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ABSTRACT. In this paper, a BROADCAST SCHEDULING PROBLEM (BSP) in a
time division multiple access (TDMA) ad hoc network is analyzed in terms of
its computational complexity. In a TDMA frame, time is divided into equal
length transmission slots in which messages are scheduled. The objective of the
considered version of the BSP is to provide a collision free broadcast schedule
which minimizes the total frame length. Wang and Ansari [6] have observed
that the recognition version of the BSP is NP-complete; however, their proof
was incorrect. Here, we provide a counterexample to their argurment and give
a correct proof that indeed the problem is NP-complete.

1. INTRODUCTION

Due to a large number of practical applications, the importance of ad hoc net-
works has been increasing in the past few years. These networks provide high-speed
communications between a large number of potentiall mobile stations which may
be geographically disbursed. Each staiton is capable of both sending and receiving
messages over the network. Hence, if a message is sent and the intended station
is not able to receive it from the transmitting station, other intermediate stations
may serve as relays by forwarding the message to the intended recipient.

Since all stations share the same transmission channel, stations must be sched-
uled to transmit messages in such a manner that prevents collisions [7]. There
are two types of message collision. The first, herein referred to as direct collision,
occurs when two neighboring stations transmit during the same time slot. The
second, which will be called hidden collision is a result of two non-neighboring sta-
tions transmitting simultaneously to a station that can receive messages from both
transmitting stations. One of the objectives of a broadcast schedule is to guarantee
collision free transmissions. The time division multiple access (TDMA) protocol
[5] can be used for that purpose. In a TDMA network, time is divided into frames,
with each frame consisting of a number of unit length slots. The goal is to schedule
message transmissions in the slots such that

(a) each station transmits in at least one time slot;

(b) simultaneous broadcasts in the same time slot will not cause any collision,
either direct or hidden;

(c) the total number of slots (frame length) is minimized.

There are otherimportant criteria that influence the effectiveness of a broadcast
schedule. For example, a common optimization objective in broadcast scheduling
research is, given a frame length, maximize the slot usage per frame, which will in
turn maximize the throughput [6, 7]. However, in this paper we deal only with the
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objective of minimizing the total number of slots in each frame. More specifically,
we concentrate on computational complexity of the BSP with this objective.

We show that BSP belongs to a class of computationaly difficult problems known
as N'P-complete. Belonging to this class suggests that an algorithm which solves
the problem to optimality in polynomial time does not exist unless P = NP [4].
This complexity result was first mentioned by Wang and Ansari [6], but their proof
was flawed. In Section 3, we discuss some shortcomings of their proof and provide
a correct proof that that the recognition version of BSP is indeed NP-complete.
Complexity results for other related problems can be found in [2] and [3].

2. REVIEW OF GRAPH THEORY

An ad hoc network can be conveniently described by an undirected graph G =
(V, E), where the vertices in V represent the stations in the network and FE is the
set of links. Therefore, we introduce some background concepts from graph theory
before continuing our discussion.

First, for v € V let N(v) C 2V represents the set of neighbors of v. That is,
N (v), referred to as the neighborhood of v, contains any node w € V such that
(w,v) € E.

For a subset W C V', let G(W) denote the subgraph induced by W on G. A
set of vertices I C V is called an independent set if for every i,j € I, (i,j) ¢ E.
That is, the graph G(I) induced by I is edgeless. An independent set is mazimal
if it is not a subset of any larger independent set (i.e., it is maximal by inclusion),
and mazimum if there are no larger independent sets in the graph. The maximum
cardinality «(G) of an independent set of G is called the independence number of
G.

A legal (proper) coloring of G is an assignment of colors to its vertices so that
no pair of adjacent vertices has the same color. A coloring induces naturally a
partition of the vertex set into independent sets that are precisely the subsets of
vertices being assigned the same color. If there exists a coloring of G that uses
no more than k colors, we say that G admits a k-coloring (G is k-colorable). The
minimal k for which G admits a k-coloring is called the chromatic number of G
and is denoted by x(G). The graph coloring problem is to find x(G) as well as the
partition of vertices induced by a x(G)-coloring. For other standard concepts from
graph theory that are used in this paper, the reader is referred to a textbook on
the subject (see, e.g., [1]).

3. COMPUTATIONAL COMPLEXITY

This section presents the computational complexity results for the Bsp. It was
first noted that the BSP is N'P-complete by Wang and Ansari in [6]. However,
their proof of the A"P-completeness of the recognition version of the problem was
incorrect due to some faulty arguments. Namely, they claimed that the graph
coloring problem is equivalent to the maximum independent set problem based on
an incorrect assumption that, given an arbitrary graph, an optimal coloring can
be found by recursively computing a maximum independent set and removing it
from the graph. Thus, by coloring different independent sets in different colors,
they claim that the chromatic number of the graph equals the total number of
independent sets computed.
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Figure 3 presents a counterexample to this statement. It is easy to see that the
independence number of the graph in this figure is 3. Assuming that the first max-
imum independent set found using the so-claimed “optimal” coloring algorithm of
Wang and Ansari is {4,5,6} and consequently removing this set from the graph,
we obtain a clique of the three vertices {1,2,3}. The independence number of the
remaining graph is 1, so all three of the remaining vertices have to be colored in
different colors. Thus, the Wang-Ansari coloring algorithm results in a 4-coloring.
However, it is easy to see that the chromatic number of this graph is 3. For exam-
ple, one optimal coloring is given by the following partition: {1,5,6},{2,4},{3}.
Therefore, the coloring obtained using the Wang-Ansari approach is not optimal.

FIGURE 1. A counterexample to the claim of Wang & Ansari that
optimal graph coloring can be found by recursively finding a max-
imum independent set and removing it from the graph.

Next we prove that the recognition version of the BSP is in fact NP-complete.
We consider the following problem:

BROADCAST SCHEDULING PROBLEM
INSTANCE: A undirected graph G = (V, E) and an integer K.
QUESTION: Does there exist a broadcast schedule with frame length < K7

Theorem 1. BROADCAST SCHEDULING PROBLEM is N'P-complete.

Proof. To show that K-Bsp is N'P-complete, we need to show that (1) K-BSP
€ NP; (2) Some NP-complete problem reduces to K-BSP in polynomial time.
Suppose that n = |[V| and m = |E|. Without the loss of generality, we assume that
G is connected (if it is not, we can consider each connected component separately).

(1) K-Bsp € NP since a given broadcast schedule with frame length k£ < K can
be verified for validity in O(n3) time. Indeed, the verification of validity
consists of checking, for each vertex ¢ € V, that the set L; of all time slots in
which the vertices from {i} | J N (¢) transmit according to the given schedule
does not contain any repeated elements. This can be done using the sorting
of time slot numbers in L; in O((|Li| + 1) log(|L;| + 1)) time for vertex 7,
therefore the total run time will be

O (Z(|LZ +1) log(n)> = O((m+ n)log(n)) = O(n?).

i=1
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FIGURE 2. An illustration to the construction of graph G’ from G.

(2) We will show that the graph k-coloring problem can be reduced to K-BSP in
polynomial time. Recall that the k-coloring problems is, given G = (V, E)
and an integer k, does there exist a proper coloring of vertices of G that
uses < k colors? This is a well-known A P-complete problem [4].

Given a graph G = (V, E), we will construct the corresponding graph
G' = (V',E'), where V' = V|JF and F' = {[z,(z,j)] : (i,7) € Eiyj €
V} U{(el, €)1 e1,e3 € E} (see Figure 3). Obviously G’ can be constructed
in polynomial time. Moreover, G has a proper k-coloring if and only if G’
allows a broadcast schedule with frame length < k 4+ m. To see this, note
that by the construction of graph G’, (v1,vs € E if and only if vi,ve € V
are 2-hop neighbors in G’. Also, V/\ V forms a clique in G’, and any vertex
in this clique is a 2-hop neighbor of any vertex in V, since G is connected.
Thus no other vertex can transmit in the same time slot with a vertex from
the clique, so any broadcast schedule in G’ will require m time slots just
for vertices from the clique to transmit.

The remaining vertices in V' (i.e., vertices from V') can transmit accord-
ing to any proper coloring in G, where different time slots in the result-
ing broadcast schedule will correspond to different colors in the coloring.
Therefore, there is a one-to-one correspondence between proper colorings
in G and feasible broadcast schedules in G’. We see that in fact k-coloring
reduces in polynomial time to K-Bsp, where K = k 4+ m. Thus, the proof
is complete.

O

4. CONCLUSIONS

In this paper, we introduced the BROADCAST SCHEDULING PROBLEM in TDMA
networks. After a brief review of some principles from graph theory we examined the
computational complexity of the problem. First we provided a counterexample to
an earlier attempt to show that the problem is N'P-complete. Finally, we provided
a correct proof confirming that the problem is indeed NP-complete.
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