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ABSTRACT

Weather generators are tools developed to create synthetic daily weather data over long
periods of time. These tools have also been used for downscaling from monthly to seasonal
forecasts produced by global and regional circulation models to daily values in order to provide
inputs for crop and other environmental models. A major limitation of weather generators is that
they do not take into account the spatial structure of weather and climate for a given region or
watershed. This spatial correlation is important when one aggregates variables, for example,
simulated crop yields or water resources, across a watershed or region. A method was developed
to generate realizations of daily rainfall for multiple sites in an area while preserving the spatial
and temporal patterns among sites. A two-step method generates rainfall events followed by
rainfall amounts at sites where a generated rainfall event occurs. Generation of rainfall events
was based on a two-state orthogonal Markov chain for discrete distributions. For generating
rainfall amounts, a vector of random numbers (7, ~ N[0,1]) of order equal to the number of

locations with rainfall events that were generated to occur in a specific day was matrix-
multiplied by the corresponding reduced function of the correlation matrix to create correlated
random numbers. To generate the final rainfall amounts, elements from the resulting vector of
spatially-correlated random numbers were retransformed to a gamma distribution using
cumulative probability functions calculated individually for each location. Values were next
rescaled to rainfall amounts. Seven weather stations in North-Central Florida were selected, and
a thousand replications of daily rainfall data were generated for this study. Rainfall events and
amounts from the new method were compared to those from the WGEN point-based weather
generator. The spatial structure in generated daily rainfall events and amounts closely matched
the observed ones among all pairs of weather stations and other monthly rainfall statistics for
each weather station. Correlation coefficient between observed and generated (p,.o) joint
probabilities that station pairs are both with rainfall was 0.996 and for both without rainfall was
0.991. The p,., correlation among weather stations was 0.983 for rainfall amounts and was
significant at the 0.01 probability level. Root mean square errors of correlation values ranged
from 0.04 to 0.08 for rainfall events and from 0.01 to 0.09 for amounts.
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INTRODUCTION

Modeling rainfall in space and time is necessary to better understand soil erosion, runoff,
and pollutant transport processes at the watershed level (Baigorria and Romero, 2007; Keener et
al., 2007; Romero et al., 2007). It is also needed to translate categorical forecasts of El Nifio
(Podesta et al., 2002) or to downscale monthly rainfall forecasts from global or regional
circulation models to daily rainfall inputs for crop simulation models (Baigorria, 2007; Hansen
and Ines, 2005). Simulation of dry spell distribution (Baigorria et al., 2007b) and irrigation
requirements for large areas (Romero et al., 2009) also have spatial implications as potentially
applied to the establishment of water use limits among different sectors, such as, cities,
agricultural lands, production of energy, industry, and conservation areas. Therefore, a simple
and flexible approach was developed to generate synthetic rainfall data while taking into account
the spatial and temporal correlation structure observed in the historical records.

Rainfall events in most point-based weather generators, such as WGEN (Richardson and
Wright, 1984), LARS-WG (Racsko et al., 1991; Semenov et al. 1998) and CLIGEN (Nicks et al.
1995), are based on generating a random number from a uniform distribution that is then used
with a two-state, first- or second-order Markov chain to create each day’s rainfall event state
(rain or no-rain). Weather generators also generate a random number from the probability
distribution function of rainfall amounts, which is then rescaled according to the statistical
parameters of specific weather stations (Racsko et al., 1991; Richardson and Wright, 1984).

Other spatial weather generators have been developed. Wilks (1998) used empirical
relationships between pair-wise correlations of series of random numbers and its counterpart
following two-state first-order Markov chains for generating rainfall events; whereas for rainfall
amounts used a mixed exponential distribution for nonzero amounts using spatially correlated
random numbers from a multivariate normal distribution. Based on Moran’s / autocorrelation
index (Moran, 1950), Khalili et al. (2006) developed another method using a spatial moving
average process to generate spatially auto-correlated random numbers to feed a stochastic daily
weather generator. Apipattanavis et al. (2007) used Markov chains to capture the spell statistics,
while a k-nearest neighbor bootstrap resampling method captured the distributional and lag-
dependence statistics of rainfall.

Other spatial weather generators were developed based on daily or monthly atmospheric
circulation patterns. Some approaches were based on Monte-Carlo simulations or nearest-
neighbor methods combined with resampling techniques from daily historical records of rainfall
for multiple-site observations classified by season, circulation weather type, transition
probabilities, and storm-rain cell properties, such as the relationships among storm duration,
radius, and intensity (Burton et al., 2008; Cannon, 2008; Fowler et al., 2005; Wilby et al., 2003).
Another approach used atmospheric circulation patterns to calibrate parameters of the probability
distributions (Quian et al., 2002).

In general, these weather generators are either site-specific or conceptually complex and
consequently difficult to implement. Another disadvantage is that they are based on pair-wise
weather station relationships and do not take into consideration the spatial-temporal correlation
among all weather stations in an area.

This research was conducted to help answer several questions related to the generation of
synthetic rainfall events and amounts for the purposes of stochastic downscaling and modeling.
Is it possible to reproduce the inter-annual variability of rainfall events and amounts? Is it
possible to generate synthetic rainfall data that reproduce the temporal and spatial structure of
daily observed rainfall? Is it possible to recreate the observed monthly spatial correlation patterns
by generating daily spatially correlated rainfall events? The objective of this study is to design a
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simple rainfall event and rainfall amount data generator capable of reproducing both the daily
spatial correlations among weather stations as well as the monthly statistics of each individual
weather station.

METHODS

One difficulty in randomly generating correlated occurrences of daily rainfall events over
space and time is that this variable is not Gaussian, so the normal distribution and its associated
methods cannot be used (Appendix).

The methodology presented here is based on the assumption of spatial-temporal
covariance stationarity, which implies that the mean and autocovariance functions of a data
series, as well as the spatial correlations among the data series, do not change through time for
the period under consideration. From a temporal point of view, this allows one to characterize a
time series of a given variable, such as rainfall, as a probability distribution at each weather
station. From the spatial point of view, this allows one to characterize the spatial relationship
between pairs of weather stations with a Pearson’s correlation and among all the weather stations
in a selected area with Pearson’s correlation matrix.

As in point-specific weather generators, only daily historical records of rainfall are
needed as input for the approach described in this paper because the model calibrates itself
according to the observed statistics within and among locations. An orthogonal Markov chain for
discrete distributions is used to generate rainfall events; an extension of the Toeplitz-Cholesky
(Benoit 1924;Taussky and Todd, 2006) factorization and Eigen decomposition matrices is
presented for the generation of rainfall amount data. Rainfall events are generated location by
location; therefore, the Euclidean N-correlation distance is defined in order to establish an order
for the locations in which to be generated.

It is important to point out that the proposed method will generate rainfall events and
amounts for weather station locations rather than a continuous interpolation over space; however,
spatially and temporally generated data across a given region should provide better inputs for
interpolating downscaled scenarios using geostatistical techniques.

Generation of rainfall events: Two-state orthogonal Markov chain for discrete distributions

There are two main steps in generating rainfall events. The first one is to calculate all
parameters and initial conditions. This step includes (a) the calculation of the Pearson’s
correlation matrix, (b) the calculation of the Euclidean N-correlation distance, (c) the calculation
of the two-state orthogonal Markov transitional probabilities, and (d) the generation of the
spatially correlated total number of monthly rainfall events at each location. This last entry
constitutes target values used in the rainfall event generation only at the initial conditions. The
second step, the spatially-temporally correlated rainfall event generation, includes two processes:
(a) resampling and iteratively ordering the total block of daily generated values in a month for
the two most associated location (closest Euclidean N-correlation distance), and (b) the use of
the two-state orthogonal Markov transitional probabilities to generate rainfall events for the
remaining locations. All these calculations are made independently for each month.

Parameterization and initial conditions
a. Pearson’s correlation (p,; ): Calculations use the following equation (see Table 1 for

variable definitions):
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b. Euclidean N-correlation distance ( G,): Spatially-temporally correlated rainfall events
for several locations are calculated one location at a time after the first two most associated

locations. To find the best order for the generation process, the Euclidean N-correlation distance
(G,) is then defined. Based on correlation measurements, G, is the degree of association of a

given variable from a given location with the same or other variables from all remaining
locations under study:

n—1

G, = ;(1 “lo.|J [2]

By ranking in ascending order the G, values obtained from all locations, an ordered list

of locations is generated in which the first location is the one most correlated with all remaining
locations, whereas the last location in the list is the most independent. Because the spatial
correlation patterns of rainfall events change monthly according to the season (for instance, from
a convective rainfall season to a frontal rainfall season), G, must be calculated for homogenous

periods of time, for example, by month or season. The rank list can differ across these periods.

c. Two-state orthogonal Markov’s transitional probabilities: These transition
probabilities are conditional probabilities for the state of a location i at time ¢, e.g., whether
rainfall will occur in a given day, given: a) the state at time 7 —1, that is, whether or not rainfall
occurred the previous day at the same location 7 ; and b) the state at time ¢, that is, whether or
not rainfall occurred in the same given day in another two locations ( j,k ) that are to some

degree correlated: )
10,000 = Priy, = I‘th =0Ax, = O‘Zi(x—l) = O]

P
PI\O,O\I =Pr X = l‘ljt =0n X = O‘Zi(t—l) =1
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Pl\o,l\l =Prly, = l‘lﬁ =0A = 1‘/1’,'(,71) = 1__ 3]
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The two-state orthogonal Markov chain for discrete distributions in the case of rainfall
events can have only two states at a given time, ¢, that is, rain or non-rain; therefore, the
transitional probabilities of having a non-rainfall occurrence and the transitional probabilities of
having a rainfall event in Equation [3] must sum to 1 (for instance in the case of equation 3.a:
Pl\o,o\o + Po\o,o\o =1).

d. Total monthly number of rainfall events: The multi-annual variability of monthly
number of rainy days tends to follow a Gaussian distribution ~ N Tm,am] in non-arid regions.
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Therefore, Equation [4] was used to generate these data at each location (variables are defined in
Table 1).

T, =T, %05, [4]
Table 1:  Variable descriptions.
Symbol Definition Units
i,j,k,l  Locations unitless
a,p Shape and Scale parameters of the gamma function (I") unitless
e Number of locations with generated rainfall events (e <n) unitless
[Eig] Eigen decomposition matrix unitless
G, Euclidean N-correlation distance unitless
n Total number of locations unitless
n Total number of pair-wise daily observations unitless
P, ,P, Markov transitional probabilities of dry-wet and wet-wet days fraction
PI‘O’O‘0 Two-state orthogonal Markov transitional probabilities fraction
Foam Vector of spatially correlated random numbers
following a Gamma distribution I'[e] unitless
Foorm Vector of random numbers following a
Gaussian distribution N[0,1] unitless
. Vector of spatially correlated random numbers
following a Gaussian distribution N[0,1] unitless
Foniy Vector of random numbers following a Uniform
distribution U[-1,1] unitless
7Y Temporal vector from matrix-multiplying a vector of
random numbers by [TC] or [Eig] unitless
Iém Expected monthly rainfall amount mm
P, Pearson’s correlation between two locations unitless
o, ] Correlation matrix of monthly number of rainfall events unitless
o, ] Correlation matrix of daily rainfall amounts unitless
0,0, Standard deviation of daily observations fraction, mm
o, Multi-annual standard deviation of monthly number of rainy
days in month m days
[T C ] Toeplitz-Cholesky factorization matrix unitless
T . Expected total number of rainy days in month m days
T, Multi-annual average of monthly number of rainy days
in month m days
s 1 Mean of daily values for locations i, j fraction, mm

XX  Pair-wise observations on day ¢ for locations i, j Boolean, mm
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Taking into consideration the spatial correlation among locations, the vector of random
numbers (7, ) must be transformed to a vector containing correlated random numbers 7, that

norm orm

follows the observed correlation values. To obtain 7

norm 2

r.~N[0,1], with a number of elements equal to the number of locations is matrix-multiplied

norm

a vector of random numbers,

by the reduced function of the Pearson’s correlation matrix. The function was obtained by the
matrix summation between the scalar multiplication of 0.5 by the Pearson’s correlation matrix of
the monthly number of rainfall events ([pT ]) and the Toeplitz-Cholesky factorization matrix (

[T C]; Appendix A) obtained from the same Pearson’s correlation matrix. The correlation
matrices are calculated monthly using multi-annual variability.

o (@ﬁw]}f” [5]

Afterward, 7" is range-rescaled according to the percentage of the population included (i.e.,
from -1 to 1 for 68% or -1.96 to 1.96 for 95%) to finally obtain 7

norm *

Data generation

To apply the two-state orthogonal Markov transitional probabilities, at least two locations
with spatial-temporal rainfall events that were previously generated are needed. Afterward, the
two-state orthogonal Markov transitional probabilities can be applied to the remaining weather
stations.

a. Generating rainfall events for the two core locations: To generate spatially-
temporally correlated rainfall events for the first two locations, a property of the Pearson’s
correlation for discrete distributions is applied. The two first locations are selected after ascend-
ranking the Euclidean N-correlation distance ( G, ) values calculated with Equation [2]. In the

case of rainfall events for two locations, there are only four discrete possible combinations (i.e.,
spatial rainfall event patterns):

X =0A2;,=0
X =0n g, =1
Yo =1npx, =1
Xo=Inyx,=0

Therefore, Pearson’s correlation becomes a function of the fraction of times each

combination is observed in the historical record.
NZir=0 Nlirzl Nlirzo Nlile
2i=0 23 =0 2=l 2=l [6]

p,/:f > > >
n n n n

Because the spatially correlated number of rainy days per month for these two locations
is already estimated with equations [4] and [5], the problem becomes a two-step resampling
problem. Resampling is based first on the number of rainfall events at each location in order to
best fit the percentages of spatial rainfall event patterns. This process will produce just four
blocks of time (i.e., numbers of days) that equal the percentage of spatial rainfall event patterns
for Equation [6]. This will reproduce the observed spatial correlations between both locations for
the specific month. Second, resampling is completed by sorting the previously generated daily
spatial rainfall event patterns in order to best fit the Markov transitional probability patterns.
Iteratively, the completely random sorting process selects the best temporal order of the spatial
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rainfall event patterns by reducing the root mean square error between the generated and
observed Markov transitional probabilities for both locations at the same time ( P,,, P, ; see Table

1 for variable descriptions).

SI6,- 2] + (B -n)]

RMSE =+
4

b. Nearest Euclidean 3-correlation neighbor assimilation: As opposed to the previous
step, where the daily values for both locations are produced by resampling and iteratively
ordering the total block of daily generated values within a month, in this step each day is
generated individually based on the two-state orthogonal Markov transitional probabilities. It is
possible to extend the resampling and iterative ordering process for three locations at the same
time; however, the process requires more time and more computational resources than using the
two-state orthogonal Markov transitional probabilities.

The order for generating rainfall events in the remaining locations followed the ranked
G, list. For each new location, two other previously generated locations are selected for having

shown the highest Pearson’s correlation values with the location being generated based on
historical records. These two locations are used as a reference to apply the two-state orthogonal
Markov transitional probabilities calculated using Equation [3]. Then, in order to assign a rainfall

event for each new generated day, a random number from the Uniform distribution (7, ~U [0,1]

) is compared to the corresponding two-state orthogonal Markov transitional probability of a
rainfall event.

Generation of rainfall amounts
a. Pearson’s correlation ( p, ): Calculations are performed using Equation [1] after

transforming all daily rainfall amounts from Gamma to Gaussian distribution. This process is
performed to avoid the problems associated from using Pearson’s correlations in non-Gaussian
distributions. Daily pair-wise observations without rainfall events, that is, registering zero at both
locations, are removed from the calculations to avoid overestimation of p, . Previous results can

be found in Baigorria et al. (2007a) for the same study area regarding different spatial correlation
patterns of daily rainfall events and amounts as well as monthly total rainfall amounts and
number of rainy days per months.

b. Parameterization: Previous studies have determined that rainfall in the region tends to
follow a 2-parameter gamma distribution (Baigorria et al., 2007b). A gamma distribution was
implemented here to generate rainfall amounts; however, the proposed spatial rainfall data
generation method is flexible enough to allow for the implementation of other probability
distributions functions. For the application of the 2-parameter gamma distribution, both shape (
a ) and scale ( f) parameters are calculated for each month and weather station based on

historical records.

c. Rainfall amount data generation: The temporal structure of rainfall amounts was
already generated with rainfall events; therefore, the generation of spatially-structured rainfall
amounts 1s applied only to locations where a rainfall event was generated to occur. Rainfall
amounts for each location are generated using:

*

é’?l = rgamﬂm ln{r(a’71 )}
The vector of correlated random numbers from a gamma distribution (?g’;m ~ F[a]) is

obtained from a vector with elements randomly generated from the Gaussian distribution,
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matrix (Equation 5). In this case, the Pearson’s correlation matrix was calculated from the
transformed daily rainfall amounts [p, ]. The size of ([p,]/2 +[TC]) and the random vector’s

element number (e) are modified daily according to the number of locations where rainfall events

were generated to occur. The resulting temporary correlated vector, which follows a Gaussian
distribution, is next transformed into a Gamma distribution with values ranging from 0 to 1 by

using cumulative probability functions.

Case study evaluation
Study area

(7., ~ N[0,1]), which was in turn matrix-multiplied by the reduced function of the correlated

22

The case study was conducted in the North Central region of the state of Florida located
in the southeastern USA between 30°16° N, 83°10° W and 28°37’ N, 81°28” W (Figure 1).

Annual rainfall climatology ranges from 1230 to 1460 mm among the seven selected weather
stations. Rainfall occurs throughout the year and is caused by three different atmospheric
processes. During most spring and summer months, rainfall occurs mainly by convective

processes and tropical storms. During the convective rainy season, spatial correlations of rainfall
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4) 3874 = Hastings, St. Johns Co.; 5) 4731 = Lake City, Columbia Co.; 6) 5076 = Lisbon,
Lake Co.; and 7) 5973 = Mountain Lake, Polk Co.
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among weather stations are characterized by concentric patterns in which correlations decrease
rapidly over short distances (Baigorria et al., 2007a). During most fall and winter months,
rainfall occurs mainly by frontal storms coming through the northwestern USA. During this
frontal rainy season, spatial correlations among rainfall are characterized by a wide pattern in a
northeast-southwest direction, parallel to the usual weather fronts (Baigorria et al., 2007a).

Daily rainfall data from the seven weather stations from 1974 to 2004 were obtained from
the NOAA/NWS/National Climate Data Center [http://www.ncdc.noaa.gov]. A 30-year period
was selected to avoid the effects of longer term temporal climatic shifts detected in the study area
(Baigorria et al., 2007a). Monthly rainfall climatology values for these weather stations are
shown in Table 2, whereas monthly climatic Pearson’s correlations calculated using daily
observations of rainfall events and amounts among the weather stations are shown in Table 3.

Validation

Two methods were compared: a) the two-state first-order Markov chain approach, in
which only the temporal structure is taken into account (this method is used by most point-
specific weather generators); and b) a new method, in which both spatial and temporal structures
are taken into account simultaneously.

For validation, one-thousand replications of synthetic daily rainfall events and amounts
were generated for the seven locations using the standard point-site weather generator WGEN
and the proposed multi-site Geo-spatial temporal weather generator (GiST). From the daily
generated values, Pearson’s correlation matrices for each month were calculated by both
methods. Statistical and graphical comparisons were perform by comparing generated
correlations with the corresponding Pearson’s correlations matrices calculated using observed
rainfall event and amounts from the historical record. Root mean square errors (RMSEs) for each
month were also calculated by comparing the generated and observed Pearson’s correlations of
daily rainfall events and amounts for both methods. Two-state first-order Markov transitional
probabilities were also calculated for the one-thousand replications of generated rainfall events
and amounts. Results from both methods were compared with their corresponding transitional
probabilities calculated based on the historical record. A region-wide analysis of days without
rainfall at any station was performed for observed and generated rainfall events.

RESULTS AND DISCUSSION

Generation of rainfall events

Comparisons between observed and generated Pearson’s correlations of daily rainfall
events among all pairs of locations for each month are shown in Figure 2. As expected, because
WGEN was not designed to consider spatial correlations, the point-based weather generator did
not reproduce any observed spatial correlation of rainfall events between pairs of locations ( p =

-0.0820™). In comparison, the GiST rainfall generator reproduced the monthly observed
correlations with p = 0.940, which is statistically significant at the 0.01 probability level. It is

possible to increase the number of locations used in the orthogonal Markov chains, but this
possibility is constrained by the number of parallel observations in all the locations. For our
seven locations, for example, the regional percentage of missing values ranged from 46% to
68%.

Figure 3 shows the comparison between observed and generated full joint
distributions of simultaneous rainfall events across all weather stations using WGEN and GiST.
The correlation coefficients between observed and generated (p,-¢) joint probabilities that stations
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pairs are both with rainfall were 0.939 for WGEN and and 0.996 for GiST. The p,., joint
probabilities that stations pairs are for both without rainfall were 0.808 for WGEN and 0.991 for
GiST.

Figure 4 shows the monthly root mean square (RMSE) values for both methods. WGEN
produced the highest RMSE in comparison with GiST, especially during the frontal rainy season
from November through April. As a percentage of the observed monthly mean correlations,
RMSE ranged from 98 to 104% for WGEN and from 7 to 26% for GiST.

Table 2: Monthly climatology from 1974 through 2004 for: a) number of rainy days, and b)
total rainfall amounts for 7 Florida weather stations: 1046 = Brooksville, Hernando
Co.; 2008 = Cross City, Dixie Co.; 3470 = Glen, Baker Co.; 3874 = Hastings, St.
Johns Co.; 4731 = Lake City, Columbia Co.; 5076 = Lisbon, Lake Co.; and 5973 =
Mountain Lake, Polk Co..

a. Number of rainy days

Month Weather station
1046 2008 3470 3874 4731 5076 5973
Jan 7.8 8.4 8.4 8.1 10.6 8.1 6.4
Feb 6.5 7.4 6.8 8.1 8.4 7.1 6.4
Mar 7.4 7.6 7.3 8.0 9.1 7.3 6.7
Apr 5.0 6.0 53 52 6.3 54 54
May 6.8 6.0 6.4 6.5 7.7 7.7 7.3
Jun 134 12.1 12.3 14.0 13.3 13.7 14.3
Jul 15.8 15.4 13.1 14.2 15.3 15.7 15.5
Aug 16.0 16.0 13.3 15.8 154 15.8 15.2
Sep 12.0 11.2 10.7 13.4 11.2 13.5 12.3
Oct 6.4 5.3 5.6 10.2 6.8 7.8 7.5
Nov 54 5.5 54 7.7 7.1 7.8 5.8
Dec 7.2 7.2 6.2 7.7 9.2 8.3 6.7

b. Rainfall amounts, mm

Month Weather station

1046 2008 3470 3874 4731 5076 5973

Jan 81 105 103 77 112 81 59
Feb 78 78 82 91 90 71 58
Mar 99 113 110 114 131 105 81
Apr 58 88 75 73 74 67 47
May 77 71 75 77 90 99 92
Jun 187 168 166 194 172 172 202
Jul 192 233 164 157 180 144 177
Aug 205 244 174 190 187 161 171
Sep 171 152 151 229 143 165 165
Oct 63 74 85 99 74 62 64
Nov 53 57 56 67 59 60 57

Dec 62 78 64 74 71 66 65
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Table 3: Pearson’s correlations of daily rainfall events (shaded) and rainfall amounts
transformed from gamma to Gaussian distributions (unshaded) among weather stations
for the months of January and July. 1046 = Brooksville, Hernando Co.; 2008 = Cross
City, Dixie Co.; 3470 = Glen, Baker Co.; 3874 = Hastings, St. Johns Co.; 4731 = Lake
City, Columbia Co.; 5076 = Lisbon, Lake Co.; and 5973 = Mountain Lake, Polk Co..
Pearson’s correlations were calculated using pair-wise data with at least one weather
station registering rainfall.

January 1046 2008 3470 3874 4731 5076 5973
1046 1 0.507 0.540 0.568 0.505 0.505 0.543
2008 0.529 1 0.727 0.654 0.698 0.535 0.484
3470 0.428 0.740 1 0.703 0.717 0.577 0.504
3874 0.504 0.618 0.618 1 0.624 0.607 0.503
4731 0.485 0.824 0.806 0.587 1 0.493 0.438
5076 0.645 0.391 0.361 0.550 0.407 1 0.544
5973 0.582 0.460 0.348 0.397 0.369 0.539 1

July 1046 2008 3470 3874 4731 5076 5973
1046 1 0.228 0.190 0.193 0.238 0.277 0.184
2008 0.044 1 0.310 0.254 0.372 0.254 0.158
3470 0.145 0.137 1 0.277 0.360 0.234 0.143
3874 0.003 0.111 0.016 1 0.314 0.311 0.190
4731 0.126 0.227 0.212 0.079 1 0.244 0.163
5076 0.125 0.144 0.071 -0.011 0.086 1 0.275
5973 0.070 0.015 0.071 0.050 0.096 0.047 1
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Fig. 4. Comparison of the monthly variation of the root mean
square error (RMSE) between weather generators.
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Comparisons of the two-state first-order Markov transitional probabilities from observed
and generated daily rainfall events are shown in Figure 5. Calculated using WGEN, P,, was

0.979, whereas for GiST, this value was 0.997. Meanwhile, P, calculated from WGEN was

0.883, whereas it was 0.596 based on GiST. Transitional probabilities of wet-wet days showed
higher degradation than the transitional probabilities of dry-wet days (Figure 5). This
degradation was observed for both methods.

Generation of rainfall amounts

Figure 6 compares observed and generated Pearson’s correlations of transformed (from
Gamma to Gaussian distributions) daily rainfall amounts among all pairs of locations. Spatial
correlation (o =-0.1499) levels for WGEN were small, as expected. As a percentage of the

observed monthly mean correlations, RMSE ranged from 103 to 132% using the point-based
weather generator, whereas RMSE using the GiST generator ranged from 4% to 21%. GiST did
not show RMSE seasonal variability in comparison with the point-based method. A correlation
of 0.983 was obtained between observed and generated correlations of transformed rainfall
amounts between pairs of locations; this correlation was significant at the 0.01 probability level.
Implications of reproducing the region-wide number of days without rainfall at any
location are shown in Figure 7, which shows the first 31 days from a randomly selected year for
all seven locations. The region-wide accumulated rainfall generated by the point-based weather
generator showed a linear trend, because every day is rainy in at least one location at the time.
Using the GiST weather generator, the region-wide accumulated synthetic rainfall showed a
stair-shaped trend, because dry and wet spells are well-defined in the daily sequence.
Hydrologists studying floods and soil scientists studying soil erosion, for example, should be
interested in the shifts in watershed accumulated rainfalls; alternatively, agronomists studying
the regional effects of droughts over crops would be interested in the regional dry spell lengths.

CONCLUSIONS

The proposed algorithms reproduce the main statistics of the observed historical record of
each individual weather station as well as the spatial correlation between pairs of weather
stations. Pearson’s correlations between observed and generated joint probabilities were 0.996
for pair-wise weather stations with rainfall events and 0.991without rainfall events. Pearson’s
correlation between observed and generated pairs of weather stations was 0.983 for rainfall
amounts, and was statistically significant at the 0.01 probability level. The proposed
methodology reproduced the two-state first-order Markov transitional probabilities with
statistical significance as well as the regional-wide number of days without rainfall at any
location.

Due to its simplicity and flexibility, the proposed methodology can be applied in part or
in whole beyond rainfall data and even beyond meteorological applications to any kind of
information flow that follows a spatial and temporal structure. Further studies incorporating
cross-correlations with other variable, such as incoming solar radiation and maximum and
minimum temperatures, are needed. Inclusion of cross-correlations with other variables will
allow for stochastic downscaling of global and regional circulation model forecasts; this should
also enhance the application of this method to crop and environmental modeling at watershed
and regional levels.
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Possible applications of these methodologies may involve the estimation of rainfall
values missing from historical records, the downscaling of GCM/RCM’s with or without
including bias corrections, regional analyses of crop production using crop modeling techniques,
hydrological analyses from watershed to regional levels, soil erosion from watershed to regional
scales, the creation of spatial and temporal structured downscaling climatic change scenarios,
and regional risk management.
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APPENDIX

Generation of correlated random numbers
To transform a vector (7, ) with elements (7 ) randomly generated from a Gaussian

norm

distribution and independently generated from one each other into a vector (7,

orm

) with elements
(") randomly generated following a Gaussian distribution but pair-wise correlated with each

other (p, ;), each new element from 7,

orm

must be based on a weighted linear combination of
7 . elements:

Y o_
rno=nxC+..+r, XCl,n

v o_
r —”1><Cn,1+---+”,, ><CM

n

Therefore, 7

norm

values (C; ), which are calculated based on the pair-wise Pearson’s correlation values that form

must be matrix-multiplied by a square matrix containing the weighting

the correlation matrix [0] (Scheuer and Stoller, 1962). The proposed multiplicative matrix is a
reduced function of the summation between [p]/2 and a factored[p]. The most common
factorization matrices are the Toeplitz-Cholesky factorization matrix [T C ] (Benoit, 1924;

Brezinski, 2006; Toeplitz, 1907; Taussky and Todd, 2006; see Equation A.1), and the Eigen
decomposition matrix [Eig] (Hilbert, 1904; Hotelling, 1933; Equation A.2).

[7C]=[U]piagVU )| [A.1]

where [U ] is an upper triangular matrix with positive diagonal entries generated from a
special case of the symmetric LU decomposition of the correlation matrix with [L]=[U]" .

[Eig)=|E [Diag7 )| [A2]

where E, are eigenvectors and A, are Eigenvalues from the Eigen decomposition of the

correlation matrix.

In our experience, both methods perform equally well; however, as pointed out by Iman
and Conover (1982), this approach only works for Gaussian distributions. Because rainfall
amounts usually follow a Gamma distribution in this region, these methods cannot be applied
without data transformation. However, number of rainy days per month tends toward a Gaussian
distribution in non-arid zones, and thus, they can be used to generate a random number of rainy
days in each month.



