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1. Introduction

The purpose of this project is to implement a fuzzy rule base that describes the operation of a real system. The system we are modeling should be familiar to most people in the US: the automobile. Specify, we are modeling the relationship between the gas pedal displacement, the speed of the vehicle, and the resulting acceleration or deceleration of the vehicle. This system is one that can fairly accurately be modeled by a deterministic nonlinear relationship between the three variables. From this deterministic relationship, we wish to create a fuzzy rule base that can accurately model the system. 

In order to do this we must first be able to describe the measurable quantities with linguistic variables. Once this is accomplished, we can then model the system with a set of rules rather than a deterministic equation. For this case, we are doing this as an exercise in understanding fuzzy logic, but this method of using a fuzzy rule base to describe (or predict) system behavior can apply to much more complicated systems where it is much harder to come up with a deterministic model the system behavior, but comparatively easier to make empirical measurements.

2. Model description
2.1. Crisp Deterministic Model
The model we are describing is the relationship between acceleration, speed and applied power (i.e. position of the gas pedal) of an automobile. For this specific example, we are modeling a 1999 Toyota MR2 MKIII, mainly because was easiest to find this information. In our model we a few assumptions which are not necessarily true: 1) there are only three forces acting on the car that will affect its speed: a) torque supplied to the wheels, b) air resistance (drag), and c) rolling resistance; 2) the force due to air resistance is proportional to the square of the car speed; 3) the force due to rolling resistance is independent of speed; 4) the vehicle has an “optimum” transmission, meaning that the full power of the engine is available to the wheels at all times; 5) if the total acceleration of the car tends to be greater than 1g, then the tires will lose traction, thus limiting the acceleration to always be less than or equal to 1g. Also important for our model is that the variable “G” (for gas) can take values on [0, 1], and the power supplied by the wheels is G times the maximum available power. The equation that relates the three variables is given by,
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where,

v 
is the speed of the car,

a
is the acceleration of the car,

µr 
is the rolling resistance,

m 
is the mass of the car,

G 
is the fraction of engine power delivered to the wheels,

Pmax 
is the maximum engine power,

CD 
is the coefficient of drag, and

ρair 
is the density of air.

For the MR2 in dry air at sea level, we have the following experimentally determined values:

µr 
= 0.015 (dimensionless),

m 
= 1225 kg,

Pmax 
= 138 hp
CD  
= 0.35 (dimensionless), and

ρair 
= 1.275 kg/m3.

Figure 1 shows a plot of this relationship for three values of G, over all positive values of v and a.
2.2. Definition of Applicable Fuzzy Sets
Figures 2, 3 & 4 show the fuzzy sets defined on the measurable values gas, speed, and acceleration, respectively. The choices for these variables were based on experiential knowledge of the problem domain, and a desired to keep the number of fuzzy variables to a functional minimum for each measurable value.
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Figure 1
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Figure 2
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Figure 3

[image: image5.emf]-0.2 0 0.2 0.4 0.6 0.8 1 1.2

0

0.2

0.4

0.6

0.8

1

Acceleration (in g-force)

Fuzzy Membership

Plot of Fuzzy Variables Defined for Acceleration

COAST

NONE 

LIGHT

MOD  

HEAVY


Figure 4

3. Fuzzy operators
3.1. Standard Operators
Since the goal of this project is to find a fuzzy rule base that models the system, we need to come up with a way to define the rules. The rules in a rule base are generally of the form if A and B then C. For this particular project, we will restrict rules to be of the form if gas is X and speed is Y then acceleration is Z, where X,Y and Z are fuzzy sets defined on the real variables gas, speed, and acceleration, respectively. Using these combinations we can map every possible fuzzy input combination to a fuzzy output.
We must then define a method for calculating the conjunction and, and the implication if … then. For A and B we can simply define a new fuzzy set on the Cartesian product of the universal sets of A and B, thus the new fuzzy set (A^B), would take two arguments. The fuzzy membership of (A^B) is defined simply as
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or any other valid fuzzy intersection operator. The fuzzy implication if A then B, can be defined in terms of the logically equivalent statement (not A) or B. Thus it can be defined as well in terms of any valid fuzzy complement and union operators. If we use the standard complement and union we get the following definition:
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The composition of the two operators gives the following result:
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Notice that this result is defined over three dimensions: gas, speed, and acceleration. Thus to evaluate the compound implication, we need to provide values for each of these variables. We then get a four dimensional plot of the three variables and the membership values at each variable. For example, we can look at the membership values for the compound implication if gas is LIGHT and speed is SLOW then acceleration is LIGHT. Since this entire plot cannot be displayed (it’s 4-D), figure 5 shows a plot of this hyper-surface sliced at gas = 0.22. Since this is an implication, the value of the membership will be one everywhere, except possibly where the antecedent is true. Thus, plots of this hyper-surface sliced at gas values where LIGHT has zero membership will result in a plane at z = 1.
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Figure 5

3.1. Other Operators
As an alternative to the standard complement, intersection and union operators, we can use other complement, intersection and union operators. For comparison, we have chosen to use the algebraic and drastic versions of the intersection and union. We could also use different complement operators, but this has the same effect as simply warping the membership values and the other two basic operators, thus we will not consider these other complement operators.

When we use the algebraic intersection and union to define conjunction and implication we get:
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and
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Using the algebraic forms we get the following graph in figure 6 for the same compound implication shown in figure 5. Notice that in figure 6, some of the edges are curved rather than sharp as in figure 5.
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Figure 6

When we use the drastic versions of standard intersection and union, the membership is one for any value of acceleration and speed, when gas = 0.22. Because of this, we show a plot instead where gas = 0.20 (figure 7). Notice in this plot that the gradient with respect to speed is vertical.
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Figure 7
The important thing that is illustrated in these figures is that for values of gas, speed and acceleration where the membership is 1, this implication is exactly true. When the membership is 0, the implication is exactly false, and when it is in between, the implication is somewhere in between true and false.
Figures 5, 6 & 7, show projections of the membership hyper-surface for the fuzzy set, if gas is LIGHT and speed is SLOW then acceleration is LIGHT. This is only one of the possible compound implications. In order to generate a fuzzy rule base, we need to consider all of the possible implications, of which there are 4∙4∙5 = 80. 
4. IMplication in the given system
4.1. Restricting the Antecedent/Predicate Space 
Using the method of compound fuzzy set generation described in section 3, we are able to generate fuzzy sets that represent compound implication over the entire range of the input space for the three variables. But we have yet to incorporate the model into these fuzzy sets. For our model, there is a two dimensional surface in the three dimensional volume of all possible input/output triples that describes the input/output relationship between gas, speed and acceleration. This is the surface that is projected onto two dimensions in figure 1.
If we look at slices of the hyper-volume along the surface that represents all values of gas, speed and acceleration that are possible in our model, we will get a volume that will have high membership when the implication is true and a low membership when the implication is false. Thus the more often this volume is true, the better this implication is at describing our system.
Figures 8 and 9 respectively show the membership of the following implications (using standard operators):

If gas is MODERATE and speed is FAST then acceleration is SLOW.
If gas is MODERATE and speed is FAST then acceleration is MOD.
Figure 8 is exactly true (membership = 1) most everywhere, except in areas where gas is MOD and speed is FAST, as expected. In these areas (where the implication is important), the membership values are still pretty high. Only in one tiny area do they drop below 0.5, thus indicating that the rule models the system fairly well. Figure 9, however, is mostly false in these areas, indicating it does a poor job of modeling the system.
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Figure 8
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Figure 9

If different operators are used, for example, the algebraic operators, the graphs are the same where they are 0 or 1, but the transitions have a different shape. Figures 10 and 11 show the same implications as figures 8 and 9, respectively, but using the algebraic operator instead. (Note that the contour lines are jagged because these functions are being approximated by lines connecting discrete points. If more points were used, they would be smoother).
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Figure 10
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Figure 11

4.2. Determining Correctness of an Implication 
In viewing the graphs, it becomes rather easy to determine visually which rules are the best to choose, but we would like a method that would be able to compare them without subjectivity. An easy way to compare two rules with the same antecedent is to just compare the volume under the surface of the membership functions. But this method does not work in comparing two implications with different antecedents, because if the antecedent is false most of the time, the volume will be high for both the implication (A → B)​ and the opposite implication (A → ¬B). One measure we can use to test the implication is to see how much better (or worse) it actually models our system than its opposite. The problem with this is that it doesn’t take into account the likelihood of the predicate occurring, so a good rule might be discarded. 

An alternative is to consider how correct the implication is in this system, versus how correct it is, on average, in a randomly chosen system. We can define correctness as its average value over all possible antecedents and predicates. The problem with this measure is that the membership is 1 when we don’t care about it (when the antecedent is false) and it’s on [0, 1] when we do. A better measurement would be to look at its incorrectness. Thus a reasonable metric to measure correctness might be
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where,


Vol(R)
is the volume of this rule using a randomly chosen system R.
Vol(s) 
is the volume of this rule using this system s.

The log2 is used to put the correctness measure in a better range. Thus if the correctness of a given implication is 3, then the likelihood that this rule will produce a “bad” output for a randomly chosen system is 8 times greater than the likelihood that the rule will produce a “bad” output for this system, assuming the inputs to the system are uniformly distributed. A negative value of correctness means that the rule is more applicable to a randomly chosen system than this one, thus it is a bad rule.
This metric was applied to all possible implications in this system with standard, algebraic and drastic operators. The results are given in Appendix A.
5. conclusion
We have described a deterministic system in terms of fuzzy sets, and used a combination of primitive fuzzy operations to create compound implication fuzzy sets derived from basic fuzzy sets. These compound implication fuzzy sets can be evaluated at any combination of defined inputs and outputs (antecedents and predicates). If we restrict our domain to include only those inputs and outputs that are valid for the given system, then we can evaluate the efficacy of a given implication (i.e. rule) based on the average value of the implication over the antecedents and predicates that are valid for the given system, using a reasonable metric.
Appendix A: Generated fuzzy rule base

Rule Base Generated Using Standard Operators

Only the implications with a positive correctness are shown for brevity.

Rule



            Correctness

( IDLE   & SLOW   ) => LIGHT 
  0.98

( IDLE   & MOD    ) => NONE  
  0.50

( IDLE   & MOD    ) => LIGHT 
  0.55

( IDLE   & FAST   ) => NONE  
  2.39

( IDLE   & FLYING ) => COAST 
  2.45

( IDLE   & FLYING ) => NONE  
 21.73

( LIGHT  & SLOW   ) => LIGHT 
  0.06

( LIGHT  & SLOW   ) => MOD   
  0.50

( LIGHT  & MOD    ) => LIGHT 
  1.60

( LIGHT  & FAST   ) => NONE  
  0.10

( LIGHT  & FAST   ) => LIGHT 
  1.17

( LIGHT  & FLYING ) => COAST 
  1.30

( LIGHT  & FLYING ) => NONE  
  3.64

( MOD    & SLOW   ) => HEAVY 
  0.93

( MOD    & MOD    ) => LIGHT 
  0.06

( MOD    & MOD    ) => MOD   
  1.21

( MOD    & FAST   ) => LIGHT 
  1.45

( MOD    & FLYING ) => COAST 
  0.54

( MOD    & FLYING ) => NONE  
  1.43

( MOD    & FLYING ) => LIGHT 
  0.26

( HEAVY  & SLOW   ) => HEAVY 
  3.98

( HEAVY  & MOD    ) => MOD   
  0.46

( HEAVY  & MOD    ) => HEAVY 
  0.07

( HEAVY  & FAST   ) => MOD   
  1.70

( HEAVY  & FLYING ) => COAST 
  0.03

( HEAVY  & FLYING ) => NONE  
  0.42

( HEAVY  & FLYING ) => LIGHT 
  0.74

Rule Base Generated Using Algebraic Operators

Only the implications with a positive correctness are shown for brevity.

Rule




         Correctness

( IDLE   & SLOW   ) => LIGHT 
  1.11

( IDLE   & MOD    ) => NONE  
  0.84

( IDLE   & MOD    ) => LIGHT 
  0.71

( IDLE   & FAST   ) => NONE  
  3.45

( IDLE   & FLYING ) => COAST 
  2.88

( IDLE   & FLYING ) => NONE  
 21.71 *

( LIGHT  & SLOW   ) => LIGHT 
  0.09

( LIGHT  & SLOW   ) => MOD   
  0.56

( LIGHT  & MOD    ) => LIGHT 
  2.21

( LIGHT  & FAST   ) => NONE  
  0.24

( LIGHT  & FAST   ) => LIGHT 
  1.49

( LIGHT  & FLYING ) => COAST 
  1.44

( LIGHT  & FLYING ) => NONE  
  4.44

( MOD    & SLOW   ) => MOD   
  0.00

( MOD    & SLOW   ) => HEAVY 
  1.28

( MOD    & MOD    ) => LIGHT 
  0.14

( MOD    & MOD    ) => MOD   
  1.74

( MOD    & FAST   ) => LIGHT 
  2.10

( MOD    & FLYING ) => COAST 
  0.62

( MOD    & FLYING ) => NONE  
  1.62

( MOD    & FLYING ) => LIGHT 
  0.28

( HEAVY  & SLOW   ) => HEAVY 
  5.79

( HEAVY  & MOD    ) => MOD   
  0.51

( HEAVY  & MOD    ) => HEAVY 
  0.17

( HEAVY  & FAST   ) => LIGHT 
  0.04

( HEAVY  & FAST   ) => MOD   
  2.31

( HEAVY  & FLYING ) => COAST 
  0.04

( HEAVY  & FLYING ) => NONE  
  0.44

( HEAVY  & FLYING ) => LIGHT 
  0.77

Appendix B: description of code
The code to implement this project was written in MATLAB v5.3. The project was broken down into a few different modules. 
The module fuzzy_trap uses trapezoid to define a trapezoid shaped fuzzy set on the given variable.
The modules fuzzy_comp, fuzzy_union, fuzzy_int, fuzzy_imp perform complement, union, intersection, and implication operations on fuzzy sets defined on one variable. Thus the resulting fuzzy set is also defined on that variable. Rule_graph graphs a set of fuzzy variables defined on the same one-dimensional variable.
The modules fuzzy_union2, fuzzy_int2, fuzzy_imp2, perform union, intersection, and implication on fuzzy sets defined on different variables. The resulting fuzzy set is then defined on the Cartesian product of the two variables.
Car_accel calculates the acceleration of the car given the gas and speed.

Car_vars defines all of the trivially created variables that are used over again by all of the following  modules.

Car_implication graphs the contour plots of the membership values of a given compound implication over the car system input space.
Car_rules evaluates all possible implications over the car input space, and creates a text table of all rules with positive correctness.
Car_Figure plots the Xth figure in this document. 
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