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Optimization of the Receive Filter and Transmit
Sequence for Active Sensing

Petre Stoica, Fellow, IEEE, Hao He, Member, IEEE, and Jian Li, Fellow, IEEE

Abstract—This paper discusses the joint design of receive filters
and transmit signals for active sensing applications such as radar
and active sonar. The goal is to minimize the mean-square error
(MSE) of target’s scattering coefficient estimate in the presence
of clutter and interference, which is equivalent to maximizing
the signal-to-clutter-plus-interference ratio. A discrete-time
signal model is assumed and practical constant-modulus or low
peak-to-average-power ratio (PAR) constraints are imposed on
the transmit signal. Several optimization methods are proposed
for this joint design. Furthermore, the MSE criterion is expressed
in the frequency domain and a corresponding MSE lower bound
is derived. Numerical examples for different types of interferences
are included to demonstrate the effectiveness of the proposed
designs.

Index Terms—Cognitive radar, joint design, probing signal, re-
ceive filter.

I. INTRODUCTION

T HERE is a long-standing interest in designing radar
transmit signals and receive filters for clutter/interference

rejection, e.g., [1]–[10]. Clutter (or reverberation in sonar
terminology) refers to unwanted echoes that are usually corre-
lated with the transmitted signal, while interference is a term
used for noise as well as (adverse) jamming signals. Since
the negative impacts from clutter and interference should be
minimized at the receiver side, a natural criterion for designing
transmit signals and receive filters would be to maximize the
signal-to-clutter-plus-interference ratio (SCIR) of the receiver
output at the time of target detection.
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It is well known that the matched filter (MF) maximizes the
signal-to-noise ratio (SNR) in the presence of additive white
noise. Thematched filter can be implemented as a correlator that
multiplies the received signal with a replica of the transmitted
signal. The peak of the receiver output indicates the time delay
of the target signal. If the received signal also has a Doppler
frequency shift due to the relative movement between the target
and the platform, a bank of filters is needed, each of which is
matched to a specific Doppler frequency.
The matched filter is not able to take care of clutter or jam-

ming suppression, a feature that is left to the transmit signal
design. The jamming signals can come from an adversary or
interfering radio applications and usually operate in certain fre-
quency bands. Their negative effects can be largely avoided if
we put little energy of the transmit signal into those frequency
bands. As for clutter that appears as signal-like returns but with
different delays or frequency shifts from the signal of interest, its
effects can be analyzed using the ambiguity function (AF) [11],
[12]. In order to minimize the clutter effects, the AF sidelobes
need to be minimized [13]–[15]. When the intrapulse Doppler
shifts are negligible, clutter suppression can be related to a more
thoroughly studied problem, namely the minimization of auto-
correlation sidelobes of the transmit signal [16], [17]. Regarding
the dynamic range of the transmit signals, owing to hardware
constraints such as the maximum clipping of power amplifiers
and A/D converters [18], [19], it is desirable that these sig-
nals have constant modulus or low peak-to-average power ra-
tios (PAR). Such constraints are difficult to take into account in
the design and are not always addressed properly in the litera-
ture.
Alternatively, we can use a “mismatched” filter (MMF) at the

receiver side (see, e.g., [9] and the references therein). Using
such a filter instead of the matched filter means trading off SNR
for SCIR. This tradeoff is legitimate if the radar detection per-
formance is actually clutter or jamming limited. One benefit of
using an MMF filter is that it is not subject to the constant-mod-
ulus or low PAR constraint, which allows for more degrees of
freedom (DOF) in the design. On the other hand, a joint design
of the MMF filter and the transmit signal leads to a more com-
plex optimization problem that involves cross ambiguity func-
tions or cross correlations in the negligible Doppler case [3],
[20].
In this paper, we consider the joint design of the receive filter

and transmit signal. The goal is to minimize the mean-square
error (MSE) of a target’s scattering coefficient estimate in the
presence of clutter and interference. A particular feature of our
approach, which distinguishes it from most of the previous de-
sign methods, is that we consider a discrete-time signal model
which yields designs that can be directly implemented in a dig-
ital system (unlike the continuous-time designs of most earlier
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approaches). Another distinctive feature of the proposed ap-
proach is that it imposes constant-modulus or low PAR con-
straint on the transmit signal, which is always required in prac-
tice and yet has been rarely taken into account in the previous
literature.
Section II presents the data model and problem formulation.

Sections III, IV and V propose three approaches for the joint
design under consideration. More specifically, the algorithm
discussed in Section III uses a direct gradient approach to
minimize the MSE of target’s scattering coefficient estimate,
whereas the algorithms in Sections IV and V first transform
the MSE metric to the frequency domain and then make use
of the Lagrange multiplier approach to solve the minimization
problem. An MSE lower bound is also obtained in Section IV.
Numerical examples are provided in Section VI and conclu-
sions are drawn in Section VII. Throughout the paper we use
bold lowercase/uppercase letters to denote vectors/matrices,
respectively. indicates vector/matrix conjugate transpose,

indicates vector/matrix transpose and indicates com-
plex conjugate for scalars. denotes the phase of ,
the largest integer equal to or smaller than , the vector
Euclidean norm and the identity matrix.

II. DATA MODEL AND PROBLEM FORMULATION

Let

(1)

denote the probing sequence that modulates the transmitted train
of subpulses [1], [12]. We assume a digital system so that only
the discrete-time signal is of concern. The energy of is
constrained to be :

(2)

without any loss of generality. Such an energy constraint must
always be imposed in the design.
We constrain to satisfy either
a) a unimodularity constraint

(3)

or
b) a PAR constraint

(4)

where

(5)

and is a predefined parameter that specifies the max-
imum allowed PAR. Note that when , (4) imposes
no constraint at all; and that when , (4) coincides
with the unimodularity constraint in (3).

Under the assumption that the intrapulse Doppler is negli-
gible and that the sampling is synchronized to the pulse rate,

the received discrete-time baseband data vector after alignment
to the range cell of interest, can be written as [7]–[9]

... ...

...

... ...
(6)

where is the scattering coefficient of the current range cell,
are the scattering coefficients of the adjacent range

cells that contribute clutter or reverberation components to ,
and is an interference term that comprises measurement noise
as well as other disturbances such as jamming. Note that if the
Doppler effects are not negligible (owing to a fast relative mo-
tion between the platform and the target), the data model in
(6) needs to be modified to accommodate frequency spreading
[9] and the analysis should involve two-dimensional ambiguity
functions [3], [20]. However such an analysis is not undertaken
in this paper where we focus on the simpler data model in (6).
We assume that the covariance matrix of , viz.,

(7)

is Toeplitz (which is a weak assumption given the uniform sam-
pling that led to (6)). We also assume that the clutter coefficients

in (6) are independent of one another and of , and that

(8)

Both and are assumed to be known. In active sensing
applications, information on and can be obtained by some
form of preprocessing and is usually assumed available in the
so-called cognitive systems; see e.g. [21].
One of the principal goals of data processing for (6) is the

estimation of . The MMF estimate of is the following
linear function of :

(9)

where is the MMF vector. An important special case
of (9) is that of the MF estimate

(10)

which corresponds to using the sequence itself as the MMF
vector

(11)

Under the stated assumptions [see (7) and (8)], the MSE of (9)
can be readily derived:

(12)
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where

(13)

and denotes the following shifting matrix:

. . . (14)

The main goal of this paper is to jointly design the receive
filter and the transmit sequence so as to minimize the MSE
in (12). Observe that the denominator in (12) is the power of
the signal component in the receiver output, and the numerator
is the power of clutter and interference. Hence, minimizing the
MSE in (12) is equivalent to maximizing the SCIR. Note also
that theMMF estimate has 2 additional (real-valued) DOFs as
compared to MF; these extra DOFs of (9) should allow a more
accurate estimation of than what is possible using (10).
In what follows, we present three algorithms for the design

of and . These algorithms are referred to using the acronym
CREW (Cognitive REceiver and Waveform design).

III. CREW(GRA)-A GRADIENT APPROACH

The minimization of (12) with respect to (wrt) , for fixed
, yields the following well-known closed-form expression for
the minimizing vector:

(15)

to within a multiplicative constant. The proof of (15) is im-
mediate. Let denote a Hermitian square root of . By the
Cauchy-Schwartz inequality, we have that

(16)

It follows from (12) and (16) that

(17)

where the lower bound is obtained at (15).
Next we aim to minimize wrt under the unimod-

ularity constraint (3), or equivalently

(18)

where

(19)

comprises the phases of . Gradient-based methods can be
used to solve (18), such as the Broyden–Fletcher–Gold-
farb–Shanno (BFGS) algorithm [22]. In contrast to the

TABLE I
THE CREW(GRA) ALGORITHM WITH UNIMODULARITY CONSTRAINT

classical Newton method, in BFGS the Hessian matrix of the
second-order derivatives does not need to be evaluated directly;
only the first-order derivative vector is needed. The
elements of can be computed as

(20)

where

(21)

and

(22)

The above expression for is all that is needed by a
number of available numerical solvers that implement BFGS,
such as the “fminunc” function in MATLAB. The so-obtained
gradient-based algorithm is called CREW(gra) and is summa-
rized in Table I. Note that CREW(gra) can only deal with the
unimodularity constraint. Also note that Step 1 of Table I may
require many iterations, during each of which all elements
of need to be recomputed. This makes CREW(gra)
computationally expensive in the case of large (e.g., larger
than 400 on an ordinary PC).

IV. CREW(FRE)-A FREQUENCY-DOMAIN APPROACH

Let denote the element of , which is an
Toeplitz matrix. Also let denote the unitary DFT (discrete
Fourier transform) matrix with elements given by

(23)
Finally, define the (normalized) DFT of the zero-padded filter

(24)

and that of the zero-padded probing sequence

(25)
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as well as the (normalized) power spectrum of the interference
term in (6) at the frequencies in (see, e.g., [23]):

(26)
Then it is possible to show (see Appendix A) that:

(27)
The energy constraint can also be written in the frequency do-
main (cf. Parseval equality):

(28)

We can therefore think of formulating the design problem as
follows:

(29)

Note that this is a relaxed version of the original design
problem. Indeed, while for given and we can uniquely
determine and from (24) and (25), the converse is
not necessarily true. In other words, there might exist no and
that can synthesize exactly a set of given and .
Some form of approximation will therefore be necessary when
converting the result of the optimization problem in (29) to
the original design variables and , as detailed later in this
section.
Continuing with (29), we note that the minimization of the

objective function of this problem wrt , for fixed , can
be simply done as follows. It is a consequence of the Cauchy-
Schwartz inequality that

(30)

where the lower bound is attained for

(31)

Remark: It follows from (31) that at any frequency where the
clutter dominates the interference, i.e., at the values of where
in (31) is negligible wrt , we have

(32)

TABLE II
THE BISECTION METHOD FOR (37)

In words, if the noise is negligible then the squared magnitude
of the frequency characteristic of the optimum receive filter is
inversely proportional to the transmit signal spectrum.
Making use of (30) and (31) reduces (29) to the following

maximization problem wrt :

(33)

(34)

(35)

Because the objective function in (33) can be easily shown to
be concave and as the constraints are linear, the above problem
is convex and can therefore be globally solved. A continuous
version of this problem has appeared in [8] (see also [24]) which
studied a related design problem. Like the continuous problem
in [8], [24], the discrete one above can be solved using the La-
grange approach. Concretely, the solution to (33) can be shown
to be (see Appendix C):

(36)
where is determined by the condition that satisfy the
energy constraint

(37)

and where

(38)

It can be shown that the solution of (37) cannot be larger than
one, that is

(39)

Using this fact, one can easily solve (37), for example by means
of the bisection method as outlined in Table II.
Remark: The expression in (36) for the optimum has

the flavor of water-filling results commonly encountered in the
communication literature (as also noted in [5] and [8] for related
design problems). More specifically, one can see from (36) that
the optimum probing sequence does not contain any power at
those frequencies where the interference is strong, i.e., it satis-

fies .
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It follows from (27) and (30) that the following lower bound
on MSE holds

(40)

where denotes the optimum power spectrum ob-
tained from (36) and (37). This lower bound can be attained
only if can be exactly synthesized by selecting

; see below for details on this synthesis problem.
Once is found, is given by the closed-form expres-

sion in (36). Note that the phases of , say , are not
variables of the design problem in (33) and therefore they can
be chosen freely. The original design variable can be obtained
by solving (25) in a least-squares sense:

(41)

Solving (41) wrt and is a task that in general requires
an iterative solver. We use a cyclic algorithm for this task, see
below for details, which is reminiscent of the Sussman–Ger-
chberg–Saxton procedure [13], [25] and of the CAN algorithm
[17], [26], [27].
Consider first the minimization of the objective function in

(41) wrt , for fixed (i.e., is fixed). Under the energy
constraint, this minimization can be done in closed form:

(42)

where is the matrix made from the first
rows of . To prove (42) note that (recall that

)

(43)
where

(44)

The upper bound in (44), and hence the minimum value of (43),
is achieved for the in (42), which also satisfies the energy
constraint and is therefore the sought solution.
If, instead of the energy constraint, the unimodularity con-

straint is imposed on , the minimizing will be given by

(45)

This can be seen from the following derivation:

(46)
where the equality is achieved for (45).
If the PAR constraint is imposed, note that

and thus (47) can be cast as

(47)

TABLE III
THE CREW(FRE) ALGORITHM WITH UNIMODULARITY/PAR CONSTRAINT

which can be efficiently solved via a global finite-step “nearest-
vector” algorithm introduced in [28].
For given , the minimization of (41) wrt also has a

simple closed-form solution. Let denote the row of
and rewrite (41) as

(48)

The minimization of the above function wrt , for any fixed
, can be easily done in closed-form [the proof is similar to (46)]:

(49)

Note that the calculation of in (42) and of in (49) can
be done efficiently via FFT (fast Fourier transform). After ob-
taining , the receive filter is given by (15). The so-obtained
frequency domain-based algorithm, which is called CREW(fre)
for short, is summarized in Table III. Note that CREW(fre) can
handle both unimodularity and PAR constraints and it is com-
putationally efficient due to the leveraged FFT operations.

V. CREW(MAT)-SPECIALIZATION OF CREW(FRE) TO
MATCHED FILTERING

In this section we specialize the CREW(fre) algorithm of
Section IV to the matched-filter case in which and thus

. It follows from (27) that

(52)

Therefore, the problem of minimizing the MSE metric becomes
[using the variables , as in (33)]:

(53)
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TABLE IV
THE CREW(MAT) ALGORITHM WITH UNIMODULARITY/PAR CONSTRAINT

The above problem is convex. Its Lagrangian has the following
decoupled form:

(54)

and is clearly minimized over at

(55)

The multiplier in (55) is the solution of the constraint equa-
tion:

(56)

Let satisfy the equation

(57)

which yields

(58)

If (for ) then the solution of (56) is
. In all other cases must satisfy (because the

left-hand side of (56) is an increasing function of that is equal
to 0 at and is larger than or equal to at ). It
follows that the solution to (56) must lie in the interval

(59)

and it can therefore be conveniently found by the bisection
method [similarly to (37)].
Remark: Note again the water-filling character of (55): the

optimum probing sequence does not have any power at the fre-
quencies where the interference is strong enough for to
be negative [see the remark following (39) for a similar com-
ment on the CREW(fre) solution].

Once is found, are determined from (55).
The problem that remains is to find from the solution of the
problem in (41), which can be done as explained in the previous
section. The so-obtainedmatched filter-based algorithm, named
CREW(mat), is summarized in Table IV. Note that CREW(mat)
can be interpreted as an extension of the CAN algorithm in [17]
to the case in which some are different from zero (in-
deed, CREW(mat) reduces to CAN in the no-interference case
of ).

VI. NUMERICAL EXAMPLES

The covariance matrix of the interference term, viz. [see
(7)], is constructed as follows:

(60)

where and are the jamming and noise powers, respec-
tively, and

...
. . .

...
(61)

is the normalized jamming covariance matrix. can be deter-
mined directly by the IDFT (inverse DFT) of a desired jamming
power spectrum. More concretely, let denote a given

jamming power spectrum at frequencies . Simi-

larly to (75), the IDFT of leads to

(62)

which needs to be normalized so that .
Throughout the following examples we choose ,

and [see (8)]. The proposed algorithms will
be compared with the CAN algorithm (see [17]). The CAN se-
quence is designed to suppress the correlation sidelobes. In the
case of matched filter (i.e., ), low correlation sidelobes
lead to small [see (12)] if the clutter dominates the
interference (i.e., is not considered in the design). The CAN
algorithm can handle both unimodularity and PAR constraints.
As already mentioned, the proposed CREW(mat) algorithm ex-
tends CAN by taking into account (a fact that should lead to
smaller MSE than CANs).
Note that, while the CAN sequence is designed under the im-

plicit assumption of using a matched filter, it can also be used
with the MMF filter as in (15). The combination of a CAN se-
quence with the corresponding optimum MMF filter is referred
to as CAN-MMF.
In what follows, the jamming type and the sequence length

will be varied to examine the effect on algorithm performance
in terms of . The considered algorithms are listed
in Table V for easy reference. The Golomb sequence (see,
e.g., [12] and [29]) will be used for the initialization of all
algorithms. This sequence appears to be a good choice for
initialization, although we did observe occasionally that a
randomly generated sequence can lead to a lower MSE than
the Golomb sequence. The MSE lower bound (see (40)) will
be used as a benchmark. Note that CAN, CAN-MMF and the
lower bound will be shown in every considered case; however,
for CREW(gra), CREW(fre) and CREW(mat) we only show
the one that yields the lowest MSE to avoid over-crowding
the figures. Also recall that CREW(gra) can only deal with
the unimodularity constraint and also that it cannot handle
large values of due to its relatively expensive computation
(consequently when we show the MSE of CREW(gra) we limit
to 300).
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TABLE V
ALGORITHMS TO BE COMPARED

Fig. 1. MSE comparison in the case of spot jamming. (a) MSE of CAN, CAN-MMF and CREW(gra) under the unimodularity constraint. (b) MSE of CAN,
CAN-MMF and CREW(mat) under the constraint of .

Fig. 2. (a) The spectral power of the length-100 CREW(gra) sequence associated with Fig. 1(a). (b) The frequency response of the corresponding receive filter.

A. Spot Jamming

Assume a spot jamming located at frequency whose power
spectrum is given by

.
(63)

Let 0.2 Hz.
Fig. 1(a) shows the MSE of CAN, CAN-MMF and

CREW(gra) for 25, 50, 100, 200, 300 under the uni-
modularity constraint. It can be observed that CAN-MMF
provides a significantly smaller MSE than CAN and that

CREW(gra) further improves over CAN-MMF. Fig. 1(b)
shows the MSE of CAN, CAN-MMF and CREW(mat) for

25, 50, 100, 200, 300, 500, 1000 under the constraint
of . It can be observed that CREW(mat) gives the
smallest MSE for all ’s.
Fig. 2 shows the spectral power of the length-100 CREW(gra)

sequence associated with Fig. 1(a) and the frequency response
of the corresponding receive filter. Observe the spectral notch
at the jamming frequency 0.2 Hz for both the probing se-
quence and the receive filter. Except at frequency , the spec-
trum of the probing sequence and the frequency response of the
receive filter are approximately the reciprocal of each other, as
explained in the Remark following (31).
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Fig. 3. MSE comparison in the case of barrage jamming. (a) MSE of CAN, CAN-MMF and CREW(gra) under the unimodularity constraint. (b) MSE of CAN,
CAN-MMF and CREW(fre) under the constraint of .

B. Barrage Jamming

Consider a barrage jamming located in the frequency band
whose power spectrum is given by

(64)

Let 0.2 Hz and 0.3 Hz.
Fig. 3(a) shows the MSE of CAN, CAN-MMF, and

CREW(gra) under the unimodularity constraint. Once again
CREW(gra) gives a lower MSE than CAN or CAN-MMF does.
Fig. 3(b) shows the MSE of CAN, CAN-MMF, and CREW(fre)
under the constraint of . Except for ’s smaller
than 100, CREW(fre) gives the lowest MSE among the three
algorithms. Moreover, the performance of CREW(fre) tends
to follow the MSE lower bound as increases, in contrast to
CAN-MMF’s performance that deviates more and more from
the lower bound as increases.

C. Robust Design

Finally we discuss the robustness issue of the aforementioned
designs. Consider a strong spot jamming that operates at fre-
quency . In this case the optimum filter in (15) will have a
notch at frequency . However, if the information about the
jamming frequency is not accurate, the receive filter in (15) will
have a notch at the assumed frequency and so it will pass the
jamming interference that in reality operates at a different fre-
quency. To combat such a problem, we can assume a barrage
jamming located in a frequency band Hz, which is wide
enough to include the true frequency of the spot jamming. In
this way the receive filter will have a wider stop-band and the
jamming interference will be annihilated. Similarly in the case
of imprecise information about a barrage jamming, we can con-
sider a frequency band that is wide enough to cover the true
jamming band, for the sake of robustness.
As an example, let (64) be the true jamming power spectrum

with 0.2 and 0.3 Hz. We use CREW(fre) to design
the transmit sequence and the receive filter. Three scenarios are

Fig. 4. MSE comparison of CREW(fre) concerning an imprecise knowledge
of the jamming frequency.

considered: the exact values of and are known, a wrong
jamming band [0.25, 0.35] Hz is used, and an imprecise but
sufficiently wide jamming band [0.15, 0.35] Hz is used (a case
referred to as robust design). Fig. 4 shows the MSE (calculated
using the true jamming spectrum) for 25, 50, 100, 200,
300, 500, 1000 under the constraint of . It can be
observed that the robust design is only weakly affected by the
imprecise jamming information.

VII. CONCLUDING REMARKS

We have discussed three algorithms, namely CREW(gra),
CREW(fre) and CREW(mat), that can be used for the joint opti-
mization of receive filters and transmit signals. The design goal
is tominimize theMSE of target’s scattering coefficient estimate
or, equivalently, to maximize the signal-to-clutter-plus-inter-
ference ratio. Practical unimodularity or low-PAR constraints
are taken into account in the transmit sequence design. The
CREW(gra) algorithm uses a gradient-based approach to mini-
mize the MSE that results from using the optimum MMF filter.
Usually it yields the best performance for unimodular sequences
but it is relatively computationally expensive and cannot be
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used for the more general PAR constraint. The CREW(fre)
algorithm operates in the frequency domain and seeks to obtain
an optimum power spectrum for the transmit sequence. The
said optimum power spectrum leads to an MSE lower bound.
CREW(fre) can be specialized to the matched-filter case, which
yields the CREW(mat) algorithm that can be considered as an
extension of the previously suggested CAN approach to the case
of non-white interference. Both CREW(fre) and CREW(mat)
are computationally efficient and can easily handle sequence
lengths . Numerical examples have been provided to
illustrate the effectiveness of the proposed receive filters and
transmit sequences.

APPENDIX A
PROOF OF (27)

We begin the proof by including the zero-delay sequence into
the matrix as defined in (13):

(65)

where

...
...

...
...

. . .
...

(66)
is an matrix. Using (65) we rewrite the MSE in
(12) as

(67)

Note that

...
. . .

...
(68)

(see Appendix B for a proof) where are the correla-
tions of (with ):

(69)

To express the objective function (67) in the frequency do-
main, we will make use of some standard properties of Toeplitz

and circulant matrices. First note that can be readily embedded
in a circulant matrix:

...
...

...
. . .

...

...
...

...

(70)
where the superscript designates “interference”. Somewhat
similarly, we can also embed in a
square circulant matrix:

...
...

...
. . .

...

...
...

...

(71)
where the superscript denotes “signal and signal-dependent
clutter.”
In addition, let [see (24) and (25)]

(72)

and

(73)

denote, respectively, the receive filter and probing sequence
vectors padded with zeros. Using this notation we can
write the objective function in (67) as

(74)

Note that (see (26)) is the (real-valued and nonneg-
ative) DFT of the first column of . Indeed

(75)
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which equals (26) up to the multiplicative constant .
Similarly, the (normalized) power spectrum of the probing se-
quence , given by (see, e.g., [23]), is the DFT of
the first column of up to the multiplicative constant .
Making use of the above notation and observations alongwith

a standard property of circulant matrices (see, e.g. [30]) allows
us to rewrite (74) in a frequency-domain form:

. . .

. . .

(76)

With this observation the proof is concluded.

APPENDIX B
PROOF OF (68)

Observe that the product matrix is not affected by a
permutation of the columns in . This implies that

(77)

where

...
...

. . .
...

. . .
...

(78)
Therefore the element of is given by (assuming
that for )

(79)

and the proof of (68) is concluded.

APPENDIX C
LAGRANGE APPROACH TO SOLVING (33)

The second-order derivative of the objective function in (33)
can be shown to be nonpositive:

(80)

since , and are all non-negative. Hence the objec-
tive is a concave function. As the constraints in (34) and (35) are
linear, it follows that (33) is a convex optimization problem that
can be solved by maximizing the following Lagrange function
wrt :

(81)

where is the Lagrange multiplier. In fact, owing to the
decoupled form of (81), we only need to consider maximizing
the following function:

(82)

Similarly to (80), it can be shown that is concave; the
maximizer of this function can be obtained by setting its first-
order derivate to zero:

(83)

which leads to the solution

(84)

If , then is the sought solution; if , considering
that (a concave function) is increasing for and
is decreasing for , must attain its maximum (wrt

) at . Therefore, the maximizer of , as well
as the solution to (33), is given by

(85)

The solution as shown in (36) is obtained from (85) by replacing

with so that the parameter lies in the range [0, 1] [see
(39)].
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