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1. SYNONYMS

TheSENSOR NETWORK LOCALIZATION PROBLEMis a variant of the EUCLIDEAN DIS-
TANCE MATRIX COMPLETION PROBLEM [2, 3] and theGRAPH REALIZATION PROBLEM.

2. INTRODUCTION

Research on ad hoc wireless sensor networks has increased greatly in recent years [24].
Sensor networks usually consist of a large number of sensorswhich are deployed to collect
data of interest. Such networks are versatile tools which provide a low-cost method of
target tracking, as well as monitoring seismic activity, temperature, sound levels, and light
[7]. Information gathered by the sensors is only useful if the positions of the sensors are
known. However, it is often the case that the use of a GPS system is too costly or, consumes
too much power, or the network is being deployed in a locationin which GPS is denied
[20].

Recently, techniques have been developed which estimate the node locations based on a
mixture of distance measurements and angle measurements between pairs of nodes in the
network. This problem is referred to as theSENSOR NETWORK LOCALIZATION PROBLEM,
(SNLP) and can be formally stated as follows: Given the true positions of some of the
nodes and the pair-wise distances between some nodes, how can the positions of all of the
nodes be estimated? [6, 7, 28].

2.1. Organization. Throughout the article, we will investigate theSNLP. In the following
section, we formally define the problem statement and in Section 4, we review several
solution techniques which appear throughout the literature. In Subsection 4.2, we describe
a semidefinite programming (SDP) model for the problem. We then provide a general
assessment of this approach and describe some implementation details. We highlight this
method specifically because of its advantages over heuristic methods. Particularly, the
SDP method is known to localize any network whenever a uniquesolution exists, and to
do so in polynomial time. We provide some concluding remarksin Section 5 and indicate
directions of future research. Finally, a list of cross references is provided in Section 6. We
conclude this section with an introduction to some of the symbology that will appear most
prevalently throughout the article.

2.2. Idiosyncrasies. Here we briefly introduce some of the symbols and notations wewill
employ throughout this paper. Define the trace of a symmetricmatrixA, denotedTrace(A)
as the sum of the diagonal entries. The standard trace inner product of two matricesA and
B is given as〈A, B〉 = Trace(ATB). The2-norm of a vectorx is denoted as||x|| and is
defined to be

√

〈x, x〉. A positive semidefinite matrixA will be denoted asA � 0. Agree
to letId and0d respectively represent the identity matrix and a vector containing all zeros,
both with dimensiond ∈ Z. Finally, we will useitalics for emphasis,CALLIGRAPHY
to refer to formulations, andSMALL CAPS for problem names. Any other locally used
terms and symbols will be defined in the sections in which theyappear.
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3. FORMULATION

A wireless sensor network is typically made up of a number of densely distributed sen-
sors that collect data. An instance of theSNLPconsists of a set ofm so-calledanchorpoints
whose positions are known a priori [7, 11, 21]. The object is to determine the location ofn
sensorpoints in the system based upon information obtained from the anchor sensors. Let
the anchor points and the sensor points be respectively denoted asa1, a2, . . . , am ∈ R

d

andx1, x2, . . . , xn ∈ R
d. The Euclidean distances̄dkj between pointsak and xj for

somek, j, anddij betweenxi andxj for somei < j are also given. LetNa = {(k, j) :
d̄k,j is specified} denote the sensor/sensor pairs andNx = {(i, j) : i < j, dij is specified}
represent the sensor/anchor. Then theSENSOR NETWORK LOCALIZATION PROBLEMas
defined in [7] is to find the localization (estimated position) of xi, x2, . . . , xn ∈ R

d such
that:

SNLP : ‖ak − xj‖
2 = d̄2

kj , ∀ (k, j) ∈ Na, and

(1)

‖xi − xj‖
2 = d2

ij , ∀ (i, j) ∈ Nx.

From this seemingly simple formulation, many difficult questions arise. For a given
instance of theSNLP, does this instance have a realization in the required dimension? If
so, is the realization unique? We should note that these two seemingly related questions
are quite different from a computational perspective. It has been shown that determining if
an instance of theSNLP has a unique realization inR2 can be determined efficiently under
certain assumptions [19]. On the other hand, it remainsNP-complete [16] to compute a
realization on the plane, even if the instance isknownto have a unique realization [5]. This
is the main problem of interest in this article.

4. METHODS

In this section, we review several solution methods which have been applied to the
SNLP. Particularly in Subsection 4.2, we highlight the techniques of Ye et al. [1, 7, 8,
28] and the application of semidefinite programming methodsfor efficiently computing
solutions to large-scale instances of theSNLP under a variety of circumstances.

4.1. Review of Solution Approaches.Several techniques have been applied the theSNLP,
all having some redeeming qualities [7, 15, 17]. Several techniques involve the use of dis-
tance or angle measurements between the anchor points in order to compute a localization
[12, 14, 23, 25, 26, 27]. Another common technique used by Bulusu et al. [10] and Howard
et al. [18] is to employ a grid or a set of surveyed points whoselocations are known. Then,
the sensor localization is attempted using the relative distances between sensors and the set
of beaconpoints [7].

The so-called “DV-Hop” technique of Niculescu and Nash [23]is an efficient method
in dense topologies whereby the anchor nodes flood the network with their location infor-
mation. This allows other points totriangulate their positions based on the information
of the anchor nodes. This information is then passed along toother sensor nodes who use
the combined locations to triangulate their positions. However, for widely dispersed and
irregular topologies, the relative errors in the node estimation tends to be fairly substantial.

A similar technique proposed by Savarese et al. [25] uses a method similar to the “DV-
Hop” algorithm described above to provide a rough estimate of the location information.
These estimates are then improved by applying a least-squares triangulation using these
estimates as well as a new collection of estimated positions[7].

The “iterative multilateration” technique of Savvides et al. [26] is another effective
method especially when the number of anchor nodes is relatively high. This method calcu-
lates via triangulation the positions of those nodes that are adjacent to at least three anchor
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points. Then these new localized nodes become anchor pointsand the process continues.
In the end every node in the network has become an anchor.

In [14], the so-called “mutlidimensional scaling” algorithm is proposed. The heuristic
begins by making an initial estimate of the node positions based solely on the connectivity
and basic distance and angle information of thenon-anchornodes. Then using a variant
of singular value decomposition [29], a map is generated of the relative locations of the
nodes. Finally, these estimates are greatly improved and anabsolute global map is pro-
duced by taking into account the locations of the anchor nodes and updating the estimates
accordingly.

The work of Doherty et al. [12] involves a technique in which linear bounding hyper-
planes are used to model the proximity constraints on the nodes which can communication
with each other as convex constraints. [1, 7]. However, these constraints are often too loose
and provide solutions which are not helpful in terms of calculating the unique realization
of the sensors.

As we see, the drawback with most sensor network localization techniques involving
heuristics is that they do not always find a unique solution even when it exists, or require
excessive computation time to do so [28]. A recently developed method introduced by So
and Ye in [28] uses a semidefinite programming (SDP) model that guarantees the discovery
of a unique solution when it exists. Furthermore, the solution can be computed in polyno-
mial time. In the following subsection, we present the SDP model, discuss the motivation
behind using this approach and analyze some properties of the model.

4.2. Semidefinite Programming Model. A semidefinite program is a convex optimiza-
tion problem where the objective function is linear and the constraint is defined by a linear
matrix inequality. Given a vectorc ∈ R

m, andm+1 symmetric matricesF0, F1, . . . , Fm ∈
R

nxn, a semidefinite program can be written in the form:

min
x∈Rm

{cT x|F (x) � 0},

whereF (x) = F0 +
∑m

i=1 xiFi, andF (x) � 0 implies thatF (x) is positive semidefinite
[13, 30]. Hence, both the objective function and the constraint are convex, and therefore
semidefinite programs are closely related to linear programs, and many algorithms for solv-
ing linear programming problems have generalizations thatapply to semidefinite programs
as well [30].

In [28], the authors note that (1) is a non-convex optimization problem, which is dif-
ficult to solve in general. They propose a SDP relaxation by converting the nonconvex
quadratic distance constraints into linear constraints asfollows. Specifically, letX =
[x1, x2, . . . , xn] be thed × n matrix which we are are trying to determine. Leteij ∈ R

be the vector where thei-th position is1, thej-th position is−1, and all other entries are
zeros. Then for all(i, j) ∈ Nx, we have that:

||xi − xj ||
2 = eT

ijX
TXeij . (2)

Furthermore, for all(k, j) ∈ Na it follows that

||ak − xj ||
2 = (ak; ej)

T[Id; X ]T[Id; X ](ak; ej), (3)

whereej is a vector of all zeros except for−1 at entryj, and(ak; ej) ∈ R
d+n is a vector

consisting ofak “on top of” ej [7]. Using these definitions, we can reformulate the problem
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as follows.

FindX ∈ R
d×n andY ∈ R

n×n (4)

such that

eT
ijY eij = d2

ij , ∀ (i, j) ∈ Nx, (5)

(ak; ej)
T

(

Id X

XT Y

)

(ak; ej) = d̄2
kj , ∀ (k, j) ∈ Na, (6)

Y = XTX. (7)

The intuition behind the SDP formulation is to relax constraint (7) to Y � XTX ; thus
implying thatY −XTX is positive semidefinite. Boyd et al. [9] among others have shown
that a positive semidefinite matrixY − XTX can be expressed as

Z =

(

Id X

XT Y

)

� 0. (8)

DefineZ1:d,1:d to be thed × d principle submatrix ofZ. Then the SDP relaxation of the
SNLP as given in [28], is to findZ ∈ R

(d+n)×(d+n) to:

SDP : maximize 0 (9)

subject to

Z1:d,1:d = Id, (10)

〈(0; eij)(0; eij)
T, Z〉 = d2

ij , ∀ (i, j) ∈ Nx, (11)

〈(ak; ej)(ak; ej)
T, Z〉 = d̄2

kj , ∀ (k, j) ∈ Na, (12)

Z � 0. (13)

Notice that by definition, any feasible solution matrixZ must have at least rankd [7]. We
can formulate the dual of the SDP relaxation as

SDP-D : minimize 〈Id, V 〉 +
∑

(i,j)∈Nx

yijd
2
ij +

∑

(k,j)∈Na

wkj d̄
2
kj (14)

subject to

(15)
(

V 0

0 0

)

+
∑

(i,j)∈Nx

yij(0; eij)(0; eij)
T +

∑

(k,j)∈Na

wkj(ak; ej)(ak; ej)
T � 0.

Notice that the dual formulation is always feasible. In particular havingV = 0, yij = 0
for all (i, j) ∈ Nx, andwkj = 0 for all (k, j) ∈ Na forms a feasible solution.

In [28], So and Ye postulate and prove several results regarding the above formulations.
We will highlight the key theorems and provide a basic analysis. For detailed proofs and a
more in-depth study, see [28].

The first result provides a class of instances for which the SDP relaxation is exact, i.e.
for instances when the matrixZ has rankd. Suppose that formulationSDP is feasible.
This implies that the distance measurementsdij andd̄kj are exact for the positions̄X =
[x̄1, . . . x̄n]. Then, we have the following result.

Theorem 1. Let Z̄ be a feasible solution forSDP and Ū be an optimal slack matrix of
SDP-D. Then by the duality theorem for semidefinite programming[4], it follows that:

(1) 〈Z̄, Ū〉 = 0;
(2) rank(Z̄) + rank(Ū) ≤ d + n;
(3) rank(Z̄) ≥ d andrank(Ū) ≤ n.

A immediate consequence of this theorem is that for optimal dual slack matrices̄U
such thatrank(Ū) = n, it follows that rank(Z̄) = d. Therefore, formulationSNLP
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is equivalent to formulationSDP implying that theSNLP formulation can be solved
optimally in polynomial time [28].

The next theorem establishes the existence of a large group of efficiently localizable
graphs.

Theorem 2. Suppose that the network in question is connected. Then the following are
equivalent:

(1) ProblemSNLP is uniquely localizable.
(2) The max-rank solution matrix ofSDP has rankd.
(3) The solution matrix ofSDP , represented by (8) , satisfiesY = XTX .

This theorem has several significant implications. First, we have that as long asSNLP
has a unique localization, then it can be computed in polynomial time by solving the cor-
responding semidefinite relaxation. The converse also holds. That is, if the solution matrix
to the semidefinite relaxationX has rankd, thenX is the unique localization for formu-
lation SNLP [28]. Lastly, as we mentioned above we have the existence of afamily
of graphs for which the localization can be efficiently computed despite the underlying
NP-completeness of theSNLP in general.

The seminal work of So and Ye [28] which we highlighted above provides a baseline
to which many extensions can be made. To be with, the results presented above are based
on the assumption that the distance measurements are exact.The work of Biswas et al. in
[7] provides extensions to handle inaccurate and incomplete measurements. This greatly
improves the robustness of the SDP formulation, making the model more applicable to
real-world scenarios in which inaccuracies are inevitable. Furthermore, in [1] the authors
provide SDP formulations of theSNLP which incorporate angle information which can be
used alone or in concert with distance information to calculate sensor realizations. This
method is particularly useful when the sensors can detect multiple angles [1]. We see that
many extensions are possible and that the by using semidefinite programming methods, a
large class ofSENSOR NETWORK LOCALIZATION PROBLEMSare able to be solved more
efficiently and effectively than by previous heuristic techniques.

5. CONCLUSION

The focus of this article was theSENSOR NETWORK LOCALIZATION PROBLEM(SNLP),
with particular attention given to a set of robust solution technique based on a semidefinite
programming model. After an introduction to the problem, wehighlighted several solution
approaches which have been applied. Next, we presented an analyzed the SDP formulation
of So and Ye [28]. The results proved for the SDP relaxation ofthe SNLP have provided
a framework which can be extended to other problems in distance geometry in which an-
gle and distance information are mutual between pairs of points. Such problems include
Euclidean ball packing and most recently3-dimensional molecule conformation problems
[22].

6. CROSSREFERENCES

See also:Graph realization via semidefinite programming; Semidefinite program-
ming and determinant maximization; Semidefinite programming and structural op-
timization; Semidefinite programming; Optimality conditi ons and stability; Solving
large scale and sparse semidefinite programs.
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