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Abstract—Sequence sets with low periodic correlations are used
in many areas, such as asynchronous code-division multiple ac-
cess (CDMA) systems, medical imaging, radar and sonar. Lower
bounds on the integrated sidelobe level (ISL) and the peak sidelobe
level (PSL) of periodic sequence sets, under a power constraint,
have been previously derived in the literature. In this letter, we ob-
tain the ISL and PSL lower bounds using a different framework.
The main contribution of the letter consists in using this frame-
work to derive closed-form expressions for all power constrained
periodic sequence sets that meet the ISL lower bound.

Index Terms—Integrated sidelobe level (ISL) bound, ISL op-
timal sequence sets, periodic correlation.

I. INTRODUCTION

C ONSIDER a set of sequences
, each of which is of length .

The periodic cross-correlation between the and
sequence at time lag is defined by

(1)

where denotes the complex conjugate and
( is the biggest integer that is smaller than or equal

to ). When , the correlation above becomes the auto-
correlation of the sequence. If not specified otherwise, only
the following power constraint is imposed on the sequence set:

(2)

Sequence sets with low auto- and cross-correlations are de-
sired in many applications, including asynchronous CDMA sys-
tems [1], ultra-sonic imaging [2] and radar and sonar [3]. The
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two metrics that are most commonly used to measure the corre-
lation levels are the integrated sidelobe level (ISL) and the peak
sidelobe level (PSL)

(3)

(4)

A lower bound on PSL (denoted as ) has been derived
by Welch in [4] and several sequence sets have been proposed
to asymptotically (in ) meet the Welch bound, e.g., [5]–[7].
Compared to , the corresponding ISL lower bound (de-
noted as ) was less discussed in the literature (with [5], [8]
being a notable exception) and there appears to be hardly any
detailed discussion on sequence sets meeting . In this letter
we focus on ISL-related aspects. We use the periodic cyclic al-
gorithm new (PeCAN) framework of [9] to obtain and

. The main contribution of the letter consists in using this
framework to derive closed-form expressions for all power con-
strained periodic sequence sets that meet the ISL lower bound.

Notation: We use bold lowercase and uppercase letters to de-
note vectors and matrices, respectively. denotes the conju-
gate transpose, the transpose, the Frobenius matrix
norm, the Euclidean vector norm, and the identity
matrix.

II. THE PECAN FRAMEWORK

The PeCAN framework introduced in [9] was used to gen-
erate a single sequence with practically zero periodic auto-cor-
relation sidelobes. In this section we outline its extension to the
case of a set of sequences. The extended framework lays the
ground for the derivations in the next sections.

Let denote the following right circulant matrix associated
with the sequence

...
...

(5)

and let be stacked together as follows:

... (6)

It is not difficult to see that each appears times in the
matrix and therefore that the ISL metric defined in (3)
can be expressed compactly as

(7)
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The right circulant matrix can be written as ,
where is the FFT matrix and is a diagonal matrix
whose diagonal elements are given by the FFT of .
Making use of this expression for and of (7), the ISL metric
can be written as

(8)

(9)

where

...

(10)

We refer the reader to [9] and [10] for more details on the above
derivation. The formula in (9) for the ISL metric lies at the basis
of the derivations in the following sections.

Under the unimodular constraint on (i.e.,
), the ISL metric in (9) can be minimized with respect to the

phases of by a cyclic algorithm similar to the one pro-
posed in [10], to which, once again, we refer for details. The
so-obtained algorithm is called PeCAN like in [9] and [10],
since it is a direct extension of the one in the cited references.
Note that the PeCAN algorithm generates unimodular sequence
sets, whereas the derivations in the next two sections impose
only the general power constraint in (2).

III. NEW DERIVATION OF AND

Our problem is basically to minimize the ISL in (9) under the
power constraint in (2). It follows from the Parseval’s equality
that the power constraint can be written as

(11)

Let

(12)

and observe that we can minimize (9) by solving the following
problem:

(13)

(14)

Using (14) leads to a simpler expression for

(15)

where

(16)

Define an matrix whose element is . Then
can be written as

(17)

where

(18)

Furthermore, using we can rewrite the constraint
in (14) as

(19)

where

(20)

Next note that

(21)

where

(22)

is a positive semi-definite matrix (since it is the orthogonal pro-
jector onto the null space of ). It follows from (17), (19), (21),
and (22) that

(23)

From (9), (13), (15), and (23), we obtain the equations

(24)

which lead to the following lower bound on ISL:

(25)

Also note from (3) that

(26)

which, together with (25), lead to the following lower bound on
PSL:

(27)

The above coincides with the PSL bound introduced in
[4] and agrees with the ISL bound implicitly discussed in
[8].

IV. OPTIMAL ISL SEQUENCE SETS

A byproduct of the previous discussion is the following result:
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(28)

from which it is easy to see that

(29)

which satisfies the constraint in (14), is a particular minimizer
of ISL. Because denotes , the ISL criterion depends
only on which is the absolute value of FFT of the
sequence at the frequency . As an example, if we
choose zero phases for all , then (29) leads to

(30)

which corresponds to the following sequence set:

(31)

Apparently the ISL of the sequence set in (31) is
which meets the ISL lower bound in (25). Yet

such a sequence set is not too useful because the crosscorre-
lation at lag zero between any two sequences is as high as the
in-phase autocorrelation and the peak-to-average power ratio
(PAR) for any sequence in this set, which is defined as

(32)

is the largest possible (i.e., ).
Next, we derive all solutions to the minimization problem

in (13). Let denote an vector whose elements are
all [corresponding to the particular solution in (29)] and let

which is an vector that contains the
columns of stacked on top of each other. Then we can write

and (that appear in (17) and (19), respectively) in the
following way:

. . .

(33)

If an vector satisfies

(34)

then leads to in (17) and in (19). From this
observation and the fact that is a particular solution to (13),
it follows that all solutions to (13) are given by

(35)

where is sufficiently small so that (element-wise). Note
also that belongs to the range space of , which implies
that and thus that is the minimum-norm solution of

(13) (indeed, from (35), we have that
).

The problem that remains is to determine , or equivalently,
the null space of . We assume that and
so that is a “fat” matrix that has a nontrivial null
space. Owing to the special structure of and , a closed-form
basis for the null space of can be obtained as follows.
Define

. . .

. . .

. . . (36)

(the dimension of is ) and then it is
easy to verify that

(37)

Because , spans a subspace
of dimension that belongs to the null space
of . To show that spans the entire null space of

, note that

...
. . .

(38)

The first columns of this matrix are obviously linearly
independent but not all of its columns are so; indeed,
we have that

...
(39)

Hence, and consequently the
dimension of the null space of this matrix is

. The proof that spans the
entire null space of is thus concluded.

In summary, the vector can be written as , where
the vector is arbitrary. Furthermore, it
follows then from (35) that all solutions to (13) are given by

(40)

For any given and , we compute (i.e., ) using (40)
and where the phases can be chosen
randomly. Then the IFFT of gives the sequence

. We call such a sequence set (meeting the ISL
lower bound) an ISL-optimal sequence set.

Note that in the single-sequence case (i.e., ),
has a trivial null space, and thus there is only one

solution to (13): . This observation agrees with the
known fact that for any single ISL-optimal sequence (such
as the Frank or Chu sequences, see e.g., [3]), the magnitude
of its FFT is the same (equal to if the sequence power
is constrained to be ) at all frequency points. In the case of

, a similar characterization (which appears to be novel)
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TABLE I
PECAN SEQUENCE SET, � � ��� � � �

TABLE II
SEQUENCE SET FROM (40), � � ��� � � �

can be shown to hold: a sequence set is ISL-optimal if and only
if (see (10) for the definition of ).

Finally we remark on the fact that if a set of se-
quences meets , then these sequences are comple-
mentary sequences (see, e.g., [8]), i.e., for

. Hence the construction method outlined in
this section for ISL-optimal sequence sets can also be used to
obtain complementary sequences.

V. NUMERICAL EXAMPLES AND CONCLUDING REMARKS

We use the PeCAN algorithm in Section II and the closed-
form construction in Section IV to generate ISL-optimal se-
quence sets. Table I shows a PeCAN sequence set with

while Table II shows a sequence set of the same size
constructed from (40). Both sequence sets achieve the ISL lower
bound: . The PeCAN sequence set is unimodular
and its PSL is 3.53; the other sequence set has ,

and its PSL is 3.51.
Note that the PeCAN algorithm uses a random initialization

(see [9] and [10]) and that different initializations lead to
different unimodular sequence sets that are all expected to
meet the ISL lower bound. Furthermore, because the PeCAN
algorithm relies on FFT operations (see [9] and [10]), it can
generate large sequence sets up to . Fig. 1 shows
the correlation level of a PeCAN sequence set with
and . The correlation level at lag is defined as

Fig. 1. Correlation level of an ISL-optimal sequence set generated by the
PeCAN algorithm �� � ������ � � ���.

. This PeCAN sequence set also

meets the ISL lower bound which is .
Compared to the PeCAN algorithm which is iterative, the

construction method in Section IV has a closed form and thus
there is essentially no length limit for the generated sequence
sets. Moreover, because and (see (40)) can be ran-
domly chosen, this method can also generate many different se-
quence sets that all meet . As a matter of fact, the PeCAN
sequence sets are just special cases of (40).

Note that the closed-form construction method based on (40)
does not deliver unimodular sequence sets as PeCAN does. This
means that we may need to try different choices of or

to obtain sequence sets with low PAR’s. A systematic
way for choosing and in the construction method of
this letter to achieve, besides optimal ISL, other useful features
(such as low PAR and low PSL) remains an interesting topic for
future research.

REFERENCES

[1] N. Suehiro, “A signal design without co-channel interference for
approximately synchronized CDMA systems,” IEEE J. Sel. Areas
Commun., vol. 12, no. 6, pp. 837–841, Jun. 1994.

[2] V. Diaz, J. Urena, M. Mazo, J. Garcia, E. Bueno, and A. Hernandez,
“Using golay complementary sequences for multi-mode ultrasonic op-
eration,” in Proc. IEEE 7th Int. Conf. on Emerging Technologies and
Factory Automation, UPC Barcelona, Catalonia, Spain, Oct. 1999.

[3] N. Levanon and E. Mozeson, Radar Signals. New York: Wiley, 2004.
[4] L. R. Welch, “Lower bounds on the maximum correlation of signals,”

IEEE Trans. Inform. Theory, vol. IT-20, no. 3, pp. 397–399, May 1974.
[5] D. V. Sarwate, “Bounds on crosscorrelation and autocorrelation of se-

quences,” IEEE Trans. Inform. Theory, vol. IT-25, no. 6, pp. 720–724,
Nov. 1979.

[6] P. V. Kumar and O. Moreno, “Prime-phase sequences with periodic
correlation properties better than binary sequences,” IEEE Trans. In-
form. Theory, vol. 37, no. 5, pp. 603–616, May 1991.

[7] Y. K. Han and K. Yang, “New M-ary sequence families with low cor-
relation and larger size,” IEEE Trans. Inform. Theory, vol. 55, no. 4,
pp. 1815–1823, Apr. 2009.

[8] D. V. Sarwate, “Meeting the Welch bound with equality,” in Sequences
and Their Applications (Proc. SETA ’98), London, U.K., 1999, pp.
79–102.

[9] P. Stoica, H. He, and J. Li, “On designing sequences with impulse-like
periodic correlation,” IEEE Signal Process. Lett., vol. 16, no. 8, pp.
703–706, Aug. 2009.

[10] H. He, P. Stoica, and J. Li, “Designing unimodular sequence sets with
good correlations—Including an application to MIMO radar,” in IEEE
Trans. Signal Process. [Online]. Available: http://plaza.ufl.edu/haohe/
papers/MIMO-CAN.pdf

Authorized licensed use limited to: University of Florida. Downloaded on August 16,2010 at 18:43:31 UTC from IEEE Xplore.  Restrictions apply. 


