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Abstract In the Broadcast Scheduling Problem (BSP), a finite set of stations are
to be scheduled in a time division multiple access (TDMA) frame. In
a TDMA frame, time is divided into equal length transmission slots.
Unconstrained message transmission can result in a collision of mes-
sages, rendering them useless. Therefore, the objective of the BSP is
to provide a collision free broadcast schedule which minimizes the total
frame length and maximizes the slot utilization within the frame. In
this chapter, we introduce the BSP, show that it is NP-complete, and
discuss several heuristics which have been applied to the problem. The



heuristics are tested on over 60 networks of varying sizes and densities
and the results are compared.
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1. Introduction

In recent years, ad-hoc networks have become increasingly popular
among many researchers. These networks are used to apply a packet
switching technique over a shared radio channel and provide high-speed
communications between a large number of potentially mobile stations
which may be geographically disbursed. Each station is capable of both
sending and receiving messages over the network. Hence, if a message
is sent and the intended station is not able to receive it from the trans-
mitting station, other intermediate stations may serve as relays by for-
warding the message to the intended recipient.

Since all stations in the network share the transmission channel, sta-
tions must be scheduled to transmit messages in such a manner that
prevents message collisions [32]. There are two types of message colli-
sion. The first, herein referred to as direct collision, occurs when two
neighboring stations transmit during the same time slot. The second,
which will be called hidden collision is a result of two non-neighboring
stations transmitting simultaneously to a station that can receive mes-
sages from both transmitting stations. What is desired is a broadcast
schedule that is guaranteed to produce collision free transmissions.

In [16], it is shown that the time division multiple access (TDMA)
protocol can be used to provide a collision free scheduling procedure. In
a TDMA network, time is divided into frames, each frame consisting of
a number of unit length slots. The goal is to schedule as many stations
as possible in the same time slot provided that simultaneous broadcasts
will not cause any collision, either hidden or direct. Specific transmission
criteria will be defined in Section 2.

In general, two optimization objectives are the focus of most broadcast
scheduling research [32]. The first objective is to minimize the total
number of slots in each frame. The other objective is, for a given frame
length, to maximize the slot usage per frame, which will maximize the
throughput [30, 32].

In this chapter, we introduce and formally define the BSP. Our pri-
mary objective is to minimize the frame length. In Section 2, we prove
that the recognition version of this problem is NP-complete and discuss
some lower bounding techniques. Section 4 will be a review of several
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heuristics which have been applied to the problem. Finally, some con-
cluding remarks will be given in Section 5.

2. The Broadcast Scheduling Problem

An ad-hoc TDMA network can be described as a graph G = (V, E)
where the vertices V' = {1,...,n} represent the stations in the network
and the edge set E represents the set of transmission links between the
vertices. Two stations ¢,j € V are said to be one-hop neighbors if and
only if (iff) they can directly communicate. That is, stations ¢ and j are
one-hop neighbors iff there exists an undirected edge (i,j) € E. One-
hop neighbors which transmit in the same time slot will cause a direct
collision. Now suppose that (i, j) ¢ F but there exists some intermediate
node k € V such that (i,k) € E and (k,j) € E, then we will say that
stations ¢ and j are two-hop neighbors. Two-hop neighboring stations
transmitting in the same slot will result in a hidden collision. Let us
donote by C' = {¢;;} the adjacency (connectivity) matriz of G, which is
defined as follows:

1, if (i,7) € E and i # j,
Coi —
K 0, otherwise.

We assume that there are M time slots per frame, and that one packet
length in time is equal to the time required to transmit one packet of
information. Furthermore, we assume that packets are transmitted at
the beginning of each time slot, and that each packet is received during
the same slot in which it is sent. With these assumptions, we now
represent the broadcast schedule as a binary M x N matrix S = {s;,},
where

1, if station n is scheduled to transmit in slot m,
Smn = .
0, otherwise.

When performing analysis on the efficiency of a broadcast schedule it
is helpful to know what percentage of the available slots are utilized in
each frame. Let p, be the slot utilization for station n. Then,

the number of slots assigned to station n

P = frame length

Zﬁf:l Smn
=
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Hence, the total slot utilization of the entire network, p, is given by
N
p = Zn:l Pn
N

M N
Zmzl anl Smn
NM '

We now define the Broadcast Scheduling Problem as follows:

Minimize M and Maximize p

subject to:
M
Z Smn > 1, Vn, (1)
m=1
Cij + Smi + Smj < 2, Vi,V j,and ¥ m,i #j, (2)

CikSmi + Crjsm; <1, Vi,V jiVkandVm,i#j,j#kk#i (3)

The first constraint allows each station to broadcast at least once per
frame. Constraint (2) ensures that one-hop neighbors do not transmit in
the same slot. Lastly, constraint (3) ensures that no two-hop neighbors
transmit in the same slot [32].

2.1. Computational Complexity

The BSP belongs to a class of computationally difficult problems
known as NP-complete [9]. Belonging to this class suggests that an
algorithm which solves the problem to optimality in polynomial time
is unlikely to exist [9]. It was first noted that BSP is NP-complete by
Wang & Ansari in [30]. However, their proof of NP-completeness of
the recognition version of BSP was incorrect. Complexity results for
other related problems can be found in [5] and [4]. Next we prove the
N P-completeness of the recognition version of BSP. We consider the fol-
lowing problem (K-BSP): Given a graph G = (V, F) and an integer K,
does there exist a broadcast schedule with frame length < K7 To show
that K-BSP is N P-complete, we need to show that (1) K-BSP € NP;
(2) Some N P-complete problem reduces to K-BSP in polynomial time.
Denote by n = |V|, m = |E|. Without loss of generality, we assume that
G is connected (if it is not, we can consider each connected component
separately).

(1) K-BSP € NP since a given broadcast schedule with frame length
k < K can be verified for validity in O(n?) time. Indeed, the
verification of validity consists of checking, for each vertex ¢, that
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the set L; of all time slots in which the vertices from {i} |J N(i)
transmit according to the given schedule does not contain repeated
elements. This can be done using the sorting of time slot numbers
in L; in O((|L;| + 1) log(|Li| + 1)) time for vertex i, therefore the
total run time will be

0 (Z(\Lir +1) 1og<n>> = O((m +n)logn) = O(").

i=1

(2) We will show that the graph k-coloring problem can be reduced
to K-BSP in polynomial time. Recall that k-coloring problem
is, given G = (V, E) and an integer k, does there exist a proper
coloring of vertices of G that uses < k colors? This is a well-known
N P-complete problem [9].

Given a graph G = (V, E), we will construct the corresponding
graph G' = (V' E’), where V! = V{JE and E' = {]i, (4,))] :
(i,7) € E i,j € V}U{(e1,e2) : e1,e2 € E}. Obviously G’ can
be constructed in polynomial time. Moreover, G has a proper k-
coloring if and only if G’ allows a broadcast schedule with frame
length < k + m. To see this, note that by the construction of
graph G', (v1,v2) € E iff v1 and vy € V are 2-hop neighbors in
G'. Also, V'\ V forms a clique in G’, and any vertex in this clique
is a 2-hop neighbor of any vertex from V, since G is connected.
Thus no other vertex can transmit in the same time slot with a
vertex from the clique, so any broadcast schedule in G’ will re-
quire m time slots just for vertices from the clique to transmit.
The remaining vertices in V' (i.e., vertices from V') can transmit
according to any proper coloring in GG, where different time slots in
the resulting broadcast schedule will correspond to different colors
in the coloring. Therefore there is a one-to-one correspondence
between proper colorings in G and feasible broadcast schedules in
G’. Thus k-coloring reduces in polynomial time to K-BSP, where
K=k+m.

2.2. Lower Bounds on the Frame Length

Establishing a lower bound on the frame length M is possible by
means of a few lemmata provided in the literature, three of which will
be described here. In [30], Wang and Ansari propose a lower bounding
lemma based on the degrees of vertices in the graph. Specifically, for a
given network, G = (V, E), define the degree of a given vertex v € V,
denoted deg(v), to be the number of edges incident to v. Then, the
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frame length M satisfies the following inequality:
M > 5(G) +1, (4)

where 6(G) = max,ey deg(v).

Though the bound in (4) is relatively simple to calculate, it does not
provide a tight lower bound on M. In [14], another bounding lemma
is given which produces tighter bounds on M. Consider the network
G = (V,E) as we have previously defined. That is, V is the set of
stations, and F is the set of direct collisions. Suppose that the edge set
F is expanded to also include hidden collisions, and we call this new set
E’. 'We now have a new graph, namely G’ = (V, E’) which is known
as the augmented graph of G. Then finding a broadcast schedule in G
which would minimize the frame length is equivalent to finding a proper
coloring of vertices in G’ (i.e. such that any two neighbors are assigned
different colors) with a minimum number of colors.

Recall that a clique in a graph G' = (V, E’) is a subset of V' such that
any two vertices in that subset are adjacent. Then

M > w(@), (5)

where w(G’) is the clique number, which is the maximal cardinality of a
clique in G’. The latter provides better bounds on the frame length [29];
however, computing the clique number of a graph is NP-hard in general.

The third and final bound to be discussed is a method based on
semidefinite programming and is the value of the so-called Lovész theta
function. Lovész first introduced the 6-function in [20]. Given a graph
G = (V, E), a subset of vertices V' C V is said to be an independent set
if no two members of V'’ are connected by an edge in E. Lovédsz showed
that the 6-function has the property that

a(G) < 0(G) < x(G),

where o(G) is the independence number (cardinality of a maximum inde-
pendent set) in G and x(G) is the chromatic number of the complement
of G. The f-function can be computed in polynomial time with arbitrary
accuracy [11], whereas computing a(G) is NP-hard in general. We can
use 0(G"), where G is the complement of G/, to compute a bound on M

which is in general tighter than the bound given by w(G’):
w(G") =a(G) <0G < x(G) = M. (6)

Even though the bound based on §-number of G’ is polynomially com-
putable in theory, the CPU time required to solve the corresponding
semidefinite program is usually unacceptably high for large-scale in-
stances and approximate algorithms are used.
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3. Heuristics

In this section, we will introduce and discuss four heuristics which
have been applied to the BSP with varying degrees of success. The
algorithms are as follows:

o Greedy Randomized Adaptive Search Procedure (GRASP) [3],
o Sequential Vertex Coloring (SVC) [32],

¢ Mean Field Annealing (MFA) [30], and

o Mixed Neural-Genetic Algorithm (HNN-GA) [29].

3.1. GRASP

Greedy Randomized Adaptive Search Procedure (GRASP), originally
introduced by Feo and Resende in [6], is a two-phase iterative meta-
heuristic for combinatorial optimization [7, 8, 27]. In the first phase,
referred to as the construction phase, a greedy randomized initial feasi-
ble solution is created. Then in the second phase, the initial solution is
improved by the application of a local search procedure. The solution
which is best out of all GRASP iterations is returned. GRASP has been
applied to many combinatorial problems such as quadratic assignment
[19, 21], job shop scheduling [2, 1], private virtual circuit routing [25],
and satisfiability [28]. GRASP was successfully applied to the BSP by
the current authors in [3].

3.1.1 Construction Phase. The construction phase for the
GRASP constructs a solution iteratively from a partial broadcast sched-
ule which is initially empty. The stations are first sorted in descending
order of the number of one-hop and two-hop neighbors. Next, a so-called
Restricted Candidate List (RCL) is created and consists of those greedily
selected stations which may broadcast simultaneously with the stations
previously assigned to the current slot. From this RCL a station is ran-
domly chosen and assigned in the current slot. A new RCL is created
and another station is randomly selected. This process continues until
there are no stations to put in the RCL, at which time the slot number is
incremented and the procedure is repeated recursively for the subgraph
induced by the set of all vertices whose corresponding stations have not
yet been assigned to a time slot.

3.1.2 Local Search. The local search phase used is a swap-
based procedure which is adapted from a similar method for graph color-
ing implemented by Laguna and Marti in [17]. First, the two slots with
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the fewest number of scheduled transmissions are combined and the to-
tal number of slots is now given as k = m — 1, where m is the frame
length of the schedule computed in the construction phase. Denote the
new broadcast schedule as {s;,,, :m' =1,...,k,n=1,...,N}. Now,
let the function f(s) = S2F_ E(m}), where E(m}) is the set of collisions
in slot m}. f(s) is then minimized by the application of a local search
procedure as follows.

A colliding station in the combined slot is chosen randomly and every
attempt is made to swap this station with another from the remaining
k — 1 slots. After a swap is made, f(s) is re-evaluated. If the result is
better, that is if f(s) has a lower value than before the swap, the swap
is kept and the process repeated with the remaining colliding stations.

If after every attempt to swap a colliding station the result is unim-
proved, a new colliding station is chosen and the swap routine is at-
tempted. This continues until either a successful swap is made or for
some specified number of iterations. If a solution is improved such that
f(s) =0, then the frame length has been successfully decreased by one
slot. The value of k is then decremented and the process is repeated
beginning with the combination of the two “smallest” slots. If the pro-
cedure ends with f(s) > 0, then no improved solution was found.

3.2. Sequential Vertex Coloring

In [32], Yeo et al. take a multi-objective optimization approach to
solving the BSP. They implement a two-phase heuristic based on the
idea of sequential vertex coloring (SVC). In the first phase, they only
consider the problem of minimizing the frame length. Then in phase
2, the frame length is fixed with the solution from phase 1 and the
utilization within the frame is maximized.

3.2.1 Frame Length Minimization. For this phase, the
frame length minimization in BSP is attacked by solving the graph col-
oring problem in the augmented graph. More specifically, an algorithm
based on the sequential vertex ordering method is used to solve this
problem. This is done by first ordering the stations in descending order
of the number of one-hop and two-hop neighbors. The first vertex is
colored and the list of the other N — 1 vertices are scanned downward.
The remaining vertices are colored with the smallest color which has not
already been assigned to a one-hop neighboring station. The process is
continued until all vertices have been assigned a color.
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3.2.2 Utilization Maximization. Beginning with this initial
schedule, phase 2 attempts to maximize the throughput in the TDMA
frame. To maximize the utilization within the frame whose length was
determined in phase 1, an ordering method of the sequential vertex col-
oring algorithm is applied. The stations are now ordered in ascending
order of the the number of one-hop and two-hop neighbors. The first
ordered station is then assigned to any slots in which it can simultane-
ously broadcast with the previously assigned stations. This process is
repeated with every station in the ordered list.

3.3. Mean Field Annealing

In 1997, Wang and Ansari [30] proposed a heuristic for the BSP based
on Mean Field Annealing (MFA). In statistical mechanics, the physical
process of annealing is used to relax a system to the state of minimal
energy. This is done by heating the solid until it melts and then cooling
it slowly so that at each temperature the particles randomly arrange
themselves until reaching thermal equilibrium.

In [15], Kirkpatrick et al. introduced a method for combinatorial prob-
lems known as simulated annealing. Based on the theory of the physical
process, simulated annealing was shown to asymptotically converge to
the global minimum after performing a number of so-called transitions
at decreasing temperatures.

Though simulated annealing is guaranteed to converge to the global
optimal solution, this process is quite often computationally expensive.
Mean field annealing, a heuristic which mimics the idea of mean field
approximation from statistical physics [23] can be employed instead. In
MFA, the stochastic process in simulated annealing is replaced by a set of
deterministic equations. Though MFA does not guarantee convergence
to a global optimal solution, it can provide an excellent approximation
to an optimal solution and is much less expensive computationally.

3.4. Mixed Neural-Genetic Algorithm

As in the algorithm presented by Yeo et al. in [32], Salcedo-Sanz
et al. [29] introduced a two-phase heuristic based on combining both
Hopfield neural networks [13] and genetic algorithms as in [31]. As with
the vertex coloring algorithm, phase one of the mixed neural-genetic
algorithm minimizes framelength and phase two attempts to maximize
the utilization within the slot.

3.4.1 Frame Length Minimization. The frame length min-
imization problem presented in [29] is the same as described above. For
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the solution, a discrete-time binary Hopfield neural network (HNN) is
used. As described in [29], the HNN can be represented as a graph
whose vertices are the neurons (stations) and whose edges are the direct
collisions. The graph is then mapped to the schedule matrix S as de-
fined in Section 2 above. The neurons are updated one at a time after a
randomized initialization until the system converges.

3.4.2 Utilization Maximization. In this phase, a genetic
algorithm is used to maximize the channel utilization within the frame
length that was determined in phase one. A HNN is also used to ensure
that all constraints are satisfied. Genetic algorithms receive their name
from an explanation of the way they behave. Not surprisingly, they
are based on Darwin’s Theory of Natural Selection. Genetic algorithms
store a set of solutions and then work to replace these solutions with
better ones based on certain fitness criterion represented by the objective
function value.

4. Computational Results

All the aforementioned heuristics were tested using three examples
introduced by Wang and Ansari in [30] which have become the de facto
test cases for broadcast scheduling algorithms. These examples include
15, 30, and 40 station networks with varying densities. The graphs of
these networks can be seen in Figure 1.1.

Though these examples provide reasonable insight into the quality of
a given heuristic, they are relatively trivial networks. Notice in Figure
1.3 that the lower bound calculations are trivial for these test cases.
Therefore, in order to get a better comparison of the various heuristics,
the authors generated 60 random unit disc graphs having varying radii
and stations. Twenty graphs of networks having 50, 75, and 100 stations
were generated with each broken up into four sets of five graphs with
radii of 20, 30, 40, and 50 units. Unit disc graphs are popular models.
In such a graph, each node has the same transmission range equal to the
radius of a disc centered at the node.

4.1. Average Time Delay

Evaluating the average time delay of packets as the utilization of the
network increases is an effective means of evaluating a broadcast schedul-
ing heuristic. The following assumptions were made before deriving the
average time delay [30]:

1 Packets have a fixed length, and the length of a time slot is equal
to the time required to transmit a packet.
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Figure 1.1. (a) 15 station network. (b) 30 station network. (c) 40 station network.

2 The interarrival time for each station ¢ is statistically independent
from other stations, and packets arrive according to a Poisson
process with a rate of A\; (packets/slot). The total traffic in station
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i consists of its own traffic and the traffic incoming from other
stations. Packets are stored in buffers in each station and the
buffer size is infinite.

3 The probability distribution of the service time of station ¢ is deter-
ministic. Define the service rate of station ¢ to be p; (packets/slot).

4 Packets may be transmitted only at the beginning of each time
slot.

Using the above assumptions, an ad-hoc network can be modeled as
a system of N M/D/1 queues, where N is the number of stations in
the network. The Pollaczek-Khinchin (P-K) formula [12] is used to
determine the average time delay of each queue. Letting D; represent
the average time delay for each station ¢, then by P-K, we have:

2
Di — i + M’ (7)
pi o 2(1 = pi)
where p; = Zn]\le Smi/M, and p; = A\;/p;. Thus, the total time delay is
given by N
D= Lj@ D (8)
> i1 A

Notice that the average time delay is most affected by the number
of time slots in the frame. The second dominating factor is the total
utilization within the frame. As expected, those heuristics which result
in schedules with fewer slots and greater throughput experience a less
significant delay as the arrival rate increases. Note that some delay plots
may be indistinguishable due to the overlapping with others with similar
slots and utilizations. Graphs of the average time delay for the 15, 30

and 40 station networks can be seen in Figure 1.2.

4.2. Numerical Results

Comparative results for the aforementioned broadcast scheduling heuris-
tics are shown in Figures 1.3 and 1.4. Due to lack of availability, the
MFA algorithm was not considered for the larger instances whose re-
sults are given in Figure 1.4. Note that in the 15, 30, and 40 station
examples, GRASP and the mixed neural-genetic algorithm all achieve
schedules with optimal frame lengths of 8, 10, and 8 respectively. Ex-
amples of typical broadcast schedules for these example networks can be
seen in Figure 1.5 [3].

With the results from the three examples shown in Figure 1.3 it ap-
pears as if all the routines perform well. However, the results of the
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randomly generated unit disc graphs given in Figure 1.4 provide a better
insight into the abilities of the various heuristics against more formidable
instances.

Notice that the sequential vertex coloring algorithm tends to decline
in performance rather rapidly whereas the GRASP and mixed neural-
genetic algorithm fare quite well against the tougher cases. For all cases,
GRASP attains a frame length less than or equal that of the other
heuristics with quite comparable utilizations. The mixed neural-genetic
algorithm also yields good results with respect to utilization and frame
length.

Recall that it is the total number of slots that most greatly affects
the average time delay of packets in the network. Thus, for the tested
networks, it appears as if GRASP would be the heuristic of choice.

5. Conclusion

In this chapter, we introduced the Broadcast Scheduling Problem and
proved its NP-completeness. We formally defined the problem and dis-
cussed several heuristics which have been applied to the BSP, all with
competitive results. Over 60 different networks of varying size and den-
sities were tested and the results compared. Some heuristics approached
the problem of minimizing the total slots per frame, while others parti-
tioned the BSP into two problems and used varying methods to arrive at
a final answer. As research on ad-hoc networks increases, so too will ap-
plications of the BSP and other exciting problems which are constantly
arising in research on optimization in telecommunications.
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Figure 1.2. Comparison of average time delays for example networks: (a) 15 station
network, (b) 30 station network, (c) 40 station network.
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Stations | LB Frame Length Channel Utilization
GRASP | HNN-GA | SVC | MFA | GRASP | HNN-GA | SVC | MFA
15 8 8 8 8 8 0.167 0.167 0.15 | 0.15
30 10 10 10 11 12 0.120 0.117 0.112 | 0.108
40 8 8 8 8 9 0.203 0.209 0.188 | 0.197
Figure 1.3. In this table, LB represents the lower bounds of M which were derived

using the method in [14]. The results compare the heuristics discussed in Section 4.

GRASP HNN-GA SVvC
r=20 n=7,p=.288 n=7,p=.2926 n=7.4,p=.1997
[ n=50 r=30 n=28.8, p=.1709 n=9 p=.1985 n=10,p=.1416
r=40 n=13.2 p=.1142 n=13.2 p=.1142 n=152 p=.0876
r=50 n =158, p=.0835 n=16, p =.0845 n=17.8, p=.0701
r=20 n=8,p=.209 n=8 p=.2187 n=9.6 p=.1764
[ n=75 r=230 n=13,p=.1213 n=13,p=.1273 n=13.8, p =.0964
r=40 n=184,p=.0786 n =184, p=.0803 n =206, p =.0576
r=50 n =252 p=.0564 n =26, p =.0583 n =282 p=.0523
r=20 n=10.8, p=.1628 n=10.8, p=.1966 n=116,p=.1126
[ n=100 r=30 n=16.8, p =.0899 n=16.8, p=.0938 n=17,p=.0769
r=40 n=248, p=.0613 n =24.8, p=.0640 n=26.6, p=.0515
r=50 n =33.2, p =.0425 n =34, p=.0435 n = 35.6, p =.0360

Figure 1.4. The average frame length and utilization are given for the randomly
generated networks consisting of 50, 75, and 100 stations with radii of 20, 30, 40, and
50 units.
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Figure 1.5. Example GRASP broadcast schedules for the networks given in Figure
1.1: (a) 15 station network, (b) 30 station network, (c) 40 station network [3].




