MAXIMUM CUT PROBLEM, MAX-CUT
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1. INTRODUCTION

The MAXIMUM cuUT problem (AX-cuT) is one of the simplest graph partitioning
problems to conceptualize, and yet it is one of the most diffmombinatorial optimization
problems to solve. The objective mfax -cuT is to partition the set of vertices of a graph
into two subsets, such that the sum of the weights of the dugdsg one endpoint in each
of the subsets is maximum. This problem is known to\&B-complete [18, 27]; however,
it is interesting to note that the inverse problem, i.e.t tfdooking for the minimum cut
in a graph is solvable in polynomial time using network floeheiques [1].MAX -CUT is
an important combinatorial problem and has applicationmamy fields including VLSI
circuit design [9, 32] and statistical physics [5]. For athpplications, see [16, 21]. For a
detailed survey ofaAx -cuT, the reader can refer to [33].

1.1. Organization. In this paper, we introduce theAxiMuUM CUT problem and review
several heuristic methods which have been applied. In $tibse3.2 we describe the im-
plementation of a new heuristic based optimizing a quatloa®r a hypercube. The heuris-
tic is designed under the C-GRASP (Continuous Greedy RaimohAdaptive Search
Procedure) framework. Proposed by Hirsch, Pardalos, aiséritie [23], C-GRASP is
a new stochastic metaheuristic for continuous global dgttion problems. Numerical
results are presented and compared with other heuristiostfre literature.

1.2. Idiosyncrasies. We conclude this section by introducing the symbols andtioois
we will employ throughout this paper. Denote a gr&ph- (V, E') as a pair consisting of
a set of verticed/, and a set of edgek. Let the mapw : E — R be a weight function
defined on the set of edges. We will denote an edge-weighégthgrs a paifG, w). Thus
we can easily generalize an un-weighted gréph= (V, E) as an edge-weighted graph
(G, w), by defining the weight function as

)L if () € E,
Wi = {o, if (i, ) & E. @

We use the symbolb*:= «” to mean “the expressioa defines the (new) symbal” Of
course, this could be conveniently extended so that a staitike “(1—¢)/2 := 7" means
“define the symbot so that(1 — ¢)/2 = 7 holds.” We will employ the typical symbdi©
to denote the complement of the $etfurther letA \ B denote the set-differencd,u B¢.
Agree to let the expressian« y mean that the value of the variahjés assigned to the
variablex. Finally, to denote the cardinality of a s&f we use|S|. We will usebold for
words which we definétalics for emphasis, andMALL CAPS for problem names. Any
other locally used terms and symbols will be defined in théi@es in which they appear.

2. FORMULATION

Consider an undirected edge-weighted gr&ghw), whereG = (V, E) is the graph,
andw is the weight function. Acut is defined as a partition of the vertex set into two
1
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disjoint subsetss and.S := V' \ S. Theweight of the cut(S, S) is given by the function
W : S x S +— Randis defined as

W(S,S) = > wy. 2)
i€S,jeS
For an edge-weighted grapty, w), amaximum cut is a cut of maximum weight and
is defined as

MC(G,w) := vné%%W(S,V\S). (3)
We can formulaterax -cuT as the foIIoang integer quadratic programming problem:
1
max Z wii (1 — y3y5) (4)
1<i<j<n
subject to:
y; € {-1,1}, VieV. (5)

To see this, notice that each subkeD S := {i € V : y; = 1} induces a cutS, S)
with corresponding weight equal to

- 1
W(s,8) = > wii(1—yiyy). (6)
1<i<j<n
An alternative formulation of1AX -cuT based on the optimization of a quadratic over
the unit hypercube was given by Deza and Laurentin [12].

Theorem 1. Given a graphG = (V, E) with |[V| = n, the optimal objective function value
of themAXIMUM cuT problem is given by

T
Wi(e —x), 7
Jax @ (e —x) (7)
whereW = [wy;]};_, is the matrix of edge weights, ard:= [1,1,...,1]" is the unit
vector.
Proof. Let
fla):=a"W(e—a) (8)

denote the objective function from Equation (7). To begithwnotice that the matrik/
has a zero diagonal, i.avy;; = 0, Vi € 1,2,...,n. This implies thatf (z) is linear with
respect to each variable, and thus there always exists amalgolution,z* of (7) such
thatz* € {0, 1}™. Therefore, we have shown that
T T
W(e—z)= Wi(e — x). 9
R ©

The next step is to show that there is a bijection betweempivectors of lengt and
cuts inG. Consideranybinary vectorz € {0,1}". Now suppose we partition the vertex
setV into two disjoint subset¥; := {i|#; = 0} andV% := {i|Z; = 1}. Then, evaluating
the objective function we have

f(@) = Z Wij (20)
(i,§)EVI X V2

which is equal tdV (V1, V), the value of the cut defined by the partitioniof= V3 | V%
(see Equation (2) above).
Alternatively, consideany partition of V' into two disjoint subset¥;, V> C V. Thatis

V=n|Jv and Vi[)Vk=0.
Now, we can construct the vectoras follows:

5 = (bTieh (11)
0, ifie Vs
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Once again, evaluating the objective functionignve have

f@= > wy (12)

(4,5)€V1x V2

Hencef(#) = W(Vi, V) and we have the resuit.Alas, we have shown the bijection
between binary.-vectors and cuts ifr. In summary, we have

max ' W(e—z)= max 2'W(e—z)= max E Wij .
zel0,1]" ze{0,1}n V=1 UVe,Vi NVe=0 '
(i,7)EV1X V2

O

There are several classes of graphs for wiMetx -cuT is solvable in polynomial time
[25]. These include planar graphs [11], weakly bipartitagyrs with nonnegative edge
weights [20], and graphs withodf; minors [4]. The general problem however is known
to be APX-complete [31]. This implies that unle$s= NP, MAX -cUT does not admit
a polynomial time approximation scheme [30].

3. METHODS

ThemaxiMuM cUT problem is one of the most well-studied discrete optim@agirob-
lems [27]. Since the problem i§"P-hard in general, there has been an incredible amount
of research done in which heuristic techniques have beeledp|Before we present the
new heuristic approach, we review some of the prior work lt@atbeen done.

3.1. Review of Solution Approaches.There have been many semidefinite and continu-
ous relaxations based on this formulation. This was firsivshiy Lovasz in [28]. In 1995,
Goemans and Williamson [19] used a semidefinite relaxati@chieve an approximation
ratio of .87856. This implication of this work is significant for two reasonshe first is

of course, the drastic improvement of the best known appration ratio formAX -cuT

of 0.5 which had not been improved in oved years [36]. Secondly, and perhaps more
significantly is that untill995, research on approximation algorithms for nonlinear pro-
gramming problems did not receive much attention. Motitdig the work of Goemans
and Williamson, semidefinite programming techniques we@iad to an assortment of
combinatorial optimization problems successfully yiatglthe best known approximation
algorithms forGRAPH COLORING([7, 26], BETWEENNESS10], MAXIMUM SATISFIABIL -

ITY [13, 19], andvMAXIMUM STABLE SET [2], to name a few [29].

As noted in [16], the use of interior point methods for sotyithe semidefinite pro-
gramming relaxation have proven to be very efficient. Thizsause methods such as the
one proposed by Benson, Ye, and Zhang in [6] exploit the coatbrial structure of the
relaxed problem. Other algorithms based on the nonlingardedinite relaxation include
the work of Helmberg and Rendl [22] and Homer and Peinada [24]

The work of Burer et al. in [8] describes the implementatidracank2 relaxation
heuristic dubbedircut. This software package was shown to compute better sofution
than the randomized heuristic of Goemans and Williamsougeimeral [16]. In a recent
paper dating fron2002, Festa, Pardalos, Resende, and Ribeiro [16] implementestd t
six randomized heuristics fanax -cuT. These include variants of Greedy Randomized
Adaptive Search Procedures (GRASP), Variable Neighbat!ssarch, and path-relinking
algorithms [35]. Their efforts resulted in improving thesb&nown solutions for several
graphs and quickly producing solutions that compare fedgraith the method of Goe-
mans and Williamson [19] andlircut [8]. For several sparse instances, the randomized
heuristics presented in [16] outperformetrcut.

¥Notice that the result holds even if (without the loss of galily) V1 = V andV> = (. In this case, a cut
induced by(V1, V2) will be a maximum cut ifw;; <0, Vi,j € V.
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In [25], Butenko et al. derive a “worst-out” heuristic hagian approximation ratio
of at leastl/3 which they refer to as thedge contraction methodThe also present a
computational analysis of several greedy constructiomisiges for MAX -CUT based on
variations of the).5-approximation algorithm of Sahni and Gonzalez [36]. Whistwe
now move on and describe the implementation of a new heuf@tiMAX -cuT based on
the new metaheuristic Continuous GRASP [23].

3.2. C-GRASP Heuristic. The Continuous Greedy Randomized Adaptive Search Pro-
cedure (C-GRASP) is a new metaheuristic for continuousajloptimization [23]. The
method is an extension of the widely known discrete optitionealgorithm Greedy Ran-
domized Adaptive Search Procedure (GRASP) [15]. Prelirginesults are quite promis-
ing, indicating that C-GRASP is able to quickly convergefte global optimum on stan-
dard benchmark test functions. The traditional GRASP is@vase procedure which

procedure GRASP(MaxIter, RandomSeed)
fre0
X 10
for i = 1 toMaxIter do
X « ConstructionSolution(G, g, X, «)
X « LocalSearch(X, N(X))
if f(X) > f(X™)then
X" — X
[ e F(X)
end
10 end
11 return X~
end procedureGRASP

© 00y U Bk~ W N

FIGURE 1. GRASP for maximization

generates solutions through the controlled use of randompléag, greedy selection, and
local search. For a given proble let ' be the set of feasible solutions fo. Each
solution X € F'is composed ok discrete components,, ..., ar. GRASP constructs
a sequencé X }; of solutions forIl, such that eaclX; € F. The algorithm returns the
best solution found after all iterations. The GRASP procedan be described as in the
pseudo-code provided in Figure 1. Tbenstruction phaseeceives as parameters an in-
stance of the problei®, a ranking functiory : A(X) — R (whereA(X) is the domain of
feasible components, . .., a; for a partial solutionX'), and a parametér< « < 1. The
construction phase begins with an empty partial soluflanAssuming thatA(X)| = k,
the algorithm creates a list of the best rankédcomponents ird(X ), and returns a uni-
formly chosen element from this list. The current partial solution is augmentethtdude
x, and the procedure is repeated until the solution is feagild., untilX € F.

Theintensification phaseonsists of the implementation of a hill-climbing proceelur
Given a solutionX € F, let N(X) be the set of solutions that can found frokh by
changing one of the componeniss X. Then,N(X) is called the neighborhood of.
The improvement algorithm consists of finding, at each stepelemenfX* such that

* /
X" = argx,glgfx)f(X )

wheref : F' — R is the objective function of the problem. At the end of eadpsve
make the assignmef* — X if f(X) > f(X*). The algorithm will eventually achieve
a local optimum, in which case the solution* is such thatf(X*) > f(X’) for all
X’ € N(X*). X*is returned as the best solution from the iteration and tis¢ smution
from all iterations is returned as the overall GRASP sohuti@RASP has been applied to
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procedure C-GRASP(n, [, u, f(-), MaxIters, MaxNumIterNoImprov, NumTimesToRun, MaxDirToTry, o)
1 f* <~ —oc0

2 for 7 = 1to NumTimesToRun do

3 @« UnifRand ([l, u))

4 h+—1

5 NumIterNoImprov «— O

6 for Iter = 1 to MaxIters do

7 z « ConstructGreedyRandomized (x, f(-), n, h,l, u, )
8 x « LocalSearch(z, f(-),n, h,l, u,MaxDirToTry)
9 if f(x) > f*then

10 ¥ —x

1 * — 1)

12 NumIterNoImprov « 0

13 else

14 NumIterNoImprov «— NumIterNoImprov + 1

15 end if

16 if NumIterNoImprov > MaxNumIterNoImprov then
17 h — h/2

18 NumIterNoImprov « 0

19 end if

20 end for

21 end for

22 return x*

end procedureC-GRASP

FIGURE 2. C-GRASP pseudo-code adapted from [23].

many discrete problems with excellent results. For an atadtbibliography of GRASP
applications, the reader is referred to the work of FestaRasknde in [17].

Like GRASP, the C-GRASP framework is a multi-start procedtonsisting of a con-
struction phase and a local search [14]. Specifically, C-SRAs designed to solve
continuous problems subject to box constraints. The féasibmain is given as the-
dimensional rectangl® := {z = (x1,22,...,2,) € R" : | < z < u}, where
l,u € R™ are such that; < u;, fori = 1,2,...,n. Pseudo-code for the basic C-
GRASP is provided in Figure 2. Notice that the algorithm &ks input the dimension
n, upper and lower boundsandu, the objective functiorf, and parametengaxIters,
MaxNumIterNoImprov, NumTimesToRun, MaxDirToTry, and a numbet € (O, 1).

To begin with, the optimal objective function valyé is initialized to—oo. The pro-
cedure then enters the main body of the algorithm inftheloop from lines2-21. The
valueNumTimesToRun is the total number of C-GRASP iterations that will be peried.
To begin with, more initialization takes place as the curigsiution z is initialized as
a random point inside the hyperrectangle, which is genérateording to a function
UnifRand([l,«)) which is uniform onto[/,u)". Furthermore, the parameter which con-
trols the discretization of the search spdegis set tol. Next, the construction phase and
local search phases are entered. In finthe new solution is compared to the current best
solution. If the objective function value correspondinghie current solution dominates
the incumbent, then the current solution replaces the ibhemntandiumIterNoImprovis
set to0. This parameter controls when the discretization meakusereduced. That is,
after a total oMaxNumIterNoImprov iterations occur in which no solution better than the
current best solution is found,is set tok /2 and the loop returns to lingé By adjusting the
value ofh, the algorithm is able to locate general areas of the seg@atesvhich contain

TThis is the “typical” definition of aJniform distribution. Thatis,P : X ~— R is uniform onto[A, B), if,
for any subinterval C [A, B), the measure oP~1(I) equals the length of.
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high quality solutions, and then narrow down the search aséhparticular regions. The
best solution after a total ofumTimesToRun iterations is returned as the best solution.

The construction phase of the C-GRASP takes as input themalydjenerated solution
x € S (see Figure 2, ling). Beginning with all coordinates unfixed, the method then
performs a line search on each unfixed coordinate direcfiantwlding the othen — 1
directions constant. The objective function values ré@sulfrom the line search solution
for each coordinate direction are stored in a vector, 8ayAn elementy; € V is then
selected uniformly at random from the maximyin— «)100% elements ofi’, and the
v; coordinate direction is fixed. This process repeats urtihatoordinates ofc have
been fixed. The resulting solution is returned as the C-GR#@#tion from the current
iteration. For a slightly more detailed explanation of thiscedure, the reader is referred
to [23].

As for the local search phase, this procedsireulatesthe role of calculating the gra-
dient of the objective functiorf(-). As mentioned earlier, gradients are not used in C-
GRASP because oftentimes, they are difficult to compute asdltrin slow computation
times. Therefore, the gradient is approximated as follo@isen the construction phase
solutionz, the local search generates a set of directions and detesrmnwhich direction
(if any) the objective function improves.

The directions are calculated according to a bijective fiond” which maps the interval
of integers[1,3™) N Z onto their balanced ternary representation. Recall thit the
dimension of the problem under consideration. Thafis,[1,3") N Z — {—1,0, 1}
Clearly, asn — oo, the number of search directions grows exponentially. dtoze,
only MaxDirToTry directions are generatednd tested on the current solution. For each
directiond, the pointz := = + hd is constructed ang'(z) is computed. Recall that
h is the parameter which controls the density of the searchesgacretization. If the
constructed point € S has a more favorable objective value than the current pgint
thenz replaces:, and the process continues. The phase terminates whenlg tmaiamal
pointz* € S is found. The point:* is said to be locally optimal iff (z*) > f(z* +
hd)V d € {1,2,...,MaxDirToTry}. Again, for a slightly more in depth description of
this procedure, the reader should see the paper by Hirs¢h28h

a=04 MaxDirToTry = 20
NumTimesToRun = 20 MaxIters = 1000
MaxNumIterNoImrpov = 1

TABLE 1. Parameters used for C-GRASP.

3.2.1. Computational ResultsThe proposed procedure was implemented inCthe pro-
gramming language and complied using Micro®fvisual C++ 6.0. It was tested on
a PC equipped with a 1700MHz Int8l Pentiun® M processor and 1GB of RAM op-
erating under the Microsd®t Windows® XP environment. The C-GRASP parameters
used are provided in Table 1. First, we tested the C-GRASR)anstances produced by
the Balasundarm-Butenko problem generator in [3]. Thohgke problems are relatively
small, they have proven themselves to be quite formidabdénagthe Multilevel Coor-
dinate Search (MCS) black-box optimization algorithm. Wsoaested the C-GRASP
on 12 instances from the TSPLIB [34] collection of test probleros the TRAVELING
SALESMAN PROBLEM These problems are also used as benchmark problems fogtest
MAX -CUT heuristics [19].

For further comparison, all instances were tested usingahk2 relaxation heuristic
circut [8], as well as with a simpl2-exchange local search heuristic which is outlined in
the pseudo-code provided in Figure 3. The method receiviepata parametéfaxIter

funiformly at random
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Name| |[V| | Opt || C-GRASP|| MCS || circut || LS
G5-1| 5 | 126 126 125 125 126
G5-2| 5| 40 40 39 40 40
G8-1| 8 | 1987 1802 1802 || 1987 || 1987
G8-2 | 8 | 1688 1631 1671| 1688 || 1688
G10-1| 10 | 1585 1585 1513|| 1585 || 1585
G10-2| 10 | 1377 1373 1373|| 1377 || 1377
G15-1| 15| 399 389 389 399 399
G15-2| 15 | 594 594 593 594 594
G20-1| 20 | 273 267 273 273 273
G20-2| 20 | 285 285 282 285 285
TaBLE 2. Comparative results from the Balasundaram-Butenko in-
stances from [3].

indicating the maximum number of iterations to be performedG = (V, F) the instance
of the problem whereupon a maximum spanning tree is foumjusiuskal’s algorithm
[1]. The spanning tree, due to its natural bipartite strrecfrovides a feasible solution to
which a swap-based local improvement method is applied@3i The local improvement
works as follows. For all pairs of verticés, v) such that: € S andv € S, a swap is per-
formed. Thatis, we place € S andv € S. Ifthe objection function is improved, the swap
is kept; otherwise, we undo the swap and examine the (uext) pair. The local search
was tested on the sanRE as the C-GRASP. Theircut heuristic was compiled using
Compa(@ Visual Fortran on &C equipped with &.60GHz Inte® Xxeor® processor
and3.0GB of RAM operating under the WindoW& XP environement.

procedureLocalSearch(G,MaxIter)
[P —o0
" —0
for j = 1toMaxIter do
x < KruskalMST(z, G)
x < LocalImprove(z,G)
if f(z)> f*then
Tt —
e @)
end if
10 end for
11 return z*
end procedureLocalSearch

© 0~ oUW N R

FIGURE 3. The2-exchange local search routine.

Table 2 provides computational results of the algorithmsten10 Balasundarum-
Butenko instances from [3]. The first three columns providainstance name, the number
of vertices and the optimal solution. The solutions fromltlearistics are provided next.
The solutions from the Multilevel Coordinate Search althorni were provided in [3]. For
all of these instances, the time required by the C-GRASPcut, and the local search to
find their best solutions was fractions of a second. Compguimes were not listed for the
MCS algorithm in [3]. Notice that the-exchange local search computed optimal solutions
for each of these instances, followed closelydiy cut which found optimal cuts for all
but one problem. As for the continuous heuristics, the C-GRAound optimal solutions
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for 5 of the 10 instances while the MCS procedure produced optimal cuterfibr 1 in-
stance. For thé instances where C-GRASP produced suboptimal solutiorsathrage
deviation from the optimum wak54%.

Table 3 shows results of the C-GRASP, local search,andut heuristics when ap-
plied to 12 instances from the TSPLIB collection of test problems far HHfRAVELING
SALESMAN problem [34]. The first two columns provide the instance name the size
of the vertex sefV’|. Next the solutions are provided along with the associatedpziting
time required by the respective heuristic. Notice that fbi 2instances, the three heuris
tics all found the same solutions. Notice that in terms of patation time, the simplest
heuristic, the2-exchange local search seems to be the best performing ttire meth-
ods tested. The rank+elaxation algorithntircut is also very fast requiring onl9.99
seconds on average to compute the solution. On the other tien@-GRASP method did
not scale as well as the others. We see that there is a dnastéase in the solution time
as the number of vertices increases beyttid

This is not particularly surprising. The philosophicalseaing behind the slow com-
putation time of the C-GRASP relative to the discrete hdigeseing that the C-GRASP
is ablack-boxmethod and does not take into account any information alveuptoblem
other than the objective function. To the contrary, thellsearch andircut specifically
exploit the combinatorial structure of the underlying gesb. This allows them to quickly
calculate high quality solutions.

Name | |V] || C-GRASP| Time (s) LS Time (S)|| circut | Time (s)
burmal4| 14 283 0.120 283 0.00 283 .046
gri7 17 24986 0.19 24986 0.00 24986 .047
bays29 | 29 53990 0.701 53990 0.01 53990 | 1.109
dantzig42| 42 42638 1.832 42638 0.01 42638 1.75
gr48 48 320277 | 4.216 || 320277| 0.00 320277 | 3.672
hk48 48 771712 | 2.804 | 771712| 0.00 771712 | 2.516
gro6 96 105328 | 52.425 || 105328 | 0.01 105328 | 14.250
kroA100 | 100| 5897368 | 66.445 || 5897368 0.01 | 5897368 2.359
kroB100 | 100| 5763020 | 94.175 || 5763020, 0.01 | 5763020 2.531
kroC100 | 100| 5890745 | 66.545 || 5890745 0.01 | 5890745 2.500
kroD100 | 100| 5463250 | 94.155 || 5463250 0.03 | 5463250, 2.547
kroE100 | 100 || 5986587 | 69.64 || 5986587, 0.03 || 5986587 2.500
TABLE 3. Comparative results fromRAVELING SALESMAN PROBLEM
instances [34].

4. CONCLUSIONS

In this paper, we implemented a new metaheuristic fomhg Mum cuT problem. In
particular, we proposed the use of a continuous greedy raizeol adaptive search proce-
dure (C-GRASP) [23], for a continuous formulation of the lgeam. To our knowledge,
this is the first application of C-GRASP to continuous foratigdns of discrete optimiza-
tion problems. Numerical results indicate that the proceds able to compute optimal
solutions for problems of relatively small size. Howevee method becomes inefficient
on problems approachin@0 nodes. The main reason for this is the fact that C-GRASP is
a black-box method, in that it does not take advantage of @ieymation about the prob-
lem structure. Recall that the only input to the method is eanechanism to compute
the objective function. A natural extension of the work emed here is tenhancehe
C-GRASP framework to take advantage of the structure of tbblpm at hand. Using a
priori information about the problem being considered, cogld modify the algorithm to
include these properties which would presumably reducedeired computation time.
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5. CROSSREFERENCES

See alsoCombinatorial test problems and problem generators; Conthuous global
optimization: Models, algorithms and software; Derivative-free optimization; Greedy
randomized adaptive search procedure, GRASP; Heuristic s&ch; Integer program-
ming; NP-complete problems and proof methodology; Quadrat integer program-
ming: Complexity and equivalent forms; Random search methds; Semidefinite pro-
gramming: Optimality conditions and stability; Semidefinite programming and the
sensor network localization problem, SNLP; Solving large sale and sparse semidefi-
nite programs; Variable neighborhood search methods.
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