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ABSTRACT. Inrecent years, the study of biological networks has msee dramatically.
These problems have piqued the interest of researchersrin disciplines from biology
to mathematics. In particular, many problems of interesbitdogical scientists can be
modeled as combinatorial optimization problems and studlig operations researchers.
In this chapter, we consider the problem of identifying thi#ical nodes of a network
and its potential applications to protein-protein intéiat networks. More specifically,
we are interested in determining the smallest set of nodesevhemoval from the graph
maximally disconnects the network. Recent techniquesdentifying critical nodes in
telecommunication networks are applied to the study ofgimgprotein interaction graphs
and the results are analyzed.

1. INTRODUCTION

Optimization problems abound in the study of biologicalwaks. This is a timely re-
search topic and has been the focus of great attention ieteat literature [1,14,]6, 19, P1,
[22,23[27]. In this chapter, we investigate the detecticeritital nodesin protein-protein
interaction networksTheCRITICAL NODE DETECTION PROBLEM(CNDP) is a combina-
torial optimization problem recently introduced by Aruismn et al. [2]. Given a graph
G = (V,E) and an integek € Z\ |V|, the objective is to determine a subget V, such
that|A| = k, whose deletion from the graph results in a minimum coheamhensures a
minimum difference in the sizes of the components. A relgiedlem, theCARDINAL -
ITY CONSTRAINED CNDP(CC-CNDP) seeks to determine a minimum cardinality subset of
nodes whose deletion ensures that the number of nodes Badian any other node in
the network does not exceed some threshold value.

ThecNDP has applications in many fields including social networkgsig, quality as-
surance and risk management in telecommunication netwivgkssportation science, and
control of social contagion [2] 8] 7]. Our proposition isttientifying the critical nodes
in protein-protein interaction networks can have appiicat in computational biology, in
particular in drug design. The interpretation of the calticodes in the context of protein-
protein interaction networks is that these nodes represeninimum cardinality set of
proteins whose removal would destroy the primary intecadtiand thus help neutralize
potentially harmful organisms (e.g., bacteria or viruses)

The organization of this chapter is as follows. In the nextise, protein-protein in-
teraction networks are discussed. In Secfibn 3, we providhematical programming
formulations for both variants of theRITICAL NODE DETECTION PROBLEMdescribed
above. In Sectioh]4, we discuss the implementation of skberaistics for both prob-
lems, and provide some preliminary computational resultsritical node detection on
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real-world protein-protein interaction networks in SenfH. Conclusions and future di-
rections of research are identified in Secfibn 6.

2. PROTEIN-PROTEIN INTERACTION NETWORKS

In recent years, the biological research community’s egemn studying proteins from
different aspects has steadily increased. As a result, dek dif proteomics which in-
vestigates proteins’ structures and functions, has beeelajged. In particularprotein-
protein interactionshave been extensively studied using various advanced itpas
[5,[14,[15] 26/ 218] Many biological functions involve intetmns between proteins at dif-
ferent levels, including signal transduction in cells.(imnversion of one kind of a signal
to another inside a cell, which may play an important roleigidgical processes, includ-
ing disease development), formation of protein complekes &table over time structures
involving multiple proteins), brief interactions betwegrmteins involving the processes of
modification of one protein by another, etc.

Protein-protein interactions can be represented in tefrgsaph theory as a set of ver-
tices (proteins) and edges (certain types of interactiehsden proteins). These structures
are referred to agrotein-protein interaction networks'hese networks play an important
role in computational biology. In many cases, they can béyeasualized and are con-
venient for understanding the complex nature of differgpes of interactions between
proteins. As a result of extensive research efforts in shglgrotein-protein interactions
for different biological organisms (e.g., certain type®atteria), massive amounts of data
have been obtained. In particular, detailed and compréreedata on protein-protein in-
teractions is available for the yea&accharomyces cerevisiaghich has been considered
in a number of workd.[17, 16, 25]

Moreover, protein-protein interactions are studied frow@ perspective adrug design
applications.[[111, 24] In particular, drugs that targetcfietypes of proteins can be devel-
oped. This research direction has significantly grown rigémthe context of identifying
target proteingresponsible for certain diseases based on the availabieimparotein in-
teraction data. Nowadays, experimental studies in thia are extensively conducted by
scientists in the pharmaceutical industry and researchmaarities. [20]

On the other hand, protein-protein interaction networks loa investigated from the
network optimization perspective. In this chapter, we maiefirst attempt to put the
aforementioned problem of identifying target proteins intpin-protein interaction net-
works in the framework of combinatorial optimization. Sihieally, we propose to ap-
ply the recently introducedRITICAL NODE DETECTION PROBLEM(CNDP) to analyze
protein-protein interactions and detect the nodes (pre}¢hat are the most important for
the connectivity of these networks. We believe that idgmtg these critical nodes can
provide information that can be used in drug design and @hplications.

Next, we discuss mathematical programming formulatiorthefconsidered problems
and present computational results obtained for some &lmifaotein-protein interaction
datasets.

3. OPTIMIZATION APPROACHES FORCRITICAL NODE DETECTION

Denote a graplé = (V,E) as a pair consisting of a set of verticés and a set of
edgesE. All graphs in this chapter are assumed to be undirected aneighted. For a
subseW C V, let G(W) denote the subgraph inducedWon G. A set of vertices CV
is called anindependenbr stable setf for everyi,j €1, (i,j) ¢ E. Thatis, the graph
G(l) induced byl is edgeless. An independent setisximalif it is not a subset of any
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larger independent set (i.e., it is maximal by inclusiomy maximunif there are no larger
independent sets in the graph.

3.1. The Critical Node Detection Problem. Given a graptG = (V,E), letu:V xV —
{0,1}, whereu;; = 1 if nodesi andj are in the same component\f Then the objective
of thecNDPis to find a subseA C V of nodes such tha#\| < k, whose deletion results in
the minimum value of u;; in the edge induced subgra@V \ A). This objective function
results in a minimum cohesion in the network, while also eingua minimum difference
in the sizes of the components. An integer programming fdéatimn of thecNDP has been
formulated by Arulselvan et al[2]

Let u be defined as above and defineV — {0,1} as

. J1,ifnodei is deleted in the optimal solution, )
"] 0, otherwise.
Then theCRITICAL NODE DETECTION PROBLEMIS given as
(CNDP) Minimize Z/Uij 2
i€
S.t.
Uij +vi+vj > 1,V (i, j) €E, 3)
uij+ujk_uki§17\V/(ivjak)evv (4)
Uij —Ujk+ Ui <1,V (i,],k) €V, (5)
—Ujj +Ujk+ Ui <1, V(i,j,k) €V, (6)
vi <K, (7)
Uij 6{071}7Vi1j eV, (8)
vi € {0,1}, VieV. 9)

Constraints[(B) ensure that(if, j) € E and nodes andj are in separate components, then
one or both of them is deleted. The set of constraiiis (4-€)erthat if nodesandj are in
the same component and nodeandk are in the same component, then necessastyd

k belong to the same component. Finally, (7) constrains thdman number of nodes
to be deleted. TheNDP was shown to bey »-hard[12] by a reduction oftAXIMUM
INDEPENDENT SETt0 an instance of thenDr[3].

3.2. Cardinality Constrained Problem. Given agraplt = (V, E), theconnectivity index
of a node is defined as the number of nodes reachable froméhtaixsee Figurel 1 for
examples). To constrain the network connectivity in optiamtion models, we can impose
constraints on the connectivity indices of the nodés [8].

TheCARDINALITY CONSTRAINED CNDP can be formulated in a similar manner to the
the cNDP above. Recall that in this problem, we are given an intégerZ, and we are
interested in determining a minimum cardinality sub&e&t V such that theonnectivity
indexof the remaining nodes in the vertex deleted subgi@ph\ A) does not exceed.
Using the same definition of the variables as in the previabsection, we can formulate
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FIGURE 1. Connectivity Index of nodes A,B,C,D is 3. Connectivity
Index of E,F,G is 2. Connectivity Index of H is 0.
thecc-cNDP as the following integer linear programming problem.
(CC-CNDP) Minimize Z/Vi (10)
i€
s.t.
uj+vi+vi>1 V(i,j) €E, (11)
Uij +Ujk — Wi < 1, Y (i, ],k) €V, (12)
Uij — Ujk+ Ui < 1, V (i, ],k) €V, (13)
—Uj + U UG < LY (i,],K) €V, (14)
Z/Uij <L, (15)
i,J€
uj € {0,1}, Vi, j €V, (16)
vi € {0,1}, VieV, a7

whereL is the maximum allowable connectivity index for any nodehie vertex deleted
subgraphG(V \ A). Notice that the objective is to minimize the number of nodeleted.
Constraints[(T]1) follow exactly as in thenDP model. Also, Constraint$ (12J=(114) are
equivalent to the constraintj 4 uj + Uk # 2, V (i, j,k) € V, which ensures that if nodes
i andj are in the same component and nodemdk are in the same component, then
necessarilyi andk belong to the same component (as in P model). Constraints
(I58) ensure that the connectivity indices of all nodes dagsrceed.. The cc-CNDP

is alsoa’ -hard as proved by Arulselvan et[dl[3]. For the applicatibmterest in this
chapter, thec-cNDPis the most applicable critical node optimization modelefdiore as
we consider solutions approaches and computational erpats in the following sections,
this is the problem on which we will focus.

4. HEURISTICAPPROACHESFOR CRITICAL NODE DETECTION

Due to the computational complexity of the mathematicagpamming formulations
presented above, the prior work in this area has concedtosi¢he development of effi-
cient heuristics for critical node detection problemB}Z7]3

4.1. Multi-start Combinatorial Heuristic. Arulselvan et all[3] have proposed an effi-
cient combinatorial heuristic for theNDP. Pseudo-code for the proposed algorithm is
provided in Figuré 2. The heuristic starts off by identifyin maximal independent set
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procedureCriticalNode(G,L)
MIS «+ MaximalIndepSet(G)
OPT « FALSE
NoAdd — 0
while (OPT .NOT.TRUE) do
for (i=1to|V|)do
if (B2 < vseSCGMIS U{i}):ieV\MIS)then
MIS — MISU{i}
else
NoAdd «+— NoAdd +1
end if
if (NoAdd= |V|— [MIS|) then
OPT « TRUE
BREAK
14 end if
15 end for
16 end while
17 returnV\MIS /x set of nodes to deletd
end procedureCriticalNode
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FIGURE 2. Combinatorial heuristic for theCARDINALITY CON-
STRAINED CRITICAL NODE PROBLEM

(MIS). This array holds the set of non-critical nodes. In thain loop from lines 4-16,
the procedure iterates through the vertices and determihah of them can be added
back to the graph while still maintaining feasibility. Iftex i can be replaced, MIS is
augmented to includiein step 7, otherwise NoAdd is incremented. When NoAdd is bqua
to V| — [MIS|, then no nodes can be returned to the graph and OPT is $8UEbD The
loop is then exited and the algorithm returns the set ofcadfitnodes, i.eV \MIS.

The solution found by this procedure is then further impobtlerough a local search
step and incorporated within a multi-start mechanism (sgeré[3). Computational test-
ing was carried out on a benchmark network of the social attésns of the terrorists
involved in the 9, 11 hijacking[18] and on some networks generated by the asitfheir
tests indicated that the heuristic is very effective in praidg optimal solutions in modest
computing time as compared to solving the mixed integer fdation of the problem using
the branch-and-bound based solver CPLEX[9].

4.2. Genetic Algorithms. Genetic algorithms (GAs) represent a broad class of hasist
for global optimization problems. Intuitively, they aresigned to mimic the biological
process of evolution, and follow Darwin’s Theory of Natusalection[[1I0]. GAs store a
set of solutions, or @opulation and the populatioevolvesby replacing these solutions
with better ones based on certain fitness criteria repreddytthe objective function value.
In successive iterations, generationsthe population evolves bgproduction crossovey
andmutation

Reproduction is the probabilistic selection of the nextagations elements determined
by their fitness level (i.e., objective function value). €sover is the combination of two
current solutions, callegarents which produces one or more other solutions, referred
to as theiroffspring Finally, mutation is the random perturbation of the offsgrand
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procedureCriticalNodeLS(G,k)
1 X*<0

2 f(X*) <

3 for j =1toMaxIter do

4 X« CriticalNode(G,k)
5 X « LocalSearch(X)

6 if f(X) < f(X*) then

7 X*—X

8 end if

9 end

10 return (V\X*) /xsetofk nodes to delete/
end procedureCriticalNodeLS

FIGURE 3. The multi-start framework for the critical node heugsti

procedureGeneticAlgorithm

Generate populatiof

Evaluate populatiofy

while terminating condition not meto
Select individuals fronf and copy td. 1
Crossover individuals fror and put inP 1
Mutate individuals fronP and put inP. 1
Evaluate populatiof. 1
Pc < Pkt
P10

end while

11 return best individual inP¢

end procedureGeneticAlgorithm
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FIGURE 4. Pseudo-code for a generic genetic algorithm.

is implemented as an escape mechanism to avoid gettingetdagiplocal optima.[13].
In successive generations, only those solutions havindpésefitnessare carried to the
next generation in a process which mimics the fundamenitatipte of natural selection,
survival of the fittesfL0]. Figure 4 provides pseudo-code for a standard genlgicithm.
Genetic algorithms were introduced in 1977 by Holland, aedengreatly invigorated by
the work of Goldberg[T13]

5. COMPUTATIONAL EXPERIMENTS

In this section, we present some preliminary computatioasiillts on real protein-
protein interaction networks obtained from the literatuhe particular, three graphs are
tested with various values of the connectivity index bouBdth of the aforementioned
heuristics were implemented in tBe+ programming language and complied using GNU
g++ version 41.2, using optimization flagd4. They were compiled on a Linux worksta-
tion equipped with a 3.0 GHz Intl Xeor®® processor and.@ gigabytes of RAM. For
more information on specific tuning parameters of the h&asisthe reader is referred to
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the papers by Arulselvan et al.[2, 3]. The major focus of thiapter is to introduce the

concept and related techniques of finding critical nodes gmagh to the computational
biology research community.

~ 7

(a) The original network.

\/-\° \/-\°

(b) The optimal subgraph fdr= 3. (c) The optimal subgraph fdr = 4.

FIGURE 5. The CARDINALITY CONSTRAINED CRITICAL NODE DE-
TECTION PROBLEMis solved for the 46 primary interactions of tige
cerevisiaecell cycle.

We begin by examining the 46 primary interactions of the {/8aserevisiaeell cycle[29].
The graph of the original network can be seen in Figure] 5(&e dptimal solutions for
the case wherk = 3 andL = 4 are provided in Figurds 5(b) ahd J(c) respectively. The
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corresponding numerical results are provided in Thble % fable contains the objective
function values and the corresponding computation timegsired by the algorithms. We
provide the optimal solutions as computed by CPLEX and thatisas provided by the
heuristics mentioned above. For this small, and relativelyonnected example, we see
that all the methods were able to obtain optimal solutioresmegligible amount of time.

TABLE 1. Results of the IP model and the genetic algorithm for the 46
interactions ofS. cerevisiae

Instance IP Model Genetic Alg Comb. Alg
Max Conn.| Obj Comp | Obj Comp | Obj Comp
Index () | Val Time(s)| Val Time (s)| Val Time (s)

2 8 0.18 8 0.05 8 0.04
3 6 119 6 0.01 6 0.00
4 5 257 5 0.05 5 0.00
5 4 105 4 0.01 4 0.00
6 4 2.63 4 0.04 4 0.00

The next network considered is from the 78 protein-protetaractions from the de-
velopment ofD. melanogastd@9]. The graph of the network can be seen in Fidure|6(a).
Similar to the previous example, we provide the graphs spording to the optimal so-
lution for the cases df =5 andL = 4. Tabld2 reflects the computational results for this
instance. As above, we see that the heuristics were abletiderthe optimal solutions
for each value of tested. However, we see that even for this relatively smathince, the
required computation time to compute the optimal solutias increased by two orders of
magnitude from the previous example.

TABLE 2. Results of the IP model and the genetic algorithm for the 77
primary interactions ob. melanogastedevelopment.

Instance IP Model Genetic Alg Comb. Alg
Max Conn.| Obj Comp | Obj Comp | Obj Comp
Index () | Val Time(s)| Val Time (s)| Val Time (s)

2 17 087 17 017 17 004
3 14 365 14 027 17 003
4 12 27629 | 12 019 17 001
5 10 38288 | 10 028 17 002

As a final test case we examine the network comprising 18& ye&ashybrid system
interactions ofS. cerevisia@roteins[17]. The original network is shown in Figlile 7. For
this case, CPLEX was unable to compute optimal solutionarigrvalues of.. Therefore,
we only provide solutions for the two heuristics in Table 3otisle that both heuristics
computed the same objective function value in each case. ei#mwthe combinatorial
algorithm required over 30 seconds for the case whete2.

Though promising, these preliminary results indicate thedhfor advanced heuristics
and exact solution methods for computing critical nodes aigin-protein interaction net-
works. The primary challenge to computing optimal solusiam real-world networks is
that the sizes of the networks prohibit optimal solutiomsrfrbeing calculated using stan-
dard branch-and-bound techniques. The test cases préseptesent relatively small
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(a) The original network.
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(b) The optimal subgraph fdr=5. (c) The optimal subgraph fdr = 4.
FIGURE 6. The CARDINALITY CONSTRAINED CRITICAL NODE DE-

TECTION PROBLEMis solved for the 77 primary interactions during the
development oD. melanogaster

instances of protein-protein interaction networks foumdhie literature. It is not uncom-
mon for these graphs to contain tens of thousands of nodearasf.6]. Clearly, more
sophisticated algorithms are required for graphs of tlzis.si

6. CONCLUSIONS

In this chapter, we have identified an important practicgliaption of the recently in-
troduced problem of detecting critical nodes to proteiat@in interaction networks. As
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FIGURE 7. The graph shows 186 yeast two-hybrid system interactions
of S. cerevisia@roteins.

TABLE 3. Results of the genetic algorithm and the combinatoriafise
tic for the 186 yeast two-hybrid system interaction$Soterevisiae

Instance | Genetic Alg Comb. Alg
Max Conn.| Obj Comp | Obj Comp
Index L) | Val Time(s)| Val Time (s)

2 31 7.64 31 2363
3 20 288 20 008
4 7 192 7 0.03
5 6 3.35 6 0.03
6 3 349 3 0.01

indicated above, in many cases, potentially harmful biialgprganisms, such as bacteria
and viruses that cause diseases, can be studied in ternairgbthtein-protein interaction
patterns. Therefore, finding the critical nodes correspuntb the proteins that are the
most important for the integrity of the network would be vésipful in terms of identify-
ing the proteins that need to be targeted in the efficientgg®of destroying this network
and neutralizing the corresponding organisms. This agbroean potentially be used in
drug design applications, e.g., in developing drugs thgetsspecific proteins that are the
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most “important” in the considered networks. It would beeneisting to consider protein-

protein interaction networks corresponding to differeahgerous viruses, such as HIV
(although obtaining detailed information on these intéoas certainly represents another
challenge) and identify key proteins that need to be tacgetensure that these networks
are sufficiently disconnected.

In addition to their potential important practical appticas, the considered problems
need to be studied from the computational perspective ds welindicated above, these
problems aren ?-hard, and the available exact and heuristic methods dolwata per-
form sulfficiently well, especially on large problem instaac Clearly, large-scale protein-
protein interaction networks can provide valuable infatioraabout the structure of com-
plex molecules and organisms; therefore, efficient tealesdor solving the considered
problems on massive networks need to be developed.

Overall, we believe that the area of research proposedsrctiapter is promising and
challenging due to multiple reasons; therefore, this nefeclearly needs to be conducted
further, including both biological and mathematical aspec
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