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Abstract

PHWAT is a new model that couples a geochemical reaction model (PHREEQC-2) with a density-dependent groundwater flow
and solute transport model (SEAWAT) using the split-operator approach. PHWAT was developed to simulate multi-component

reactive transport in variable density groundwater flow. Fluid density in PHWAT depends not on only the concentration of a single
species as in SEAWAT, but also the concentrations of other dissolved chemicals that can be subject to reactive processes. Simulation
results of PHWAT and PHREEQC-2 were compared in their predictions of effluent concentration from a column experiment. Both

models produced identical results, showing that PHWAT has correctly coupled the sub-packages. PHWAT was then applied to the
simulation of a tank experiment in which seawater intrusion was accompanied by cation exchange. The density dependence of the
intrusion and the snow-plough effect in the breakthrough curves were reflected in the model simulations, which were in good
agreement with the measured breakthrough data. Comparison simulations that, in turn, excluded density effects and reactions

allowed us to quantify the marked effect of ignoring these processes. Next, we explored numerical issues involved in the practical
application of PHWAT using the example of a dense plume flowing into a tank containing fresh water. It was shown that PHWAT
could model physically unstable flow and that numerical instabilities were suppressed. Physical instability developed in the model in

accordance with the increase of the modified Rayleigh number for density-dependent flow, in agreement with previous research.
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1. Introduction

In recent decades, groundwater resources have
become increasingly threatened by the leaching of
contaminants from uncontrolled landfills containing
industrial and/or household waste, infiltration of
pesticides and fertilizers from agricultural areas and
leakage of a wide range of organic pollutants from
petrol stations, refineries, pipelines (e.g., Trauth and
Xanthopoulos, 1997; Anderson et al., 2000; Holt, 2000;
Langwaldt and Puhakka, 2000; Johnson et al., 2001;
Babiker et al., 2004; Quinn et al., 2004), etc., to
name some of the most severe problems. In many
circumstances, complex geochemical reactions, such as
sorption, biodegradation, oxidation/reduction and pre-
cipitation/dissolution occur when contaminants enter
the groundwater system and mix with the ambient
water (e.g., Barry, 1992). Furthermore, saltwater in-
trusion degrades groundwater quality in many coastal
areas, in most cases as a result of aquifer overuse (Mas-
Pla et al., 1999; Ergil, 2000). Density variations play
a key role in the dynamics of coastal aquifer hydrody-
namics (e.g., Volker and Rushton, 1982; Bear et al.,
1999; Kooi and Groen, 2001). Similarly, density differ-
ences between contaminant plumes and the ambient
water might influence contaminant transport, particu-
larly when instabilities develop and lead to increased
spreading of contaminants or other groundwater
constituents (Simmons and Narayan, 1998; Zhang
et al., 2002).
Multi-component reactive transport models and vari-
able density flow models are important tools for
improving the understanding of governing processes in
groundwater systems. Representatives of multi-compo-
nent reactive transport models are, for example, MIN3P
(Mayer, 1999), GIMRT/CRUNCH (Steefel, 2001),
PHREEQC-II (Parkhurst et al., 1990; Parkhurst, 1995;
Parkhurst and Appelo, 1999), PHAST (Parkhurst et al.,
1995), HydroBioGeoChem (Yeh et al., 1998) and some
MODFLOW/MT3DMS-based models such as RT3D
(Clement et al., 1998) and PHT3D (Prommer et al.,
2003). Numerous other models were developed for
transport of a single solute species in aquifers with
variable density, for example SUTRA (Voss, 1984),
METROPOL (Sauter et al., 1993), FEMWATER (Lin
et al., 1996), HST3D (Kipp, 1997), T3DVAP.F/
MOR3D.F (Bridwell and Travis, 1995), NAMMU
(Herbert et al., 1988), FEFLOW (Kolditz et al., 1998)
and MOCDENS3D (Oude Essink, 2001).

In a sizable proportion of cases the separation into
the two problem classes (i.e., physical and reaction
processes) is well justified because (i) density gradients
are small enough to be of negligible influence on the
reactive transport of multiple solutes or (ii) reactions,
in particular water–sediment interactions such as
mineral dissolution/precipitation and/or sorption, have
only a minor effect on the density of the aqueous
phase. However, situations exist where transport
phenomena can only be accurately described by
considering simultaneously both variable density and
complex reactive processes. For example, simulation of
the differential downward movement of a lithium and
a bromide plume at Cape Cod required multi-
component transport simulations that considered the
variable density of the plume(s) and lithium sorption
(Zhang et al., 1998). Furthermore, Christensen et al.
(2001, 2002) demonstrated the interactions between
reactive processes and density variations (i) for
a controlled seawater intrusion experiment, where
seawater was forced inland by pumping, thereby
undergoing reactions such as Na/Ca exchange, calcite
dissolution–precipitation, sulphate reduction and FeS
precipitation, and (ii) for a landfill leachate plume,
where the density influenced the distribution of redox-
sensitive species and buffering reactions by Fe and Mn
hydroxides.

Two major approaches are generally used to model
such coupled processes, namely the one-step or global
implicit approach (Zysset et al., 1994; Freedman and
Ibaraki, 2002; Kanney et al., 2003a) and the sequential
iteration or split-operator technique (Herzer and
Kinzelbach, 1989; Yeh and Tripathi, 1989; Valocchi
and Malmstead, 1992; Miller and Rabideau, 1993;
Steefel and MacQuarrie, 1996; Barry et al., 1996a,b,
1997, 2000; Leeming et al., 1998; Prommer et al., 1999;
Xu et al., 1999; Kanney et al., 2003b). The first
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approach involves the simultaneous solution of a set of
transport and chemical reaction equations. All reaction
terms are inserted directly into the transport equations
and result in a set of strongly non-linear equations. For
example, Freedman and Ibaraki (2002) used this
approach to develop a reactive transport model with
variable density flow (DART). DART couples the
existing code MITSU3D (Ibaraki, 1998) and GIMRT
(Steefel and Yabusaki, 1996), and solves the non-linear
equations using the Newton–Raphson method. In the
second approach, the transport process and chemical
reactions are de-coupled; transport is calculated first,
followed by chemical reactions. Occasionally, iteration
between the two steps (Yeh and Tripathi, 1989) is
invoked in order to reduce numerical errors. The recent
version of the geochemical reaction package
PHREEQC-2 developed a one-dimensional reactive
transport function based on this technique (Parkhurst
and Appelo, 1999). A more detailed description of
coupling procedures was, for example, given by Barry
et al. (2002).

Until recently, the one-step or global implicit
approach was generally considered to be less efficient
due to the significantly higher demand for computer
memory and relatively long execution time (Zhang and
Schwartz, 1995). Considering the enormous advances
in computer technology, this factor has become less
important. Comparisons undertaken by Saaltink et al.
(2001) have demonstrated that the efficiency of each
approach can depend on the type of geochemical
reactions and the number of nodes in the transport
problem considered. Nevertheless, a major advantage
of the split-operator approach is that existing and well-
tested (sub)models that deal with individual physical
or chemical processes can be combined relatively
easily to solve the coupled problem (Walter et al.,
1994; Pfingsten, 1996; Filius et al., 1999; Meeussen
et al., 1999; Prommer et al., 1999, 2000, 2002). This
approach has been adopted in the development of
PHWAT.

Two existing models, the USGS density-dependent
groundwater flow and solute transport model, SEA-
WAT (Guo and Langevin, 2002), and the USGS
geochemical reaction model, PHREEQC-2, were com-
bined to create PHWAT. The SEAWAT code itself is
a combination of two existing codes: the groundwater
flow model MODFLOW-88 (McDonald and Harbaugh,
1988) and the multi-species transport model for
saturated porous media, MT3DMS (Zheng and Wang,
1999). Both models were combined to enable the
simulation of solute transport in flow-fields affected by
variable density. The strategy adopted by PHWAT for
coupling PHREEQC-2 and SEAWAT is similar to that
used by the PHT3D model in combining PHREEQC-2
with the transport simulator MT3DMS (Prommer et al.,
2003).
2. Model description

2.1. Governing equation for groundwater flow

Based on mass conservation, the governing equation
for variable density groundwater flow in porous media is
(e.g., Bear, 1979):

vðrqÞ
vt

Z�Vðrq* ÞCrqs; ð1Þ

where q is the volumetric porosity, r [ML�3] is the fluid
density, r[ML�3] is the density of water entering from
a source or leaving through a sink, qs [T�1] is the
volumetric flow rate per unit volume of aquifer
representing sources and sinks, t [T] is time and
q
*
[LT�1] is the specific discharge vector (Darcy flux):

q
*

Z
�k
m
ðVP� rgVzÞ; ð2Þ

where k [L2] is the intrinsic permeability, m [ML�1 T�1]
is the fluid dynamic viscosity, P [ML�1 T�2] is fluid pore
pressure, g [LT�2] is the magnitude of gravitational
acceleration and z [L] is the depth of a reference point to
a datum. In SEAWAT, Eqs. (1) and (2) are reformulated
in terms of equivalent freshwater head, which allows the
constant density MODFLOW routines to solve for
variable density groundwater flow with relatively few
modifications (Guo and Langevin, 2002).

Under isothermal conditions, fluid density is a func-
tion of fluid pore pressure and solute concentrations
in the solution, described as the as-yet-unspecified
function ( f ):

rZfðP;C1;C2;.;CnÞ; ð3Þ

where Ci [ML�3] is the total concentration of the ith
aqueous component and n is the total number of the
dissolved components; here we use components to denote
what is elsewhere termed master species (Parkhurst
and Appelo, 1999). Therefore, we rewrite the left side
of Eq. (1) as:

vðrqÞ
vt

ZrSs

vP

vt
Cq

Xn
iZ1

�
vr

vCi

vCi

vt

�
; ð4Þ

where Ss [M�1 LT2] is the specific storage in terms of
pressure, representing the volume of water released from
storage in a unit volume of a confined elastic aquifer per
unit change in pressure (e.g., Bear, 1979).

2.2. Governing equations for multi-component
transport

The ith mobile aqueous component is transported in
the groundwater by advection, molecular diffusion and
mechanical dispersion. Simultaneously, each component
is influenced by sources/sinks and/or geochemical
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reactions. The governing equation is (e.g., Prommer
et al., 2003):

VðDVCiÞ �Vðv*CiÞ �
qs
q
CsiC

XN
kZ1

Rk;iZ
vCi

vt
: ð5Þ

For the ith immobile component, e.g., minerals,
Eq. (5) simplifies to:

qs
q
Cim iC

XN
kZ1

Rk;iZ
vCim i

vt
: ð6Þ

In Eqs. (5) and (6), D [L2 T�1] is the hydrodynamic
dispersion coefficient (here assumed a scalar), v

*
[LT�1] is

the fluid velocity, Cs [ML�3] is the total aqueous
component concentration in the water coming from
sources or sinks, Cim [ML�3] is the total concentration
of the ith immobile component and Rk,i (k Z 1, ., N )
[ML�3T�1] is the rate of production or decay for
component i in the kth reaction (of N different reactions
undergone by this component).

For each component, the total concentration, C, is
defined as (e.g., Prommer et al., 2003):

CZcuC
X
iZ1;ns

Ys
i si; ð7Þ

where cu [ML�3] is the concentration of the uncom-
plexed component, ns is the number of dissolved species
complexed with the aqueous component, Ys

i is the
stoichiometric coefficient of the component in the ith
complexed species and si is the concentration of the ith
complexed species. Redox state and pH are accounted
for by simulating the transport of each redox state of
a component separately and by a local charge balance
condition, respectively.

2.3. Coupling between flow and transport
in a groundwater system

Eq. (2) shows that the Darcy flux is influenced by the
fluid density, which varies with the solute concentration.

The relationship between the density and the multi-
component concentration is complex due to the ionic
interactions between the aqueous species (Monnin,
1989). Monnin (1994) developed a programme called
VOPO that relates density to concentration based on
Pitzer’s ion-interaction model, which shows the error in
the calculated seawater density is 0.00002 g/cm3, and
increases to about 0.0004 g/cm3 for dense brines. We did
not incorporate VOPO directly into our coupled model,
but it is used to check an empirical linear relationship
between density and concentrations. The latter relation-
ship is used in the coupled model (Zhang and Schwartz,
1995; Simpson and Clement, 2003):
rZrfC
Xn
iZ1

3iCi; ð8Þ

where rf [ML�3] is the density of freshwater and 3i is
a coefficient describing the influence of concentration of
the ith component on the fluid density, i.e., 3i is
a density–concentration coupling term for each species
considered.

The influence of density on the fluid dynamic
viscosity m is neglected in PHWAT as it is mainly
influenced by temperature changes rather than the
density variations considered here (Guo and Langevin,
2002). Temperature variations in the flow and transport
simulations are not explicitly considered in the present
version of PHWAT.

2.4. Reactions during solute transport

Both equilibrium and kinetic reactions can be
modelled simultaneously in PHWAT. Where reactions
are expected to proceed quickly relative to the trans-
port (local equilibrium assumption), thermodynamically
controlled equilibrium reactions are employed, based on
the law of mass action (e.g., Stumm and Morgan, 1996;
Schnoor, 1996). An example reaction can be written as:

aR1CbR2ZcR3CdR4: ð9Þ

The mass-action law requires:

KeqZ
½R3�c½R4�d

½R1�a½R2�b
; ð10Þ

where a, b, c and d are the stoichiometric coefficients; R1,
R2, R3 and R4 are the reactants and products, Keq is the
equilibrium constant and [Ri] is the activity of species Ri.

When reactions proceed slowly relative to hydrody-
namic transport, i.e., the local equilibrium assumption is
violated, kinetically controlled reactions are employed.
These are described mathematically as ordinary differ-
ential equations. The rate at which a product is
generated is linked with the disappearance of a reactant.
Many different formulations are possible; for example,
Barry et al. (2002) describe approaches for modelling
kinetically controlled microbial degradation of organic
contaminants. In the coupled model, the set of user-
defined kinetic reactions leads to a set of ordinary
differential equations that are solved numerically within
PHREEQC-2.

2.5. Structure of PHWAT

The structure of PHWAT is shown in Fig. 1. As
mentioned above, PHWAT couples PHREEQC-2 with
SEAWAT, which itself couples MODFLOW and
MT3DMS. In PHWAT, the MODFLOW sub-package
was further modified to relate the aqueous phase density
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to all dissolved components instead of a single compo-
nent.

For each time step, the following computations are
carried out:

(1) The modified MODFLOW sub-package is used to
simulate multi-component variable density ground-
water flow. Chemical concentrations from the pre-
vious time step are used for calculating the spatially
varying fluid density.

(2) The flow field and other related information are
forwarded to the MT3DMS sub-package for simu-
lation of multi-component chemical transport.

(3) The PHREEQC-2 geochemical speciation/reaction
package is then called to simulate chemical reac-
tions.

Iteration between steps (1) and (2) might be invoked to
reduce the numerical error, as described by Guo and
Langevin (2002).

3. Model evaluation

3.1. Evaluation of reactive transport

The reactive transport function in PHWAT was
evaluated using experimental data on the elution of
saline water by freshwater in a column filled with sandy
sediments (Fig. 2). The experiment and its analysis were
described in detail by Appelo et al. (1990) and Appelo
(1994), and are recapped here briefly: the sediment was
equilibrated with a salt solution containing the cations
Na, Mg and Ca and the anion Cl and then flushed with
fresh water to simulate the process of a freshwater
injection into a brackish aquifer.

The column length is 71 mm, with a sediment CEC
(Cation Exchange Capacity) of 75 meq/l, where the

Variable Density
3D Groundwater flow

(MODFLOW88 with Modification)

Multi-component
3D Transport
(MT3DMS)

Solute Concentrations

Multi-species Batch
Reactions

(PHREEQC-2)

Groundwater Flow Field

Coupled into

SEAWAT

Fig. 1. Outline of model coupling used in PHWAT.

14 grids × 5 mm/grid 1 mm

Outflow
……

Grid
No.Inflow

2 31 9 10 11 12 13 14 15

Fig. 2. Physical conditions and simulation grid of the model domain.
CEC units have been converted to litres of interstitial
water (e.g., Bajracharya and Barry, 1995) obtained from
an independent irrigation experiment using SrCl2. The
initial concentration of interstitial water and that of the
water injected into the column are listed in Table 1. Ion-
exchange reactions considered to occur during the
experiment are shown in Table 2.

The experimental data were modelled with PHWAT
and compared with the simulation results using the one-
dimensional transport capability within PHREEQC-2.

Fig. 3 shows the simulation results of PHWAT and
PHREEQC-2 and the observed leachate concentrations
eluting the column. It is clear that the two simulation
results are in close agreement, indicating that PHWAT
has correctly coupled the component packages described
earlier. The simulation predictions are in reasonable
agreement with the experiment results. The differences
mainly occur after leaching of about five pore volumes.
This is likely caused by the exchange coefficients, which
might in reality be slightly different in freshwater and
saltwater but are treated as constants in the simulations.

3.2. Modelling of reactive transport under
variable density conditions

3.2.1. Description of the tank experiment
Reactive transport and variable density flow were

investigated in a laboratory-scale, sand-filled tank
(Panteleit, 2004). The experimental design is shown in
Fig. 4. The tank was nominally filled with three layers of
soils. Each soil layer is assumed to be homogeneous and
isotropic as the soil were thoroughly mixed before
filling. The hydraulic conductivity, porosity and dis-
persivity are obtained from empirical experience and
inverse modelling, as shown in Table 3 (the soil in layer
2 is the mixture of those in layers 1 and 3).

Artificial calcite-equilibrated groundwater was used as
water inflow on the freshwater (left) side of the tank while
the ‘‘seaside’’ (right side) contained seawater synthesized
according to Grasshoff et al. (1999) (Table 4). Initially

Table 1

Solute concentrations of the interstitial water and the injected water

Water type Na

(mmol/l)

Mg

(mmol/l)

Ca

(mmol/l)

Cl

(mmol/l)

Interstitial 110.0 5.0 0.966 121

Injected 1.05 0.99 3.17 9.37

Table 2

Ion-exchange reactions in the column

Formula of ion exchange Log Ka

NaC C X�Z NaX 0

Mg2C C 2X�Z MgX2 0.6

Ca2C C 2X�Z CaX2 0.8

a Values collected from PHREEQC-2 database.
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Fig. 3. Simulation results by PHWAT and PHREEQC-2, and the experimental data showing effluent leachate concentrations.
the tank was filled with freshwater flowing from left
to right with a hydraulic gradient of 0.003 at the
free surface. Then the saltwater depth on the right
boundary was raised stepwise replacing the freshwater
from the bottom until it reached a thickness of 20 cm,
which in total took several hours (Fig. 4). The experiment
lasted for 3 d during which the vertical distribution of
chemical components in the groundwater was measured
every 7–9 h at the position 7.5 cm left of the ‘‘seaside’’
boundary.

3.2.2. Geochemical reactions and fluid density
Cation exchange is the main geochemical reaction

during the experiment, while precipitation or dissolution
reactions are assumed to be of negligible influence on the
solute concentrations. The relevant cation exchange
reactions included in the modelling and their reaction
constants, listed in Table 2, were taken from the
PHREEQC-2 database.

As can be seen from Table 4, the main ions
influencing the water density are Cl, Na, SO4, Mg, Ca,
K and HCO3. Therefore, the empirical coefficients
describing the relationship between density and concen-
trations of these chemicals in Eq. (8) needed to be
defined. For the present study, the parameters shown in
Table 5 were obtained from simulations using VOPO,
which indicates that density is most sensitive to
concentration variations of anions due to the effect of
ion-interaction. Overall, the results from Eq. (8) agree
well with the results from VOPO as well as with the
experimental results (Ibaraki, 1998) (Fig. 5), showing
that the model is valid over quite high concentrations.

3.2.3. Simulation results and discussion
PHWAT was used to simulate the seawater intrusion

process in the experiment. Fig. 6 shows the velocity field
and flow lines based on the simulated water head and
concentration distributions at the end of the experiment.
Fig. 7 shows the simulated Cl concentration contours in
the tank at the same time. The flow lines show that the
fresh water tends to flow upward as it approaches the
outlet, while seawater intrudes into the lower portion of
the tank, gradually rising until it flows out from the
upper boundary. The simulation demonstrates that the
density gradient has greatly influenced the hydrody-
namic conditions; without the density influence, the flow
lines would be nearly horizontal. The density-induced
flow also influences the solute transport, as suggested by
the high concentration of the conservative Cl ion (Fig. 7)
in the lower portion of the tank.
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Fluid density influences the transport of ions and
chemical reactions influence the breakthrough curves.
Fig. 8 shows the comparison of simulated and observed
breakthrough curves of cation concentrations during the
seawater intrusion. Two positions are shown in Fig. 4:
the upper position is 7.5 cm to the left of the seawater
boundary and 27 cm below the top of the tank; the
lower position is 7.5 cm to the left of the seawater
boundary and 45 cm below the top of the tank. The
simulation results generally compare quite well with the
measured concentrations. However, the simulated Ca
concentration is slightly higher than that observed at the
upper position. This deficiency is likely due to in-
complete knowledge of hydraulic and hydrogeochemical
properties. The results for Na, K and Mg show the same
trends in their breakthrough curves; they increase
steadily and tend to reach their maximum values after
about 3 d. Ca shows a peak in the breakthrough, with
the value much higher than that in the background
freshwater and seawater. The peak is caused by a large
amount of Ca exchanged from the soil into the soil
water, where it is gradually flushing away during
seawater intrusion. This phenomenon is known as the
snow-plough effect and has been the subject of previous
investigations (e.g., Starr and Parlange, 1979; Barry
et al., 1983; Brooks et al., 1996).

In order to examine further the individual effect of
reactions and variable density-influenced flow on the
chemical transport, additional simulations were per-
formed: (1) without considering the cation exchange
reactions and (2) without considering the influence of
variable density.

The comparison of simulated breakthrough curves
for the cases with and without cation exchange reactions

Table 3

Soil properties and hydrogeochemical parameters used as input for the

simulation

Layer Material Soil water

conductivity

(m/s)

CEC

(eq/l)

Porosity Longitudinal

dispersivity

(m)a

1 Silt and clay 3.5 ! 10�5 0.4 0.40 0.005

2 Mixture of layer

1 and layer 3

7.1 ! 10�4 0.339 0.35 0.003

3 Fine sand–fine

gravel

2.9 ! 10�3 0.278 0.30 0.001

a The values of horizontal and vertical transverse dispersivities are

assumed to be the 10% of the longitudinal dispersivity.
(both with density-influenced flow) are shown in Fig. 9.
The concentrations of Na, K and Mg tend to be lower in
the reactive case because the concentrations of these
cations in seawater are 10–30 times higher than that in
the freshwater. They tend to be absorbed onto the
exchanger sites according to the mass-action law when
seawater intrudes into the tank. As a result, the Ca is
flushed from the exchanger sites into the water in the
reactive case, resulting in a higher concentration of Ca
compared to the non-reactive case.

For cases without density-influenced flow (Fig. 10),
the simulated concentrations of all the cations were
much lower than in the variable density case. Cation
concentrations remain essentially unchanged in the
absence of the intrusion of denser water. The simulation
results shown in Figs. 9 and 10 demonstrate that
PHWAT can not only suitably reflect the influence of
the variable density and reactions on the chemical
transport but also that it is necessary to consider both
processes simultaneously in order to successfully re-
produce the observed breakthrough curves.

4. Analysis of instabilities

4.1. Numerical instability induced by PHWAT

When mixed convective flow under variable density
conditions is simulated, numerical models are suscepti-
ble to oscillations (Schincariol et al., 1994). It is difficult
to distinguish these numerical instabilities from physical
instabilities. Diersch and Kolditz (2002) discussed
numerical issues for simulating the Elder (Elder, 1967)
and salt lake (Simmons et al., 1999) problems. They
found that standard numerical convergence could not be
achieved at high Rayleigh numbers, i.e., the numerical
results did not converge to a given configuration by
using finer meshes. These findings demonstrate that
simulating unstable flow from high density contrasts
remains a numerically challenging problem. Therefore,

Table 5

Coefficients for Eq. (8)

rf
(g/l)

3Na

(g/mol)

3K
(g/mol)

3Ca
(g/mol)

3Mg

(g/mol)

3Cl
(g/mol)

3SO4

(g/mol)

3HCO3

(g/mol)

998.2 6 12.2 21.7 9.6 35.1 116.8 54.4
Table 4

Concentrations of ions in seawater and freshwater for the experiment

Water type pH HCO3

(mg/l)

BO3

(mg/l)

SO4

(mg/l)

Cl

(mg/l)

Na

(mg/l)

Ca

(mg/l)

K

(mg/l)

Mg

(mg/l)

Fresh water 7.93 17.74 0.07 639.82 1052.37 471.11 368.12 30.08 41.77

Seawater 7.95 24.67 0.01 2547.24 18 797.19 10 397.75 399.49 358.12 1159.15
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we only evaluate PHWAT under low fluid density
difference ranges, to investigate the occurrence of
instabilities and to estimate the resulting errors.
Simulations were conducted for a range of different
spatial discretisation schemes and for different temporal
step sizes by varying the Péclet number, Pe, and
Courant number, Cr (Anderson and Woessner, 1992;
Schincariol et al., 1994), respectively. These are defined
as follows:

PeZ
VDl

D
ð11Þ

and

CrZ
VDt

Dl
; ð12Þ

where V [LT�1] is the fluid velocity and Dl [L] and Dt [T]
are grid size and time step, respectively. The effect of
varying these quantities is discussed below.

The benchmark test involves the migration of a plume
(NaCl) through a porous medium initially saturated
with freshwater, as described by Ibaraki (1998). Note
that Ibaraki’s test was motivated by the experiments of
Schincariol and Schwartz (1990). The schematic system
design is shown in Fig. 11 and the relevant hydro-
geological parameters are listed in Table 6.

Fig. 12 shows the result of concentration distribution
from a 2000 mg/l source plume after migrating for 90 h
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Fig. 5. Comparison of density from the calculation using VOPO and

the linear equation, together with experimental results.
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Fig. 6. Streamlines in the tank after seawater intrusion for 3 d.
with different grid sizes and time steps. For case (a), the
grid size is 10 mm ! 10 mm and the time step is 1 h,
which give Pe as 11 and Cr as 1; for case (b), the grid size
is 10 mm ! 10 mm and the time step is 0.5 h, which give
Pe as 11 and Cr as 0.5; for case (c), the grid size is
5 mm ! 5 mm and the time step is 1 h, which give Pe as
5.5 and Cr as 2. There is a small but noticeable
difference in results when the spatial step size is reduced
(compare plots (a) and (c) in Fig. 12). The simulation
with the small grid size shows the plume range reduces,
indicating the effect of numerical dispersion. In contrast,
the simulation results with different time steps are very
similar because the packages in PHWAT will automat-
ically divide the user-defined time step into smaller
substeps to fulfil the appropriate stability criteria,
thereby minimising numerical errors. Other errors would
thus largely be associated with (temporal) operator
splitting errors (e.g., Prommer et al., 2003), which
increase with the length of the user-defined time step
size. Therefore, the flow instability discussed in the
following analysis is physical instability as modelled by
the density-dependent model rather than numerically
induced instability, given that it is within the low fluid
density difference range used with similar physical
configurations.

4.2. Instability development with different
Rayleigh number

In simple free convective systems, the potential for
instability is often characterised by the Rayleigh number
(Ra), which is the ratio between buoyancy-driven forces
and stabilising forces caused by diffusion and dispersion
(e.g., Simmons et al., 2001):

RaZ
gkðr1� r2ÞH0

qmDd

; ð13Þ

where Dd [L2 T�1] is the hydrodynamic dispersion
coefficient, r1 [ML�3] and r2 [ML�3] are the densities
of the two fluids involved and H0 is the thickness of the
porous layer.
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Fig. 7. Spatial distribution of Cl in the tank after seawater intrusion

for 3 d.
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Simmons and Narayan (1997) use a modified Ray-
leigh number Ra) and modified Péclet number Pe) to
account for the instability occurring in a saline disposal
basin with solute-induced density-dependent flow:

Ra)Z
Ra

1�Pe)
ð14Þ

and

Pe)Z
VambaL

D0CVambaL

; ð15Þ
where Vamb [LT
�1] is the ambient velocity, aL [L] is the

longitudinal dispersivity and D0 [L2 T�1] is the molec-
ular diffusion coefficient.

Based on the experiment mentioned in Section 4.1,
numerical simulations were carried out with PHWAT to
explore the development of physical instability with
varying Ra). Fig. 13 shows simulation results for the
1000, 2000, 4000 mg/l NaCl source plumes flowing into
the ambient fresh groundwater (the corresponding
specific gravities are 1.00070, 1.00150 and 1.00291,
giving respective Ra) values of 734, 1467 and 2934).
When the concentration was 1000 mg/l, the unstable
‘‘lobe’’ did not appear although at the front of the solute
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plume the flow deviated slightly downward. When the
concentration was increased to 2000 mg/l (with Ra) of
1467), instability developed with one lobe appearing at
the front of the plume. When the concentration was
4000 mg/l, the instability further developed with more
than one lobe at the front part of the plume. These
results are consistent with the instability criterion
defined by Simmons and Narayan (1997, 1998): the
flow remains stable until Ra) exceeds 1250.

5. Concluding remarks

A three-dimensional model, PHWAT, has been
developed to simulate multi-component reactive trans-
port under variable density groundwater flow condi-
tions. The coupling procedure of the newly developed
model has initially been tested for a one-dimensional
case of freshwater flushing into a soil column that is
saturated with brackish water. Simulation results
between PHWAT and PHREEQC-2 compare very well,

1.0 m 

0.115 m 
Source

0.05 m 
0.5 m 

Flow
0.335 m 

Fig. 11. Configuration of the model domain for instability analysis in

PHWAT.
in which case we conclude that the PHREEQC-2
package has been correctly coupled with the flow and
transport simulator SEAWAT. The combined model, of
course, includes the modelling assumptions of the
component models. The coupled model was then further
applied to simulate a two-dimensional case of an
experiment where seawater intrudes into a soil tank
initially filled with freshwater. This experimental data
set constitutes a new test for reactive transport models.
The results demonstrate that the observations from the
tank experiments can be reproduced only when both
variable density flow and reactive processes are consid-
ered simultaneously. In this case the simulation results
are in good agreement with the monitored data,
indicating again that the coupled model is accurately
representing the physical processes. Finally, a series of
flow instability cases were studied with PHWAT. In
those simulations a dense plume migrates into a tank
filled with freshwater. The results demonstrate that
PHWAT replicates the physical instability properly with
instability developed with the increase of Ra), in
agreement with previously published work.

Table 6

Parameter values for numerical simulations

Parameter Value

Permeability 5.7 ! 10�11 m2

Porosity 0.38

Free-solution diffusion coefficient 1.61 ! 10�9 m2/s

Average groundwater velocity 2.75 ! 10�6 m/s

Longitudinal dispersivity 3.00 ! 10�4 m

Transverse dispersivity 0.0 m
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Fig. 12. Concentration distribution of a 2000 mg/l source plume after 90 h.
The reactions presented in this paper concern cation
exchange; therefore additional work is needed to further
verify PHWAT for other types of biogeochemical
reactions. Future model development will include
the interaction between biogeochemical reactions and
hydrogeological properties, such as porosity and hy-
draulic conductivity. The modular design of PHWAT
will allow one to quickly incorporate improved versions
of the individual submodels. Possible model appli-
cations for PHWAT include in particular the field-scale
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simulation of the fate of organic and inorganic
contaminants in subterranean coastal aquifers and the
fate of dense plumes.
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