
MAC1140 Review and Extra Credit Due Sept. 19th, 2013

Problem 1. Using only words, answer the following questions.

(a) What is the implied domain of an expression?

The implied domain of an expression is the set of real numbers which may be substituted for x such that

the expression yields a real value.

(b) Under what conditions do we say that two expressions are equal?

Two expressions are equal if they have the same domain and if they are equal at all values.

(c) Under what conditions do we say that two expressions are not equal?

Two expressions are not equal if they do not have the same domain or if there is at least one number for

which the expressions yield di�erent values.

(d) Relate your statement in (b) to the de�nition of an equation. What does it mean to solve an equation?

Solving an equation means �nding all values for which two expressions are equal.

(e) What is the di�erence between an equation and an identity?

In general, an equation may only be true for some real numbers, while an identity must be true for all real

numbers.

(f) What is an extraneous solution? Does this relate to the domain concept in some way?

An extraneous solution of an equation is a solution to a simpli�ed form of an equation that is not in the

domain of the original equation.

(g) What is the relationship between factoring polynomials and solving polynomial equations?

Factoring a polynomial a0 + a1x + a2x
2 + · · · + anx

n is equivalent to solving the polynomial equation

a0 + a1x+ a2x
2 + · · ·+ anx

n = 0.

Problem 2. In each problem, �nd an integer c such that the polynomial can be factored. (In general,

there can be more than one correct answers.)

Each polynomial can be factored if and only if b2 − 4ac ≥ 0. In each case, we'll solve for that, then

pick a number and show its factors.

(a) 6x2 + 11x+ c

Setting 112 − 4 × 6 × c = 121 − 24c ≥ 0, we get c ≤ 121/24. In particular, if we choose c = 4, we have

6x2 + 11x+ 4 = (2x+ 1)(3x+ 4).
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(b) 5x2 + cx− 12

Setting c2 − 4 × 5 × (−12) = c2 − 240 ≥ 0, we �nd that c2 ≥ 240. In particular, if we choose c = 17, we
have 5x2 + 17x− 12 = (5x+ 3)(x− 4).

(c) cx2 + x+ 6

Setting 12 − 4 × c × 6 = 1 − 24c ≥ 0, we �nd that c ≤ 1
24 . In particular, if we choose c = 1

24 , we have
1
24x

2 + x+ 6 = 1
24 (x+ 12)2.

Problem 3.

(a) Simplify ( n
√
x)

n
.

(
n
√
x
)n

=
(
(x)1/n

)n
= x

n
n = x1 = x

(b) Simplify n
√
xn. be careful! don't let me trick you. what makes this one harder than the last one?

For even n, we have
n
√
xn = ((x)n)1/n = |x|

n
n = |x| .

For odd n, we have
n
√
xn = ((x)n)1/n = x

n
n = x = |x| .

(c) (A riddle) What do you get when you drink root beer out of a square cup?

You get drunk, because squaring root beer just gives you beer.

Problem 4. When using the quadratic formula, it's can save you time to compute b2−4ac before anything
else. Explain the following three things.

Note: The quadratic formula is

x =
−b±

√
b2 − 4ac

2a
.

(a) If b2 − 4ac < 0, the equation has no solutions. Why?

In the quadratic formula, b2 − 4ac appears under a square root. Therefore, b2 − 4ac ≥ 0 if and only if the

equation has real solutions.

(b) If b2 − 4ac = 0, the equation has one solution. Why?

If b2 − 4ac = 0, then
√
b2 − 4ac = 0, so since adding and subtracting 0 yields the same outcome in the

quadratic formula.
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(c) If b2 − 4ac > 0, the equation has two solutions. Why?

If b2 − 4ac > 0, then
√
b2 − 4ac > 0, so adding and subtracting will yield two di�erent numbers in the

quadratic formula.

Try it out:

(a) Solve 2x2 + 3x+ 1 = 0.

32 − 4× 2× 1 = 9− 8 = 1 > 0, so we know that 2x2 + 3x+ 1 has two distinct factors.

(b) Solve 9x2 + 7x+ 3 = 0.

72 − 4× 9× 3 = 49− 108, which we can see without further computation will turn out to be less than 0,
so we know that 9x2 + 7x+ 3 = 0 has no real solutions.

(c) Solve x2 − 6x+ 9 = 0.

(−6)2 − 4 × 1 × 9 = 36 − 36 = 0, so x2 − 6x + 9 is the product of two identical factors. In fact, it's not

hard to see that x2 − 6x+ 9 = (x− 3)2.

(d) Solve x2 + 7x+ 12 = 0.

72 − 4× 1× 12 = 49− 48 = 1 > 0, so x2 + 7x+ 12 = 0 has two distinct solutions.

Challenge: Now go back to problem 2 and write down exactly the conditions that c must meet for each

polynomial to have (at least one) root.

Nice try, Alex! I predicted you would ask me that, so I did it the �rst time around.

Problem 5. Explain in words:

(a) Why do we exchange < with > (or ≤ with ≥) when we multiply both sides of an inequality by a

negative number? Should we also do this when dividing?

Reversing the sign of a number re�ects its location across the number line without changing its distance

from 0. Thus, if a < b, clearly −a > −b. If c is positive, then dividing by −c is the same as multiplying

by 1
−c = −1

c , which is negative, so we must do the same thing.

(b) Analogously, what do we do when multiplying a double inequality by a negative number?

We have to �ip both the signs, because a double inequality is a superposition of two inequalities. The only

di�erence is that it is written so that we can manipulate both inequalities simultaneously.

Problem 6. Give examples of

(a) An absolute value inequality which is an identity.

|x| ≥ 0
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(b) An absolute value inequality for which only one number is a solution.

|x| ≤ 0

Problem 7.

(a) Write |x− a| < 10 as a double inequality.

−10 < x− a < 10

(b) Can you write |x− a| > 10 as a double inequality? If not, how else could you write it? (Hint: if you

get stuck, try drawing this on the number line.)

We can't write it as a double inequality, but we can write it as two simulataneous single inequalities:

x− a < −10 or x− a > 10

(c) In words, which sets of numbers do the above inequalities represent?

|x− a| < 10 is the statement that a is less than 10 units away from x. Similarly, |x− a| > 10 is the

statement that a is more than 10 units away from x.

(d) How would you express "x is 7 units or more away from 4" using an absolute value inequality?

|x− 4| ≥ 7

(e) How would you express "x is less than 13 units away from −11" using an absolute value inequality?

|x− (−11)| < 13

or, equivalently,

|x+ 11| < 13

(f) Now write the absolute value inequalities in (a), (b), (d), and (e) using intervals (like (a, b) or

(−∞, a] ∪ [b,∞), for example).

4



The inequality in (a) represents (a−10, a+10). The inequality in (b) represents (−∞, a−10)∪(a+10,∞).
The inequality in (d) represents (−∞,−3) ∪ (11,∞). The inequality in (d) represents (−24, 2).
Problem 8. Find the domain of

(a) 8
√
2x− 7

8
√
2x− 7 =

(√
2x− 7

)1/4
so, since we can't square root negative numbers, we must have that 2x−7 ≥ 0, or in other words, x ≥ 7/2.

(b) x−1/2

x−1/2 =
1√
x

so, since we can't square root negative numbers, we must have that x ≥ 0. Additionally, since we can't

divide by 0, and since
√
x is in the denominator of the fraction, we must have that

√
x 6= 0, which means

that x 6= 0. Putting these two together, we �nd that the domain is x > 0.

(c)
√
3− x

Since we can't square root negative numbers, we must have that 3− x ≥ 0, or in other words, x ≤ 3.

(c)
√
2x− 10 +

√
3− x

Since we can't square root negative numbers, we must have that 2x − 10 ≥ 0 and 3 − x ≥ 0, or in other

words, x ≥ 10
2 = 5 and x ≤ 3. But no number is both greater than 5 and less than 3, so the domain

is empty (i.e. there is no real number which may be put into this expression so that it produces a real

number).

(e) 4
√
x2 − 81

4
√
x2 − 81 =

(√
x2 − 81

)1/2
Since we can't square root negative numbers, we must have that x2 − 81 ≥ 0, so x2 ≥ 81, so |x| ≥ 9.
Therefore, the domain is (−∞,−9] ∪ [9,∞).

(f) 4
√
81− x2

4
√
81− x2 =

(√
81− x2

)1/2
Since we can't square root negative numbers, we must have that 81 − x2 ≥ 0, so x2 ≤ 81, so |x| ≤ 9.
Therefore, the domain is [−9, 9].
Problem 9. Solve
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(a) 1
3x+1 −

1
x−6 = 1

3x2−17x−6

3x2 − 17x− 6 factors to (x− 6)(3x+ 1), so

1

3x+ 1
− 1

x− 6
=

1

(x− 6)(3x+ 1)

We want to clear the denominators, so we multiply through by (x− 6)(3x+ 1).

(x− 6)(3x+ 1)

3x+ 1
− (x− 6)(3x+ 1)

x− 6
=

(x− 6)(3x+ 1)

(x− 6)(3x+ 1)

x− 6− (3x+ 1) = 1

−2x− 5 = 1

−2x = 6

x = −3

(b) 1
x ≤ 6 be careful! don't let me trick you. what makes this one harder than the last one?

Now we're dealing with an inequality, so every time we multiply or divide by anything, we have to think

about whether the number is negative. Since we want to multiply through by x, we have to see what

happens with each assumption.

Second, assume that x is negative. When we multiply through by x, the inequality does �ip, so we get

1 ≥ 6x. Thus 1
6 ≥ x. Of course, since we assumed that x was negative, this is obviously true.

First, assume that x is positive. When we multiply through by x, the inequality doesn't �ip, so we get

1 ≤ 6x. That gives us 1
6 ≤ x. It's plain to see that negative x′s are included in this answer, so it su�ces

to give 1
6 ≤ x as a solution.

Note: In general, it may not be so easy that the negative case is "absorbed" in the solution of the positive

case as in this example. Moral of the story: whenever you're multiplying an inequality by an expression,

be sure to check what happens whenever the expression is positive or negative.
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