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Abstract— We consider the problem of smart and flexible
loads providing contingency reserves to the electric grid based
on using local frequency measurements. The impact on con-
sumers must be minimized at the same time. A recent paper
by Zhao et al. proposed a solution to this optimization problem
that was based on solving the dual problem in a distributed
manner: local measurements and information exchanged with
nearby loads are used to make decisions. In this paper, we
provide a distributed algorithm to solve the primal problem.
In contrast to the “dual algorithm” of Zhao et al., the proposed
algorithm is applicable when consumer disutility is a convex,
but not necessarily strictly convex, function of consumption
changes; for example, a model of consumer behavior that
is insensitive to small changes in consumption. Simulations
show the proposed method aids the grid in arresting frequency
deviations in response to contingency events. We provide a proof
of convergence of the proposed algorithm, and we compare its
performance to that of the dual algorithm, when applicable,
through simulations.

I. I NTRODUCTION

For stable and reliable operation of the power grid,
generation must match consumption at all time-scales [1].
Traditionally, generation is matched to consumption through
controllable generators that provide not only energy but also
ancillary services. Contingency reserves are one such service
provided after a sudden change in generation. With the
increasing penetration of volatile renewable energies into the
power grid, more resources are required to provide contin-
gency reserves. Conventional fossil-fuel generators are often
operated at part-load in order to provide spinning reserves
(fast-acting contingency reserves). However, generatorsmay
be less efficient when rapidly ramping and when operating at
part-load, which results in increased emission rates [2]. Part-
loading requires additional generators to supply the needsof
the grid as well. Building additional fossil-fuel generators to
mitigate renewable volatility will reduce the environmental
benefits of the renewable energies.

It has been recognized in recent years that an attractive
alternative exists: loads can be used to provide spinning
reserves by changing their consumption without increasing
emissions [3, 4]. Due to the size of the grid, centralized
solutions to the load control problem are not practical.
A distributed solution is more attractive and is possible
by utilizing the cyber-physical nature of the electric grid
whereby “information can be transmitted through actuation
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and sensing” [5]. In particular, loads can provide primary
control by using local frequency measurements [6–9]. The
value of information contained in frequency measurements
has been recognized much earlier [10].

Any changes in consumption to help the grid, however,
may incur some cost or disutility for the consumer—such
as deviation of the indoor temperature from a comfortable
range. Thus there is a need to balance the two—service to
the grid and cost to the consumer. In this paper, we consider
the problem of designing decision-making algorithms that
provide spinning reserves through control of loads while
striking this balance.

This paper is inspired by the recent work by Zhaoet
al. [11]. We adopt the problem formulation from [11]:
minimize total consumer disutility while returning the
consumption-generation mismatch in the grid to zero after
a sudden change in generation. The consumption-generation
mismatch is estimated by each load from noisy local fre-
quency measurements using a state estimator. The algorithm
in [11] is based on solving the dual optimization problem.
The dual variable, which is constant across the grid, is it-
eratively estimated using consensus averaging through inter-
node communication.

The algorithm proposed by Zhaoet al. requires the
consumers’ disutilities to be strictly convex functions of
changes in consumption. Quantifying consumers’ disutility
in response to consumption changes is challenging, and work
in this area is limited. In [12], an exponential function is
used to model disutility, while [13] proposes a dynamic
disutility model. A study of an industrial aluminum smelting
plant providing ancillary services suggests that there maybe
no disutility for several hours when changing consumption
within some threshold of a nominal value, but thereis
significant disutility if consumption is varied too much or
for too long [14]. Likewise, [15] showed that consumption in
commercial air-conditioning loads can be varied to provide
ancillary services without any disutility (adverse effecton
indoor climate) as long as the changes in consumption are
small in amplitude and band-limited. Based on these studies,
we hypothesize that an appropriate model of disutility for
many consumers is like the functionf1 shown in Figure1.
The disutility is zero for small changes in consumption, but
thereis non-zero disutility for larger changes in consumption.
Such a consumer’s disutility is modeled by a convex—not
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Fig. 1. Alternate models of consumer disutility vs. consumption change.

strictly convex—function of consumption change.
In this work, we propose a method to solve theprimal

optimization problem in a distributed manner, which we
call the Distributed Gradient Projection (DGP) algorithm.
The main contribution over that of [11] is that the method
proposed here is applicable to disutility functions that are
not strictly convex. The algorithm proposed in [11] requires
the disutility functions to be strictly convex since the inverse
image of the gradient is used in the computation. The inverse
image does not exist if there is a linear region in the disutility
function (such as inf1 in Figure1). We prove that the DGP
algorithm converges to an optimal solution almost surely.
In this preliminary work, our convergence proof is limited
to the case where there are no upper and lower bounds on
how much a load can change its consumption. However, we
test our algorithm through simulations in the more realistic
case where each load has an upper and a lower bound.
Simulations indicate our proposed algorithm performs well
in both scenarios: with and without bounds on changes in
consumption. It is able to reduce frequency excursions fol-
lowing step changes in generation. Simulation comparisons,
in those scenarios where comparison is possible, show that
the proposed DGP algorithm performs similarly or slightly
better than the dual algorithm of [11].

Our work is also closely related to [16], which proposed
a distributed algorithm to solve the unit-commitment prob-
lem for generators: determine setpoints for generators to
match consumption while respecting individual generator
constraints and minimizing the total generation cost. How-
ever, the algorithm proposed in [16] requires generators to
know part of the total load such that the total load is fully
known among the entire generation network (even if no
single generator knows the total load). In contrast, the DGP
algorithm requires no loads to know the total mismatch;
rather the mismatch is estimated by each load independently
via local frequency measurements.

Although distributed optimization has been studied in the
literature (e.g., [17–19]), the solutions proposed in these
references do not exploit the special structure of our problem
due to the cyber-physical nature of the power grid: the ability
to estimate at each load the amount of violation of the

constraint (consumption-generation mismatch) purely from
local measurements (frequency).

This paper is organized as follows. SectionII formally
defines the problem that we solve. In SectionIII , we propose
our solution method. We provide a proof of convergence in
Section IV, and we describe the simulation parameters in
SectionV-A. In the remainder of SectionV, we compare
the simulation results to those in [11]. Finally, SectionVI
concludes this work and discusses avenues for future work.

II. PROBLEM FORMULATION

As in [11], we consider an electric grid with a single
frequency throughout the grid, whose nominal value is
denoted byω∗. This is the case when electrical distances are
negligible—such as in a microgrid. There aren controllable
loads, and the deviation of loadi’s consumption from its
nominal value is denoted byxi. Load i incurs a disutility
f i(xi) as a result of a consumption changexi. The deviation
must lie inΩi , [x

¯
i, x̄i], wherex

¯
i ≤ 0 ≤ x̄i are specified

a-priori.
Let ∆g be the generation deviation from the nominal

value. The problem is for the loads to decide how much
to change their own consumption so that the consumption-
generation mismatch is diminished while the resulting disu-
tility of the loads is minimized:

min
xi, i=1,...,n

n
∑

i=1

f i(xi), s. t.

n
∑

i=1

xi = ∆g, xi ∈ Ωi, (1)

Load i can obtain a noisy measurement of the grid
frequency and can use it to make a decision onxi. In
addition, the computation of the decision variablesxi must
be distributed in the following sense. There is a connected
communication graphG = (V , E), where the node set
V = {1, 2, . . . , n} is simply the loads and the edge set
E ⊂ V × V , specified a-priori, determines which pairs of
loads can exchange information. The set of neighborsN i of
load i, with which it can exchange information, is defined
by N i = { j | (i, j) ∈ E}. The frequency measurements
are essential since every load can use them to estimate the
equality constraint violationu , ∆g −

∑n

i=1 x
i. How this

is done is described in SectionIII-A .
Even though Problem (1) is not a dynamic optimization

problem, time plays a role since the noise on frequency
measurement is naturally modeled as a stochastic process,
and consequently the estimates ofu obtained by every node
vary with time.

Time is measured by a discrete iteration counter:k =
0, 1, . . . . The generation at timek is denoted bygk so that
the generation change from nominal is∆gk , gk−g∗, where
g∗ is the nominal generation. We assume that atk = 0 total
load and total generation are equal, and we limit ourselves
to step changes. That is,∆g0 = 0 and∆gk = ḡ for k ≥ K
for someK, whereḡ is the step change.



III. D ISTRIBUTED GRADIENT PROJECTION(DGP)
ALGORITHM

To describe the algorithm, we define the consumption-
generation mismatch at iterationk:

uk , ∆gk −
n
∑

i=1

xi
k = ∆gk − 1

T
xk, (2)

wherexk , [x1
k, . . . , x

n
k ]

T and 1 ∈ R
n is a vector of all

ones. Neither
∑n

i=1 x
i
k nor ∆gk is known to any of the

loads. However, loadi can obtain a noisy measurement of
the frequency deviation∆ωk , ωk − ω∗, which is denoted
by ∆ω̃i

k. It uses this measurement to estimate the mismatch,
which is denoted bŷui

k,
The update law of the DGP algorithm comprises of

three main operations: (i) a generation-matching step, (ii)
a gradient descent step, and (iii) a projection step. The
first step uses the estimated mismatch,ûi

k, to compute a
change in the consumption that will reduce the mismatch.
Pure gradient descent to reduce the cost, though possible
due to the separable cost function, will violate the equality
constraint (consumption-generation matching). Therefore the
gradient descent step is designed to be orthogonal to the
generation-matching step, i.e., it does not change the total
consumption. The updates computed by the first two steps
are added and then projected ontoΩi to respect the upper
and lower bounds on consumption change.

The update law of the DGP algorithm at loadi at timek
is summarized below:

DGP Algorithm:

1) Obtain ûi
k from the measurement∆ω̃i

k using a state
estimator, which is described in SectionIII-A . The
generation-matching stepis thenbγkûi

k, whereγk is a
step size andb is a positive constant.

2) Compute gradientd
dxi f

i(xi
k), transmit gradient value

to neighbors, and receive neighbors’ gradient values.
Compute thegradient descent step∆xi

k as thei-th
entry of∆xk, where

∆xk , −L∇f(xk)
T , (3)

whereL is the Laplacian matrix of the communication
graphG [20].

3) Computexi
k+1 = PΩi

[

xi
k + aαk∆xi

k + bγkû
i
k

]

, where
PΩi [·] denotes the standard projection operator,αk is
a step size, anda is a positive constant.

SinceL is a Laplacian matrix, the only entries of thei-
th row of L that are non-zero are those that correspond to
the neighbors ofi in G [20]. It follows from (3) that loadi
requires only d

dxj f
j(xj

k), j ∈ N i. That is, the iterates can
be computed by every load in a distributed manner.

A. Estimation of consumption-generation mismatch using
frequency measurements

We borrow the estimation method proposed in [11] for use
in this paper, though it is possible to use any estimator in
the DGP algorithm. The power grid is modeled as a discrete-
time LTI system with consumption-generation mismatchuk

as the input and frequency deviation from nominal∆ωk

as the output. At each timek, load i obtains the noisy
measurement∆ω̃i

k to estimate the state of the plant by using
the estimator in [21], which was developed for estimating
the state of a system with an unknown input. Once the state
estimate is obtained, each load estimates the unknown input
by essentially assuming that the most recent output is error-
free and solving for the previous input from the state-update
equation. We omit the details here; the interested reader is
referred to [11].

We denote the estimation error at timek by ǫk , ûk −
uk1, whereûk is the column vector of̂ui

k’s. Define theσ-
algebraFK−1 := σ(ǫik−1| i ∈ V , 1 ≤ k ≤ K). It was shown
in [21] that

E[ǫik|Fk−1] = 0. (4)

In [11], it was shown that the estimation error converges in
m.s. for the power system model considered. This combined
with (4) implies that the estimation error sequenceǫk is a
martingale-difference sequence.

IV. CONVERGENCE ANALYSIS

A. Main Results

We make the following assumptions for our analysis.

Assumption 1. (Technical assumptions).
1) αk = cγk for some positive constantc.
2) The functionγk → 0 satisfies

∑∞

k=0 γk = ∞ and
∑∞

k=0 γ
2
k < ∞.

3) The estimation error sequence,ǫk, is a martingale-
difference sequence.

Assumption 2. (Assumptions on disutility).
1) f i(xi) is convex for eachi with a (not necessarily

unique) minimum atxi = 0.
2) f i(xi) is coercive for eachi; i.e., {xi|f i(xi) ≤ F} is

compact for everyF ≥ 0 for eachi.
3) f i(xi) is continuously differentiable for eachi.
4) ∇f i(xi) is Lipschitz for eachi.

Assumption 3. (Assumptions on loads and generators).
1) Ωi = R for eachi.
2) G is connected.
3) ∆gk ≡ ḡ for all k ≥ 0.

Assumption 4 (Additional assumption on estimation error).
supi,k |ǫ

i
k| < ǭ < ∞.

Assumptions1(1) and1(2) are satisfied by choice ofαk,
andγk, and Assumptions1(2) and1(3) are standard technical
assumptions in the field of stochastic approximation. For the
estimator used in this work, Assumption1(3) is satisfied
as discussed in SectionIII-A . Assumption2 is readily met
becausef(x) is a modeling choice. Assumption3(1) is the
main limiting one: it states that there are no upper and lower
limits on possible changes in consumption. Assumption3(3)
means that we only consider a step-change in generation.

The main convergence result is the following.



Theorem 1. If Assumptions1, 2, and3 hold,xk converges
to a solution of Problem(1) in the mean. If in addition, As-
sumption4 holds,xk converges to a solution to Problem(1)
almost surely.

The technique used to prove this result is known as the
o.d.e. method of stochastic approximation, which establishes
a rigorous connection between noisy discrete iterations and
a continuous-time o.d.e. [22].

Proposition 1 (Theorem 2 (Chapter 2) in [22]). Consider
the sequence{yk} generated by the iteration

yk+1 = yk + γk[h(yk) + ǫk],

where h(y) : R
n → R

n is Lipschitz and {ǫk} is
a martingale-difference sequence. Ifγk satisfies Assump-
tion 1(2) and supk ‖yk‖ < ∞ almost surely (a.s.), then
yk converges a.s. to a (possibly sample-path dependent)
compact, connected, internally chain-transitive invariant set
of the o.d.e.

ẏ(t) = h(y(t)).

As in many applications of the o.d.e. method, the main
hurdle in analyzing convergence of the DGP algorithm is
to establish boundedness of the iteratesxk. Presence of
the projection step guarantees boundedness trivially, butthe
corresponding o.d.e. can create spurious, undesired equi-
libria. In this preliminary work, we have therefore limited
ourselves to the case where there is no projection, i.e., no
bounds on the changes in consumption, but boundedness is
no longer guaranteed. However, by taking expectation of both
sides of the update law, noise can be eliminated and the
analysis can be carried out in the deterministic setting. In
this case, boundedness can be established by Assumption2.
For the stochastic case, we make Assumption4 to prove
boundedness ofxk.

However, if the disutilities are quadratic, boundedness of
the iterates is achieved via a technique in [22]. In that case
we can remove the assumption on the estimation error being
bounded:

Theorem 2. Let Assumptions1, 2, and 3 hold, and let
f i(xi) = qi(xi)2/2, where qi > 0. Thenxk → x∗ a.s.,
wherex∗ is the unique optimal solution to the optimization
Problem1.

Due to lack of space, we omit the proof of this result,
which is provided in [23].

B. Proof of Theorem1

We must now introduce some notation. For a givenℓ, de-
fine the(n− 1)-dimensional hyperplaneH(ℓ) , {x|1T

x =
ℓ} and X(ℓ) = {x ∈ H(ℓ)|f(x) ≤ f(y), y ∈ H(ℓ)}.
It follows thatH(ḡ) is the set of all feasible solutions, and
X(ḡ) ⊂ H(ḡ) is the set of all solutions to Problem (1). Since
f is convex and the equality constraint is linear, necessary
conditions forx∗ to be optimal are also sufficient; they are

∇f(x∗) + λ∗1 = 0, ḡ − 1
T
x∗ = 0, (5)

for some scalarλ∗ [24]. The interpretation of (5) is that
∇f(x∗) ‖ 1 andu = 0.

The following lemma states that the iteratesxk are asymp-
totically feasible a.s. Note that Assumption4 (boundedness
of estimation error) is not required for this result.

Lemma 1. Let Assumptions1, 2, and 3 hold, thenxk →
H(ḡ) a.s. Furthermore, all trajectories of the o.d.e.

ẋ(t) = −L∇f(x(t))T + (−1
T
x(t) + ḡ)1 (6)

converge toH(ḡ). Consequently,u(t) → 0, where

u(t) , ḡ − 1
T
x(t). (7)

Proof. See Appendix. �

The following lemma states conditions for the DGP step
direction to be a descent direction.

Lemma 2. Let Assumptions1, 2, 3, and 4 hold. If ‖xk‖
and k are sufficiently large, thend(xk) , −L∇f(xk) +
uk1 + ǫk is almost surely a descent direction; that is,
d(xk)

T∇f(xk)
T < 0 a.s.

Proof. See Appendix. �

Lemma3 below is a consequence of Lemma2. The proof
can be found in [23]. Due to lack of space, we omit the proof
here.

Lemma 3. Let Assumptions1, 2, 3, and4 hold. If ‖xk‖ and
k are sufficiently large, thenf(xk+1) ≤ f(xk) a.s.

Proof. See [23]. �

An immediate consequence of Lemma3 is the following
corollary which establishes boundedness of the iterates—a
condition needed for applying Proposition1.

Corollary 1. Let Assumptions1, 2, 3, and 4 hold. Then
supk ‖xk‖ < ∞ a.s.

Proof. By Lemma 3, for large enough‖xk‖ and large
enoughk, f(xk+1) < f(xk) a.s. Thereforesupk f(xk) <
∞ a.s. It follows thatsupk ‖xk‖ < ∞ a.s. becausef(x) is
coercive. �

We are now ready to prove Theorem1.

Proof of Theorem1. Proving convergence in the mean is
very similar to the proof of a.s. convergence but simpler,
so we only provide the proof of a.s. convergence.

By Corollary 1, supk ‖xk‖ < ∞ a.s. Therefore, by
Proposition1, the iterates of the DGP algorithm converge
almost surely to a compact, connected, internally chain-
transitive invariant set of the o.d.e. (6). We call this setI.

Our proof consists of two main parts: (i) we showI ⊆ E,
whereE is the set of equilibrium points of (6); (ii) we show
E = X(ḡ); that is, the set of equilibrium points of (6) is
precisely the set of solutions to Problem (1).

If E is globally attractive (i.e., if all trajectoriesx(t) → E
for anyx(t0) for somet0), then all internally chain-transitive
invariant sets of (6) must be contained withinE. Therefore,



it suffices to showx(t) → E. From Lemma1, x(t) →
H(ḡ)—the set of all feasible points. Denote the RHS of (6)
by h(x(t)). Note that∇f(y)h(y) ≤ 0 for all y ∈ H(ḡ)
becauseL is positive semidefinite [20]. Because∇f(x)h(x)
is a continuous function ofx, x(t) → H(ḡ) implies that
ḟ(x(t)) = ∇f(x(t))h(x(t)) → R≤0.

Next we show by contradiction thaṫf(x(t)) → 0. Sup-
pose ḟ(x(t)) 9 0; that is, suppose∇f(x(t))h(x(t)) →
R<0. Then there existsδ > 0 such that for allT > 0
there existst > T with |∇f(x(t))h(x(t))| ≥ δ. Because
∇f(x(t))h(x(t)) → R≤0, this implies

ḟ(x(t)) ≡ ∇f(x(t))h(x(t)) ≤ −δ

infinitely often. Therefore,f(x(t)) is decreasing without
bound, which is a contradiction becausef(x) has a minimum
by Assumption2. Therefore,x(t) → E (i.e., E is a global
attractor). Hence,I ⊆ E.
E is the set of points where the RHS of (6) is zero.

Because−L∇f(x)T ⊥ 1, the RHS of (6) is zero if and
only if −L∇f(x) = 0 andu = 0. BecauseG is connected,
−L∇f(x) = 0 if and only if ∇f(x) ‖ 1, and u = 0 if
and only ifx ∈ H(ḡ). These are precisely the necessary and
sufficient conditions (5). Therefore,E = X(ḡ). Combining
this result with the previous result, we havexk → I ⊆ E =
X(ḡ) by Proposition1, which proves the theorem.

�

V. SIMULATION RESULTS

In the sequel, we refer to the algorithm proposed in [11]
as the “dual algorithm.”

A. Simulation Setup

Figure 2 shows the system architecture used for design
and simulation. The generator dynamics block shown in
Figure2 also includes local controls that are usually present
in generators. The loss of generation is modeled as an
exogenous disturbancēg in the figure. The estimator in
the figure is the one described in SectionIII-A to esti-
mate the consumption-generation mismatch from local, noisy
frequency measurements. The process disturbance,ζ, and
measurement noise,ξi, at each load are modeled as wide-
sense stationary white noise. For ease of comparison between
the proposed DGP algorithm and the dual algorithm, we use
the same generator dynamics, noise statistics, and communi-
cation graph as in [11], and the reader is referred to that work
for more detailed information about the simulation model or
implementation of the state estimator.

Even without the use of intelligent loads, the local gen-
erator control will change the generator setpoint in response
to frequency deviation to match consumption, which will
restore the frequency to its nominal value on its own. Intel-
ligent loads are supposed to help the generator in reacting to
frequency deviations faster so that large excursions of system
frequency are avoided.

For each loadi, we consider both constrained and un-
constrained changes in consumption. For the constrained
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Fig. 2. System architecture for simulations. Inter-load communication is
not shown.

case,Ωi = [−x̄i, x̄i], where x̄i is chosen from a uniform
distribution and then normalized so that

∑n

i=1 x̄
i = 60 MW

(as in [11]).
We test the performance of the DGP algorithm with two

distinct disutility functions. The first is a convex but not
strictly convex function:

f i(xi) =

{

0, |xi| ≤ ai

qi(xi − ai)2, |xi| ≥ ai,
(8)

whereai = 0.1x̄i; for the unconstrained case, we useai from
the constrained case. The consumer does not experience any
disutility as long as the load variation is within±ai. The
second disutility functionis strictly convex:

f i(xi) =
qi

2
(xi)2. (9)

For both disutility functions, we pickqi to be an arbitrary
positive number such that1/qi is chosen from a uniform
distribution on the interval[0.1, 0.3]. This is chosen for
comparison with [11], which makes a similar choice for
disutility functions.

The initial conditions areg0 = 200 MW and u0 = 0.
Generation undergoes two contingencies modeled as step
changes:

gk =







200 MW, 0 s ≤ kT < 20 s
190 MW, 20 s ≤ kT < 50 s
170 MW, 50 s ≤ kT,

whereT = 0.1 seconds is the discretization interval.
The simulations are conducted with a 1D-grid communi-

cation network, where each loadi communicates with loads
from max{1, i−n0} to min{n, i+n0}, wheren0 ≤ n. For
the simulation results reported here, we usen = 1000 and
n0 = 1.

Additionally, we usea = 5, b = 1.5, c = 1, and γk =
γ0/(k

0.8) for k > 0, with γ0 = 4q/n, whereq , mini q
i.

With all of these parameter choices, Assump-
tions 1, 2, 3(2), and 3(3) are satisfied. Note that
Assumption 1(3) is satisfied from the discussion in
Section III-A . Theorem1 is applicable to both disutility



functions (8) and (9). Theorem 2 applies to disutility
function (9).

B. Results with non-strictly convex disutility function

Here we report simulation results with the consumer
disutility function (8). The dual algorithm is not applicable
because the inverse of∇f(x) must exist inΩ to implement
the dual algorithm, which is not the case when|xi| ≤ ai.

Although the analysis presented in this work is for the
scenario with no projection, Figure3 shows simulation
results for both the projected and non-projected case (i.e.,
without and with Assumption3(1), respectively); the system
frequency without smart loads (i.e., with generator-only
control) is shown in red as well.

System frequency is similar both with and without pro-
jection. There is a lower disutility for the scenario with
projection; this may be caused by the algorithm reaching
a “wall” and then having slower convergence thereafter
compared to the scenario without projection. However, using
the DGP algorithm, the loads are able to assist the generator
in avoiding large frequency deviations from the nominal
when each contingency occurs—even with projection.
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Fig. 3. Performance of the DGP algorithm with consumer disutility that is
not strictly convex. Step changes in generation occur at 20 and 50 seconds.

C. Comparison with dual algorithm

Figure4 shows the results of the DGP and dual algorithms
with quadratic disutility functions (9) with projection. As

the figure shows, the DGP algorithm results in a signifi-
cantly smaller frequency drop compared to both generator-
only control and the dual algorithm. Although the dual
algorithm returns the frequency to the nominal value faster
than generator-only control, it does not reduce the initial
frequency drop as much as the DGP algorithm.

0 50 100 150 200
59.5

59.6

59.7

59.8

59.9

60

60.1

60.2

Time (seconds)
ω

 (
H

z)

 

 

DGP method
Dual method
No control

0 50 100 150 200
0

0.5

1

1.5x 10
−4

Time (seconds)

Σ if i

 

 

DGP method
Dual method

Fig. 4. Performance of the DGP and dual algorithms with quadratic
consumer disutility with projection. Step changes in generation occur at
20 and 50 seconds.

However, the consumer disutility is significantly lower
for the dual algorithm than for the DGP algorithm. This is
because the dual algorithm is responding more slowly than
the DGP algorithm, so the equality constraint is not being
satisfied—resulting in a lower cost. The slower response of
the dual algorithm is due to the inversion of the derivative
of each load’s disutility function. Because the derivative
of each disutility function is rather steep, the inverse is
quite flat, so large changes in its argument still result in
small changes in its value—leading to small changes in
consumption. Conversely, the DGP algorithm aggressively
meets the equality constraint because it uses the gradient
direction, which is rather steep. This results in a lower
frequency deviation but more disutility as the loads are
changing consumption more aggressively.

The dual algorithm appears to have a significantly lower
steady-state disutility because the generator control restores
much of the frequency. The loads interpret the restored



frequency as a smaller consumption-generation mismatch,
which results in less change in consumption and therefore
in lower disutility.

Although we do not report them here, simulations with
varying number of loads (n = 10, 100) and varying amount
of communication (n0 = 10, 100, 1000) showed similar
trends as in then = 1000, n0 = 1 case. It was observed
in [11] that the dual algorithm showed similar behavior. We
conclude that performance of both algorithms is largely unaf-
fected as the number of loads and degree of communication
increases.

VI. CONCLUSION

The proposed DGP algorithm solves a constrained opti-
mization problem in a distributed manner to aid a power
grid in maintaining system frequency near its nominal value
while minimizing consumers’ disutilitiy. The DGP algorithm
solves the primal problem, whereas prior work solved the
dual problem [11]. The advantage of the proposed primal
method is that it is not restricted to strictly convex disutility
functions; rather it is applicable to generally convex disutility
functions that capture a consumer behavior that may be quite
common. Simulations show that the algorithm is effective
in reducing frequency excursions after contingency events
while keeping the consumer disutility low. Simulations also
show that the DGP algorithm performed either better than
or similar to the dual algorithm from [11] in maintaining
frequency.

In this preliminary work, we proved that the DGP algo-
rithm converges to the optimal solution under two idealized
assumptions. The first one is that there is no upper or
lower bound on possible consumption change. The reason
for this assumption is ease of analysis. The projection step
of the algorithm that enforces bounds leads to potentially
spurious equilibria, making the analysis more challenging.
Future work will focus on removing this assumption. Sim-
ulation results with and without upper and lower bounds
imposed through projections are promising: there is hardly
any difference in the behavior of the algorithm between the
two cases. The second is the assumption that the estimation
errors are bounded. This is due to difficulty in proving the
iterates are bounded without projection, so removing the first
assumption automatically removes this assumption. In this
paper, we have been able to remove this assumption for a
specific disutility function even in the projection-free case
(Theorem2).

Other interesting paths for future work include extension
of the DGP algorithm to time-varying communication net-
works and time-varying changes in generation.
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APPENDIX

The following proposition is an algebraic relationship that
is easily verified and is used in the proof of Lemma2.

Proposition 2. Let a(i), i = 1, . . . , n be scalars such that
a(1) ≥ a(2) > 0 and |a(1)| ≥ |a(i)| for all i. Let b(i), i =
1, . . . , n be scalars such that|b(i)| < B for all i. If a(2) >

2a(3) + na(1)

a(2)B, then
(

a(2) − a(3)
)2

>
n
∑

i=1

b(i)a(i).

Proof of Lemma1. From (7), we have

uk+1 = ḡ − 1
T
xk + γk1

TL∇f(xk)
T

− γkuk1
T
1− γk1

T
ǫk

= uk + γk[v(uk) + 1
T
ǫk],

wherev(uk) = −nuk; it was shown in [25] that if the scaled
o.d.e.u̇(t) = lim

r→∞
v(ru(t))/r is asymptotically stable, then

supk |uk| < ∞ a.s. Therefore, we may apply Proposition1,
anduk converges a.s. to an internally chain-transitive invari-
ant set of the o.d.e.̇u(t) = −nu(t).

Because this o.d.e. is exponentially stable, the only inter-
nally chain-transitive invariant set of the o.d.e. is the origin.
Therefore,uk → 0 a.s. Hence,xk → H(ḡ) a.s. Additionally,
u(t) → 0, sox(t) → H(ḡ) from (7). �

Proof of Lemma2. Note that, becauseuk → 0 a.s. by
Lemma1, xk is far fromX(ℓ) a.s. for allℓ. Consider:

∇f(xk)d(xk) = ∇f(xk)
(

− L∇f(xk)
T + uk1+ ǫk

)

= −∇f(xk)L∇f(xk)
T

+ uk∇f(xk)1+∇f(xk)ǫk.

For d(xk) to be a descent direction, we require

∇f(xk)d(xk) < 0, which is equivalent to showing

∇f(xk)L∇f(xk)
T > uk1

T∇f(xk)
T

≡
∑

(i,j)∈E

(

∇f i(xi
k)−∇f j(xj

k)
)2

> uk

n
∑

i=1

∇f i(xi
k)

+

n
∑

i=1

ǫik∇f i(xi
k),

(10)

The quadratic representation of the RHS comes from the fact
thatL is the Laplacian of the communication graph [20].

A sufficient condition to satisfy (10) is
(

∇f i(xi
k)−∇f j(xj

k)
)2

>

n
∑

i=1

(uk + ǫik)∇f i(xi
k),

(11)

for some(i, j) ∈ E because the sum of the LHS over(i, j) ∈
E is the LHS of (10). Note that this is identical to the result
in Proposition2.

Let uk ≥ 0; this is not restrictive because arguments
are symmetric foruk ≤ 0. Because the LHS of (10)
is nonnegative anduk + ǫik is bounded a.s. for alli, it
follows that the inequality in (11) holds a.s. for large
enoughk if supi,k |∇f i(xi

k)| < ∞. Therefore, suppose
supi,k ∇f i(xi

k) = ∞. (Symmetric arguments are made
if infi,k ∇f i(xi

k) = −∞.) This implies supi,k x
i
k = ∞

because eachf i(xi) is coercive. Becauseuk → 0 a.s. and
supi,k x

i
k = ∞, we haveinfi,k xi

k = −∞ a.s., which implies
infi,k ∇f i(xi

k) < 0 a.s. becausef i(xi) is convex with a
minimum at 0. Therefore, for allC > 0, there exists some
κ a.s. such thatmaxi∇f i(xi

κ) > C andmini ∇f i(xi
κ) < 0.

We now show via contradiction that there exist(i, j) ∈ E
such that (11) is satisfied by Proposition2. Considerqκ ,

argmaxi |∇f i(xi
κ)|. Suppose∇f qκ(xqκ

κ ) > 0; this is not re-
strictive because arguments are symmetric for∇f qκ(xqκ

κ ) <
0. By Proposition2, if there exists somei ∈ N qκ such that

∇f qκ(xqκ
κ ) > 2∇f i(xi

κ) + n(|uκ|+ ǭ),

thend(xκ) is a descent direction. Suppose no suchi ∈ N qκ

exists. Then∇f i(xi
κ) > 1

4∇f qκ(xqκ
κ ) for all i ∈ N qκ

because14∇f qκ(xqκ
κ ) > n(|uκ|+ ǭ).

Choose anypκ ∈ N qκ . Once again, by Proposition2, if
there exists somei ∈ N pκ such that

∇fpκ(xpκ

κ ) > 2∇f i(xi
κ) + n

∇f qκ(xqκ
κ )

∇fpκ(xpκ
κ )

(|uκ|+ ǭ),

thend(xκ) is a descent direction. If no suchi ∈ N pκ exists,
then∇f i(xi

k) >
1
4∇fpκ(xpκ

κ ) > (14 )
2∇f qκ(xqκ

κ ) for all i ∈
N pκ .

Continue examining neighbors of each node until an edge
is found that satisfies the sufficient condition in Proposi-
tion 2. Suppose no such edge exists. Then∇f i(xi

κ) >
(14 )

n∇f qκ(xqκ
κ ) > 0 for all i ∈ V because the maxi-

mum diameter of the communication graph isn. This is
a contradiction because there exists somei ∈ V such that
∇f i(xi

κ) < 0. Therefore, there exists an edge satisfying the
sufficient condition, andd(xκ) is a descent direction a.s.�
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