning of verbs: distributivity
() a. John and Mary yawned. =
b. John yawned and Mary yawned.
c. pAQ

¥ The verbyawn is distributive : the property of yawning is attributed to John
and separately to Mary

¥ Therefore, (1a) can be viewed as elliptical for (1b), and represented as (1c).
(1a) and (1b) are synonymous in their truth-conditional meaning and have the
same logical form (1c).
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Propositional Logic!

Semantic rules for propositional logic (PL)

Other examples of sentences with distributive predicates:
Los Angeles and San Dief@ie south of San Francisco.

John and Peter armarriedto Anne, and Betty, respectively.
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Propositional Logic!

Semantic rules for propositional logic (PL)

Lexical meaning of verbs: collectivity

(i) a. John and Mary met last yedr.
b. *John met last year and Mary met last year.

¥ The verbmeetis collective the property of meeting can only be
attributed to John and Mary taken as a single collection, i.e., a group
of individuals

September 29, 2008! Hana Filig 49



Propositional Logic!

Semantic rules for propositional logic (PL)

Lexical meaning of verbs and pragmatic factors determine the
collective interpretation

(i) a. Cheech and Chong are fun at parties.
b. Cheechis fun at parties and Chong is fun at parties.
(They may not be necessarily fun when they are not together.)

September 29, 2008! Hana Filig 5d



Propositional Logic!

Semantic rules for propositional logic (PL)

conjunction of adjectival phrases:
(iv) a. Mary mixed red and blue pairt.

b. Mary mixed red paint and Mary mixed blue paint.

September 29, 2008! Hana Filig

51



Propositional Logic!

Semantic rules for propositional logic (PL)

Conclusion (examples (ii) - (iv)):
¥ English sentences that contain NP conjunction (and other phrasal

conjunctions) cannot always be treated as elliptical forms of a
sentential conjunction.
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Propositional Logic!

Semantic rules for propositional logic (PL)

DISJUNCTION p | q |pUq
1 |1 1
1 |0 1
0 (1 1
0 |0 0

¥ The disjunction of two propositions is true if either one or both
disjuncts are true.

¥ Hence, the logical connective @ isnclusive: and/or.
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Propositional Logic!

Semantic rules for propositional logic (PL)

¥ The logical connectivel OO is inclusive, and so are many uses df
natural languages

¥ inclusive or: either one or both disjuncts are truedrvl/or)

Example:

At present, we invite all passengers who need some extrameipo
are travelling with small children to board the aircratft.
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Propositional Logic!

Semantic rules for propositional logic (PL)
¥ In natural languages, we also find a userahat corresponds to

¥ exclusive or: one and only one of the disjuncts is true
(= not p and geither E or)

a. John is twelve years old or John is fifteen years old.

b. You may have soup or you may have salad, but not both.
c. Mary has a son, or Mary has a daughter
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Propositional Logic!

Semantic rules for propositional logic (PL)
¥  Questions

1! Is the English disjunctionor lexically ambiguous between the
Inclusive and the exclusive interpretation? Il.e., do we want the
exclusive interpretation to be also a part of the truth conditions given
for or?

2.! Is the English disjunctionr not lexically ambiguous? I.e., do we want
to propose that it is inclusive just like the logical connect®@O and
the exclusive use obr is determined by the context of use and
pragmatic principles of interpretation?
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Propositional Logic!
Semantic rules for propositional logic (PL)

Observation 1

¥ In some cases, the exclusive meaningraé due to contextual factors.
In (i), it is our general world knowledge: We know that John cannot be
twelve years old and fifteen years old at the same time.

a. John is twelve years old or John is fifteen years old.
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Propositional Logic!

Semantic rules for propositional logic (PL)

Observation 2

¥ In (b), there is a real possibility that both disjuncts can hold, but this
possibility is excluded (is cancelled) by addmg not both

b. You may have soup or you may have salad, but not both.
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Propositional Logic!

Semantic rules for propositional logic (PL)

Observation 3

c. Mary has a son or Mary has a daughter .

¥ If you knew that Mary has a saand a daughter, then you would
certainly useand as the main connective, because it would result in a
more informative sentence.

¥ By usingor you conversationally implicate
B thatMary has a somnda daughteis false, and

B that you do not know for sure whether Mary only has a son or
whether Mary only has a daughter (see Grice 1975)
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Propositional Logic!

Semantic rules for propositional logic (PL)

From observations (1) - (3) we can conclude:

¥ The English disjunctioror is not lexically ambiguous but rather it
only has the inclusive meaning just like the logical connecti¢g O

M The exclusive meaning can be predicted using GriceOs (1975)
pragmatic principles of interpretation that speakers will commonly use
Op or O to implicate thretdt both are true.

¥ The exclusive interpretation of Op or qO as Onot p and g0, is a
conversational implicature afr. So there is no need to postulate a
second sense of. (See also Horn 1972, Gazdar 1979, Levison 1983,
p.134, Hirschberg 1991, p. 84ff.)
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Propositional Logic!

The logical disjunctiontOOvs. the English conjunctioor:

M  The logical disjunction!OOmay only combine two propositions
(simple or complex): p Q.
¥ The Englishor can often be used to conjoin constituents below a

level of a simple sentence. For example, it can conjoin two noun
phrases:

(1) a. John or Mary yawned.
b. John yawned or Mary yawned.
c. p! ¢
¥ (1a) is elliptical for (1b), and therefore represented as (1c).

¥ (1a) and (1b) are synonymous in their truth-conditional
meaning and have the same logical form (1c).
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Propositional Logic!

Another example in which the English conjunction differs from the
logical disjunction'O O

a. A doctoror a dentist can write prescriptions.
b. pAq

¥ The intended interpretation is that both doctors and dentists can write
prescriptions.

¥ (2a) would be false if doctors could, but dentists could not, write
prescriptions.

¥ Therefore, the best translation for this sentence into PL would be of the
form (2b), not Op U gO.
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Propositional Logic!

Semantic rules for propositional logic (PL)

CONDITIONAL p g p!g
material implication 1 1 1
1 0 0
o) 1 1
0] 0 1

In a conditional, we calp antecedent/hypothesis agdonsequent/conclusion.
The conditional is also called thenaterial implication.

The truth table is motivated by the following consideration:
¥ If the antecedent/hypothesis is true, then the consequent must be true.

¥ If the antecedent/hypothesis is false, nothing follows for the consequent (it can
be true or false).
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¥ SIMILARITIES between the material implicatiofOO and the discontinuous
connectivaf ... thenin English

The logical conditional shares one crucial feature with all the uses of the
discontinuous connective... thenin English:

when theif-clause (the antecedent) is true, thentti@nclause (consequent)
must be true, as well.

If it rains, the streets are wet

¥ excludes the possibility that it rains and the streetaatreet.

¥ If it does not rain, the streets may be wet or not wet.
To put it slightly differentlyfrom a falsity we can infer an arbitrary statement
p. Or,from falsehood everything followgx falso quod libét
We also find a rhetorical use of this principle, e.g.,

If you are smart, then | am Albert Einstein.
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¥ from a falsity we can infer an arbitrary statemgnt

from falsehood everything follow®atin: ex falso quodlibet
the principle of explosion

We also find a rhetorical use of this principle, e.g.,
If hell freezes over, 10l sled there too.
| marry you, iffwhen hell freezes over.

If buffalos have wings, 10l give you my next paycheck.
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¥ DIFFERENCES between the material implicatiof0O and the discontinuous
connectivaf ... thenin English

¥ When we use the discontinuous connective. then we expect there to be
some temporal and/or causal connection between antecedent and consequent.

¥ This does not hold for the logical connectiO. The following sentences
are true, according to the truth table @O:

a. Ifthe earth is flat, then all the square circles are red.
0 0 1

b. If the earth is flat, then it is raining in Paris.
0 Oorl 1

All that matters forO!O is the assignment of truth values to atomic
propositions.
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¥ DIFFERENCES between the material implicatiof0O and the discontinuous
connectivaf ... thenin English

a. If this car is cheaper than $1,000, then | will buy it.
1 1 1

b. If this caris NOT cheaper than $1,000, then | will NOT buy it
0 0 1

c. If this caris NOT cheaper than $1,000, then | will buy it
0 1 1

K

Most people will understand (a) in the sense of (b), and not as (c).

The (c) reading is predicted by the logical conditional, but it is not a reading
that we would assign the English conditional sentence (a).
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¥ Motivation: We find a tendency in natural language use to strengthen the
conditional. This follows from the rules associated with language use: A
speaker typically makes assertions that are as OstrongO as he or she is willing to
support (Maxim of Quantity, Grice 1975). Given this pragmatic rule, (a) is
understood as (b), but not (c), i.e., in a stricter way than the logical conditional.

a. If this car is cheaper than $1,000, then | will buy it.
1 1 1

b. If this caris NOT cheaper than $1,000, then | will NOT buy it
0 0 1

c. If this caris NOT cheaper than $1,000, then | will buy it
0 1 1
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If-then propositions and necessary & sufficient conditions

If a number is divisible by 1€henit is divisible by 2
P ! q
¥ The clause introduced by (a number is divisible by }@s called thénypothesis
It is what we are given, or what we may assume.
¥ The clause introduced higen (it is divisible by 2 is called theconclusion It is
the statement that follows from the hypothesis. Or, given the hypothesis, it is the
statement that we must prove.
¥ When thef-then sentence is trye
Bxthe hypothesis is aufficient condition for the conclusion. Thus it is sufficient
to know that a number is divisible by 10 in order to conclude that it is divisible
by 2.
BlThe conclusion is then calledhacessarycondition of that hypothesis. For, if
a number is divisible by 10, it necessarily follows that it will be divisible by 2.
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If-then propositions and necessary & sufficient conditions

If a number is divisible by 1Ghenit is divisible by 2
P ! q
hypothesis conclusion
sufficient condition for the conclusion necessarycondition of the hypothesis
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If-then propositions and necessary & sufficient conditions

! If a number ends in 0, then it is a multiple of 5.

! Is the hypothesis a sufficient condition for that conclusion?!
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If-then propositions and necessary & sufficient conditions

! If a number ends in 0, then it is a multiple of 5.

! Is the hypothesis a sufficient condition for that conclusion?!

el Yes, because the statement is true.!
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If-then propositions and necessary & sufficient conditions

! If a number is a multiple of 5, then it ends in O.

! Is the hypothesis a sufficient condition for that conclusion?!
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If-then propositions and necessary & sufficient conditions

! If a number is a multiple of 5, then it ends in O.
! Is the hypothesis a sufficient condition for that conclusion?!

o/ No, because the statement is false. 15 i1s a multiple of 5, but 15 does
not end in 0.!
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If-then propositions and necessary & sufficient conditions

! If a number is prime, then it is odd

! Is the conclusion a necessary condition of that hypothesis?!

Note: !

IIn mathematics, a prime number (or a prime) is a natural number
which has exactly two distinct natural number divisors: 1 and itself.!
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If-then propositions and necessary & sufficient conditions

! If a number is prime, then it is odd.
! Is the conclusion a necessary condition of that hypothesis?!

ol No, because the statement is false. 2 is a prime, and it is not odd.!
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If-then propositions and necessary & sufficient conditions

! If two numbers are even, then their product is even.

! Is the conclusion a necessary condition of that hypothesis?!
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If-then propositions and necessary & sufficient conditions

! If two numbers are even, then their product is even.
! Is the conclusion a necessary condition of that hypothesis?!

el Yes, because the statement is true.!
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Examples:
P q condition
getting an A passing the class p is sufficient for g
decapitation death p is sufficient for g

In English, the following expressions indicate sufficient conditions:
If p then g, p implies g, p is enough for g

Summary:
¥ |IF pimplies q, then a statement p IS asufPcient conditiorof a statement q. !

Ip guarantees q.!
'Whenever you have p, you have q. !
IAnything p is .
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¥ To show that some statement p (about some property) NGAS a
SUFFICIENT CONDITION

You find cases whengis present buf is not.

Examples:

¥ Loving someone isot sufficient for being loved. A person who loves

someone might not be loved by anyone perhaps because she is a very nasty
person.

¥ Loyalty isnot sufficientfor honesty because one might have to lie in order to
protect the person one is loyal to.

September 29, 2008! Hana Filig 8d



Propositional Logic!

¥ Some state of affairs can havere than on&UFFICIENT CONDITION :

Example: Take the property of being colored.

Being blue is sufficient for being colored, but of course
being green,

being red

etc.

are also sufficient for being colored.
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¥ If p implies q, then a statemenis aNECESSARY CONDITION of a statement p.
A necessary condition is sometimes also callece@=amtial conditionO

Examples: !
Ip ! ! Iq ! I condition!
Ibe alive ! Ibreathe | I q is necessary for p !
Icar runs ! lgas in car I q is necessary for p !
Ibeing pregnant ! Ibeing female I q is necessary for p !

¥ g is necessary for p if and only if p cannot occur without q,
it is impossible to have p without g, the absence of g guarantees the absence of p.
Whenever you have p, you have q.
Anything p is .
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! To show that q is not a NECESSARY CONDITION for p, you find cases where
q is present but p is not. !

Examples:!
IGetting an A 1n this class is not necessary for passing this class.!

IBeing rich is not necessary for being happy, since a poor person can be happy
too. |
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¥ ONLY IF introduces a necessary condition

l.e.,a condition that must hold in order for something else to hold.

Example:

Buying a lottery ticket (q) is a necessary condition for winning a lottery (p),
but it does not guarantee that you will actually win the lottery.

a. Youwin onlyif you buy a lottery ticket

P q
b, ponlyifqg
C. If p then @
d p! (g

(b) and (c) have the same truth conditions in PL.
Both are represented as (d).
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You willwin the lotteryonly if you buy a lottery ticket

P q
BUY LT
CONDITIONAL p q p!q
material implication 1 1 1
1 0 0
0 1 1
0 0 1

¥ If you buy a lottery ticket, you may or may not win.
¥ If you do not buy a lottery ticket, you will not win.

¥ This excludes just one possibility: namely, that you win the lottery, but you did
not buy a lottery ticket. This is exactly the case in wHighthen gis false.
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Semantic rules forpropositional logic (PL)

BICONDITIONAL p q pR q
1 1 1
1 0 0
0 1 0
0 0 1

¥ Bothp andqg are either true at the same time, or false.
Example: Jane will go to the party and only if Marc goes

¥ p qqis logically equivalent to p!q A q !p.
Jane will go to the party if Marc goes and Marc will go to the party if Jane goes.

¥ Among English expressions translated by the biconditional are
if and only if(=iff)
just in case thatand
IS a necessary and a sufficient condition for
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IFF or biconditional introduces necessary & sufficient conditions

Examples:
¥ Today is the Fourth of Julg a necessary and a sufficient condition for

Today is Independence
¥ Having four equal sides is both necessary and sufficient for being a
square.

September 29, 2008! Hana Filig 874



Propositional Logic!

¥ IFF or biconditional introduces necessary & sufficient conditions
used in definitions

a. Xiscalleda (orisaYiff (=if and only if ) X has property P.
b. A geometric figure is a trianglé it has three sides.

¥ Usingif instead ofiff would leave open the possibility that X might also be
called a Y (the term being defined) in other circumstances, as well.

Example: Xis a studentif she attends Princeton University

if she attends Stanford University
if she attends Santa Fe College
etc.
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¥ necessary & sufficient conditions

history

o! Plato (428/427 BCD 348/347 BC)!

—! everything in the world fits into some class, and the classes can be
precisely defined !

—! it is possible to specify the necessary and sufficient conditions for
membership in the class of things denoted by any concept!
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The following classification is very useful when we need clarify how two concepts are
related to each other.

Given two conditions X and Y, there &®UR WAY Sin which they might be related
to each other:

¥ X s necessary but not sufficient for Y.

Example: Having four sides is necessary but not sufficient for being a square (since a
rectangle has four sides but it is not a square).

¥ X s sufficient but not necessary for Y.

Example: Having a son is sufficient but not necessary for being a parent (a parent can have
only one daughter).

¥ X is both necessary and sufficient for Y. (or Ojointly necessary and sufficientO)
Example: Having four equal sides is both necessary and sufficient for being a bachelor.

¥ X s neither necessary nor sufficient for Y.
Example: Being a tall person is neither necessary nor sufficient for being a successful person.
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¥ necessary & sufficient conditions

History (Recall Lecture 1):

¥ problems related to definitions of concepts (and meaning of words in natural
language) in terms of necessary&sufficient conditions

¥ definitions based on sufficient and necessary conditions rejected by Ludwig
Wittgenstein inPhilosophical Investigationg§l953), and instead Ofamily
resemblanceO proposed as being more suitable as an analogy for capturing the
means by which we connect particular uses of the same word

¥ alternative proposals within mentalistic, cognitive theories of meaning (e.g.,
the prototype theory of Rosch, starting in the early 19700s).
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¥ How truth values of complex expressions can be computed

As soon as we know the truth values of atomic propositions, we can compute
truth values of complex expressions

Example:
a. [pUq]![rAp]

b. Letus assume the following truth values of atomic propositions:
p=0,g=1, r=1.

c. [puUq]![rAp]
0 1 1 0

1 0
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¥ How truth values of complex expressions can be computed

we can also compute the truth value of the complex expression with respect to
every possible truth value for the atomic propositions We then get
something like a truth table for the complex expression:

P |a (r [ [ptall [r"pl| [p!al# [rp]
1 |1 (1| 1 1 1
1 |1 (o 1 0 0
1 |0 (1| 1 1 1
1 |0 (0| 1 0 0
O |1 [1]| 1 0 0
O |1 |0 1 0 0
o |0 |1 O 0 1
o 'lo ol o 0 1
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Propositions can be classified according to their truth tables:

¥ Tautologies
¥ Contradictions
¥ Contingencies
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¥Tautologies T

¥ A proposition is called a tautology, if the final column in its truth table
contains nothing buitOs, i.e. the proposition is always true, whatever
the initial assignment of truth values to its atomic propositions.

¥ Such propositions are true simply because of the meaning of the
connectives.

__Example of a tautology: Law of the excluded middle

p!  Ap
Whatever sentence we use fpand whatever truth-value we give this
sentence, the truth-value of the complex proposition witl be
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Law of the excluded middlep! Ap

Example: ItOs raining or itOs not raining

¥ However we change the world (whatever possible world we choose), it will be true that
either it is raining or it is not raining.

M The truth-set of [b Ap] is the union of the set of possible worlds where p is true and
the set of possible worlds where Ap is true, which is the santecaset ofall the
possible worlds(=the universal se). In general, it holds that

the truth-set of a tautology is the universal set

¥ The meaning of any given proposition can be definedaset of all the possible worlds
in which the proposition is true (Recall David LewisOs notion of the Opossible worldO.)
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¥ Tautologies T
p!'p

Alp A Ap]
p!lg!p]
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¥ Contradictions!

A proposition is called a contradiction if the final column in its truth table contains
nothing but 00s, i.e. it is always false, whatever the initial assignment of truth
values to its atomic propositions.

p AAp It is raining and it is not raining.
p gAp
Al[pUq]! [qUp]]
No matter how we change the world A A p will always be false.

There is no possible world in which a contradiction can be true.
Thereforethe truth-set of a contradiction is the empty set (of possible worlds).
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¥ Tautologies T and Contradictiond

Complement Law: A 1T
¥ p is a tautology iff Ap is a contradiction
¥ pis a contradiction iff Ap is a tautology.

Examples:
All property is theft All circles are round T
A (All property is theft) T A(All circles are round)”

All circles are square "
A (All circles are square)T

All property is theft (attributed to Pierre-Joseph Proudhon, 1809-1865, French political phil.)
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¥ Tautologies T and Contradictions

Any proposition (basic or complex) whatever may be substituted for atomic
propositions in a tautology or in a contradiction without affecting the truth

value of the original expression.

Example:

[p U Ap] is a tautology.

Replacing p byg ' r] , we get

[[a!'r] U Alg!'r] ], which isalso a tautology.

¥ We cangenerateinfinitely many tautologies and contradictions from formulas
that are tautologies and contradictions.

¥ Vice versa, we can check whether a given formula is a tautology or
contradiction byreducingit to a known tautology or contradiction.
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¥ Verifying Tautologies T and Contradictions!

How can we prove whether a proposition of PL is a tautology or a contradiction?
By applying one of the two main types of proofs in mathematics:

1" DIRECT PROOF: we compute all the possible assignments of truth values

to the atomic propositions, and check whether every such assignment

yields O (contradiction) or whether every such assignment yields 1
(tautology). Aka

PROOF BY CASES
PROOF BY EXHAUSTION

PERFECT INDUCTION or theBRUTE FORCE METHOD.

2" INDIRECT PROOF : QUICK FALSIFICATION test which makes use of the
general reasoning strategy of

INDIRECT PROOF BY CONTRADICTION, also closely related to the
INDIRECT PROOF BY REDUCTIO AD ABSURDUM .
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Example: Verifying Tautologies T
DIRECT PROOF, PROOF BY CASES
Consider the formula (A B)! C)! (A! (B! Q)

There are 8 possible valuations for the atomic propositions A, B, C, represented by
the first 3 columns of the table. The remaining columns show the truth of
subformulas of the main formula, the final column shows the truth value of the whole
formula under each valuation.

ABCAAB(AANB)—-CB—-CA—(B—-C)((AANB)—=C)& (A— (B—())

K K K

T(T(T T T T T T
T|IT|F T F F F T
T(F(T F T T T T
T|F|F F T T T T
FITIT F T T T T
FIT|F F T F T T
FIFT F T T T T
F|F|F F T T T T
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¥ Verifying Tautologies T and Contradictions!

We can convince ourselves that this method works for an arbitrary
formula of PL. That is, it will give us a result in a finite number of
steps, because every PL formula is of finite length. Hence, it has only
a finite number of different atomic propositionsand we have to
consider a finite number of truth value assignments to atomic
propositions,2" (2 truth values,n number of atomic propositions).
We can check in a finite number of steps for each truth value
assignment whether the formula is true.

September 29, 2008! Hana Filig 103



Propositional Logic!

¥ Verifying Tautologies T and Contradictions!

For example, for three atomic propositions we have 2x2x2 = 8 possible assignments.

OO O0OORrRPRFRPFRPFR>
O o FrRPPFPOOFFm
OFRP OFRr OFR OF (O
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¥  Verifying Tautologies T and Contradictions!

2" INDIRECT PROOF: QUICK FALSIFICATION test which makes use of the
general reasoning strategy of

INDIRECT PROOF BY CONTRADICTION, also closely related to the
INDIRECT PROOF BY REDUCTIO AD ABSURDUM .

PROOF BY CONTRADICTION uses the
Law of Indirect Reasoning:
If valid reasoning from a statementp leads to a false conclusion, thepis false.

PROOF BY REDUCTIO AD ABSURDUMIs a process of refutation on grounds that

absurd - and patently untenable consequences would follow from accepting
the item at issue.

If Fido becomes the next President, then pigs cah fly
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¥ Law of Indirect Reasoning:

If valid reasoning from a statementp leads to a false conclusion, thep is
false.

IMPLEMENTATION may be done by means of truth tables:

¥ The test systematically searches for a line on a truth table whose final value is
0.

¥ If the search is completed and no such line is found, then we know for sure that
the proposition is a tautology.
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Propositional Logic!

=

tautology?
1. assumption to the contrary: contradiction

2. follows from truth table for !
3. uniform assignment of truth value to atomic propositions

4. no assignment for g that makes qlp false

If p is true, then g!p is true, according to the truth

CONDITIONAL |

material implication

OOk RO

September 29, 2008!
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| qip table for!.
1
A
1 Therefore(p ! (q!p)) IS a tautology
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Is(p!(g!p)) atautology?

E previous slide, in words:

¥ We enter the truth value directly under the principle or OhighestO connective,
l.e., the last one added in the syntactic construction of the formula.

2. Then reasoning from that assumption: the antecguefthis conditional must

be true and the conseque&nmust be false, since this is the only 0-case for
conditionals.

3. We fill out the 1-assignment for the atomic proposifoin the consequent of
the whole formula (uniform assignment of truth values to the atomic
proposition, the same throughout the entire formula).

4! Conflicting assignment: the consequent should be false, this cannot be the
case, since p is true and the consequent can only be false if p is false. Hence,
we conclude that the assumption that there is a line on the truth table for this
proposition which ends in false is itself false. Thus all lines must be 1.
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Is a given formula a tautology?
General strategy:

1.  We assume to the contrary that it is not: we assume that it is a contradiction.
This means that we assume that there is at least one line whose value is O for
the whole formula.

2! For there to be a line whose final value is O there must be at least one
assignment of truth values to the atomic formulas that yields the truth value
O for the whole formula. We try to construct such an assignment by
reasoning ObackwardsO to see whether we can find such an assignment of
truth values to the atomic propositions without running into contradictory or
conflicting assignments.

3! If we fail, we have to retract our assumption that the formula is a
contradiction, and have shown that our formula is a tautology.
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¥ Contingency

All propositions with both 1 and 0 under the main connective in their truth
tables are calledontingent propositionsor contingencies
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¥ Logical equivalence
¥ Logical conseguence
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¥Logical equivalence

¥ p! qiffp qqis atautology

In words: The two propositions p and g are logically (semantically) equivalent,
l.e., either they are both true or both false at the same time, writpeln ag, if
and only ifp qg (a biconditional proposition) is a tautology.

CONDITIONAL P q p!q
material implication 1 1 1
1 0 0
0 1 1
0] o) 1

¥ p! g means that p implies g and q implies p: p!q A q !p.
¥ Also: p agq
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¥ Logical equivalence

Saying that two propositions are equivalent, either true or false at the same time, does not
mean that they have the same meaning (sense).

Example: p = The triangle ABC has two equal sides.

q = The triangle ABC has two equal angles.

isosceles triangle

p!q

If the triangle ABC has two equal sides, then the triangle ABC has two equal angles.
q'p

If the triangle ABC has two equal angles, thestriangle ABC has two equal sides.
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¥Logical equivalence

Ll The relation of logical equivalence allows for a replacement of any subformula
by a logically equivalent expression, whereby the truth value of the original
formula is preserved, i.e. both its truth and falsity is preserved.

Example:
In the proposition pUq
replacement op by the logically equivalent p! ((pAp)
complex proposition(p A p)
yields a statement (0 Ap) Ug)
whose truth value is exactly the same as
the original proposition: wUqg)! ((Ap) Ug)
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¥ Logical conseguence

If a conditional proposition is a tautology, we say that

¥ the consequent islagical consequencef the antecedent, or
¥ the antecedendgically implies (entails)the consequent.
We write this as:

paq

pagq iff p!qisatautology

Example: pA qa p
Archibald wears a bowtie and a silly grogically implies/entails th
Archibald wears a bowtie.
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¥ Laws of Propositional Logic

Logical equivalence allows us to define the relations between the
connectives of propositional logic: such relations are expressed by the
laws of propositional logic.
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1. Idempotency

(a) PAp]! p
(b) pUpP]! p

Pigs can fly and pigs can iy logically equivalent twigs can fly
Pigs can fly or pigs can fig logically equivalent t@igs can fly
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2. Associativity

(a) [PAqlAT! [pA[g ATl
(b) [(pUqlUrN! [pU[qUT]
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3." Commutativity

a. [pPAql! [qAp]
b. [pUq]! [qUp]

tOs raining and the streets are Wet.
The streets are wet and itOs raining.

Tom is short or Tom is vertically challengkd
Tom is vertically challenged or Tom is short.
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4. Distributivity

a. [pAfqu! [lpAd] UlpAT]
b. [pU[gAT]! [[pUq] AlpUr]]

Example for (a):

101l have salad and then (10ll order a pizza or a IOl order a cheese cake).
|

(101l have salad and then IOl order a pizza) or
(101l have salad and then IOl order a cheese cake).
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5." ldentity

al [pA" ]!

b! [p AT]! p
c! [puU" 1! p
d! [pUT]! T

¥  TakeT to be a formula that is always true (a tautology), 'antb be
a formula that is always false (a contradiction).
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6. Complement

al [pUAp!! T (excluded middle)
b! AAp! p (double negation)
c! [pAAp]l "

dl A" 1 T (see above)
Examples:

a.! Either Bart knows the answer or he does not know the answer.!

b.! We Cannot Not Change the World!!
c.! IBart knows the answer and Bart does not know the answer.!

September 29, 2008! Hana Filig

122



Propositional Logic!

7. DeMorganOs Laws

a. ApAq]! [ApUAq]
b. ApUq] [ApAAq]

Examples:
a.! t’s not true that you can eat lots of food and stay thin. | !

I IEither you do not eat lots of food or you do not stay thin. !

b.! t’s not true that milk is in the fridge or on the table. !
Milk is not in the fridge and not on the table.
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7. De MorganOs Laws

el Probably the most important logical equivalence!

el To negate p! q (orp! q), you “flip” the sign, and negate BOTH p and ¢!

—! Thus, ~(p! q! -p! ¢

—! Thus, ~(p! q! -p! ¢

plajt b pt P (! p! P! P ! p

plilg]l q|! ¢l ! g | ¢ Q' ! ¢
TIT! F!'| FI| T F! F! T! F! F!
TIF! FI| T!| F! T! T! T! F! F!
FI'T| T!| F!| F! T! T! T! F! F!
FIF! T!| T!| F! T! T! F! T! T!
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8." Conditional Laws

al [ptql ! [ApUq]

b! [p!qg ' [Ag!Ap] (contraposition)
c! [ptal ! ApAAq]

d! [p!q] ! I[p U al aq

el [p!q] ! [pAd]op

Examples:

a. If John loves Jen, then they are together in NY City.
John does not love Jen or they are together in NYC.
c. If John loves Jen, then they are together in NY City.
It cannot be the case that John loves Jen and they aamgatter in NY City.
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O. Biconditional Laws

a. [paqdl! I[p'alAlqg!p]
b. [pagl! [[ApAAgIUI[pAd]
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¥ Laws of Propositional Logic

¥We may verify that these logical equivalences hold by the truth table
method. Logically equivalent propositions have the same truth value
for any assignment of truth values to the atomic propositions.

¥ The laws of propositional logic (i.e., relations between the connectives
of propositional logic, their interdefinability) are useful when we try to
simplify complex formulas by rewriting them in a more transparent way
and reducing them to simpler formulas.

II.e., we show that a complex formula is logically equivalent to a simpler
formula and we do so by means of the laws of propositional logic. !

! Propositional logic can be defined in terms of negation plus one other
connective (see also de Swart, p.85).!
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¥ Laws of Propositional Logic

Show that ~(pV (-pAgq)) = pA—gq.

S(pV(pAg))=-pA-(-pAgq) (De Morgan's law)
= -pA(-(-p) vV gq) (De Morgan's law)
=-pA(pV—q) (Double negation law)
= (-pAp)V(-pA-gq) (Distributive law)
=FV(-pA-gq) (Contradiction law)
=(-pA-q)VF (Communitive law)
=-pA-q (Identity law)
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¥ Laws of Propositional Logic

Show that —(pV —q) V (-p A —q) = —p.

“(pV-q)V(-pA-q)=(-pAg)V(~pA—g) (De Morgan's law)

=-pA(gVq) (Distributive law)
=-pAT (Excluded middle law)
=-p (Identity law)
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¥Propositional Logic and Set Theory

¥ Propositional logic and set theory show the same underlying
mathematical structure, which is called a Boolean algebra (logic).

¥ George Boole (1854)n Investigation of the Laws of Thought.

¥ Boolean algebra is the algebra of two-valued logic (whose members are
most commonly denoted O and 1, or false and true) with only sentential
connectives, or equivalently the algebra of sets under union and
complementation
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Set Theory Propositional Logic

SETS PROPOSITIONS (WFFOS)
& (union) U

I (intersection) A

I (subset) |

p 3

O ~© (complement) A

U T

U: is a set of all sets (the universal sk, truth-set of a tautology)
a: is the union of the sets in S.
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¥ Laws of Propositional Logic and Set Theory: Venn Diagrams

a (union)
raining! the sun is shining

I (intersection)
raining! the sun is shining
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¥ material implication O!O and subsét O
If a car runs, then it has gas
A carruns! A car has gas

run! have gas

The set of situations in which a car runs is included within the set of situations in
which that car has gas. Having gas is necessary for a car to run, but it does not
guarantee that (is not sufficent for) a car (to) run, because a car may have gas and

not run.

has gas!

does not)!
run !
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set
s

everything 4
AUB "A union B" that is in {1, 2, 3}
either of the sets
ANB only the things 4
or "A intersect B" that are in {2}
ANB both of the sets
A° " " everything 4
or 4 oor:"lplem'e’znt ' in the universe {3, 4}
~A or "not 4 outside of A
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set
=

"A minus B", or everything in A Y
A-B ; | except for anything {1}
A complement B o _
in its overlap with B
everything 4
~(AU B) | "not (4 union B)" outside {4}
Aand B
~(A " B) everything outside 4
or "not (4 intersect B)" of the overlap {1, 3, 4}
~(& NB) of Aand B
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¥ Boolean algebra and programming

e/In 1938, Claude Shannon proved that a two-valued Boolean algebra
(whose members are most commonly denoted O and 1, or false and true)
can describe the operation of two-valued electrical switching circuits. !

e/ Boolean algebra and Boolean functions are indispensable in the design
of computer chips, integrated circuits. !

! Boolean logic has many applications in electronics, computer hardware
and software, and is the base of digital electronics. !
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¥ Boolean algebra and programming

el In 1938, Claude Shannon (1916-2001) proved that a two-valued Boolean
algebra (whose members are most commonly denoted O and 1, or false and true)
can describe the operation of two-valued electrical SW1tch1ng 01rcu1ts the basic
building blocs of digital electronic circuits. ! ' ' |
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¥ Boolean algebra and programming

el Basic combinational circuits

=D

IIn electronic switching circuits, so-called
lgates are used to perform logical functions
lequivalent to networks of switch contacts.

IIn this sense, an electronic gate is an
! lelementary combinational
! ! ldo not function by

cl INPUT OUTPUT

ph A B AANDB r ! ! !
Ire 0 o 0 on paths'! ! !
Ibe 0 1 0 ly operated ! !
ISy o " lled relays. ! !
In ol ' ntrol of ! ! !

Ivoltage or current levels at their output.!

I'The most commonly encountered gates are the AND and the OR gates. The
AND gate produces an output only if all its inputs are concurrently present.
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¥ Bitwise operation: A bit is a binary digit, taking a value of either O or 1.

¥In computer programming, a bitwise operation operates on binary
numerals (numbers based on 0 and 1) at the level of their individual bits.
An ordered collection of bits is a byte, with each bit denoting a single
binary value of 1 or 0. The size of a byte can vary and is generally

determined by the underlying computer operating system or hardware,
although the 8-bit byte is the standard in modern systems.

¥MA Dbyte is the basic unit of measurement of information storage In
computer science.
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¥ Bitwise AND
The bitwise AND operator simply takes the logical AND of the bits in
each position of a number in binary form.
01001000 & ampersand
10111000 =
00001000

! Bitwise OR!
101001000 | ! Ipipe line line !
110111000 =!
IT1111000!
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